CHAPTER 1.2. DERIVATIONS, STARTING WITH AND 1

1.2 Derivations, Starting with And

The previous section stated a slogan: a proof is a chain in which every line is a premise, an
assumption, or one application of a rule. This section makes the premises and the rule steps
exact (assumptions wait until Section 1.4): what a derivation is, how each line carries its reason,
and how anyone can check one. Then it gives the first two rules of logic, the rules for “and”.

Why check by matching

A proof in a research paper can run to hundreds of steps, too many to hold in mind at once,
so it is checked one step at a time. Two careful readers can disagree about whether a step is
“obvious”; a rule that says exactly which steps are allowed settles it, since a step matches the
rule or does not. And programs that check proofs work in the same spirit: each step must match
a pattern.

Here is a small case: the chain
0<i<i<l

makes three claims, 0 < %, % < %, and % < 1, and a reader who accepts them concludes 0 < 1.
The justification is one fact, used twice:

if a <band b < c, then a < c.
From0<%and%<%itgiveso<%. From0<%and%<litgivesO<1.

To check those two steps, a reader needs nothing about fractions and nothing about what <
means. It is enough to see that the two inequalities used in each step have the same expression
in the middle, and that the new inequality joins the outer two. A clerk who had never seen a
number could do it. So a proof can be checked without being understood: a proof is correct
when every step matches its pattern, and matching is mechanical.

A rule is a pattern

We borrow one fact about real numbers and use it as a rule.
o Tr (for “transitivity”, or chaining): from a < b and b < ¢, write a < c.
It is a fact about numbers used as a rule, for practice; it is not a rule of logic.
A rule is applied by matching against a small picture of the lines it needs and the line it writes.

A rule is a pattern: given these lines, you may write that line.

Definition 1.2.1. Rule Schema

A rule schema is a pattern of lines: given lines at the top, possibly none, and exactly
one new line at the bottom, whose justification names the rule and cites the given lines.
Line numbers in a schema are written 4, j, k. The letters in the pattern stand for arbitrary
expressions of the right kind, and a use of the rule replaces them consistently: the same
letter by the same expression, symbol for symbol, everywhere it occurs. A line is justified
by the rule when it and the lines it cites, with their numbers, are an instance of a schema
of the rule: the pattern with every letter replaced in this way. The schema of Tr is
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1 a<b
J b<c
k |a<c Tr i, 5

Here a, b, ¢ stand for expressions for numbers.

In three points:

e The given lines may stand anywhere above the new line, in any order on the page, and
need not be next to each other or to it.

e The citation’s order says which line plays which part: “Tr ¢, 77 makes line ¢ play a < b and
line j play b < ¢, unless the rule says otherwise (AI, below, accepts either order).

o Letters are replaced consistently, symbol for symbol. The middle letter b occurs in both
given lines, so it must be replaced by the same string of symbols in both, not merely by
the same number.

An instance first. Take ¢ = 3, j = 5, kK = 6, and replace a by 0, b by %, and ¢ by 1. The pattern
becomes: line 3 is 0 < %, line 5 is % < 1, and line 6 is 0 < 1, justified “Tr 3,5”.

Now a noninstance, by a minimal change. Keep line 3 as 0 < %, and let line 5 be % < 1. Is
“6. 0 < 1, Tr 3,5” justified? Line 3 forces b to be %, and line 5 forces it to be %, so these lines
are not an instance of the schema. Line 6 is true, but Tr was not applied, so the line has no
justification.

Why define rules this way? Because a rule applied by matching can be checked by someone who
knows nothing about the subject. The schema turns “this step is obviously fine” into “this step
matches that pattern”, a claim anyone can test.

From the rules of logic on, the letters in a schema are Greek: ¢, 1, x (phi, psi, chi). A Greek
letter is a hole in a rule’s pattern; a capital P is a statement we are reasoning about. A pattern
works like the formula (a + b)? = a® + 2ab + b%, whose a and b are holes to be filled with any
expression, the same one wherever the hole appears. Filling the holes of a schema works the
same way, with parentheses put around a compound statement where they are needed. For
example, if a schema has the given lines ¢ and v and the new line ¢ A ¢, then the three lines
P — @, R, and (P — Q) A R are an instance of it, with ¢ replaced by P — @ and ¢ by R.

Warning. The middle expression must match exactly, symbol for symbol. The step “0 < %
and % < 1, s0 0 < 1”7 is tempting, because % = % and every line in it is true, but it is not
an application of Tr: the two middle expressions are different strings. A checker who had to
notice that they are equal would need arithmetic, and the point of a schema is that a checker

needs nothing. Compare symbols, not values.

Derivations without boxes

A proof strings steps together, each using what earlier steps produced. The next definition says
exactly how.

Definition 1.2.2. Box-Free Derivation

Fix a list of rules, each given by schemas. A box-free derivation is a finite list of numbered
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lines 1,2,...,n, where n > 1, each carrying one statement and a justification, such that:

(i) the first lines, possibly none and possibly all, are premises, justified by nothing; a
short horizontal rule is drawn under the last premise;

(ii) every later line is justified by one rule of the list, citing earlier lines, and it and the
cited lines form an instance of a schema of that rule.

The premises of the derivation are its premise lines, and its conclusion is its last line.

In words. Clause (i) says where a derivation starts: with the statements it is given, which are
not proved and need no reason. Clause (ii) says how it goes on: each further line is one step
of one rule, and the only lines it may use are ones already written. The word “earlier” is the
only condition on which lines may be cited for now. Section 1.4 adds assumptions made inside
boxes, and then “earlier” is refined to “available”: an earlier line may become unusable once the
box it sits in has closed.

The layout is always the same. Line numbers run down the left, statements sit in the middle,
and each justification is on the right: the rule’s name, then the cited line numbers. A vertical
bar runs down the left, and a short horizontal rule under the last premise separates what is
given from what is derived. From Section 1.4 on, a box draws a second, shorter bar, and the
bars beside a line show which assumptions it depends on.

First derivations

Here are two derivations with Tr, each with the reasoning that found it. The reasoning is the
part to watch: a derivation on the page runs from the top down, but it is rarely found that way.

Example. Chaining

Let z, y, u, v, w, z be real numbers. Using the rule Tr only, write a box-free derivation of
each conclusion from the given premises.

(a) Premises 0 < z, z < y, y < 1; conclusion 0 < 1.

(b) Premises u < v, w < z, v < w; conclusion u < z.

Solution. (a) Idea. The premises form a chain 0 < z < y < 1, each link sharing its right end
with the next link’s left end. So we work forwards, from what we have: chain the first two
links at their shared middle z, then the result with the third link at .

1 O<zx
2 <y
3 y <1
4 | 0<y Tr 1, 2
5 | 0«1 Tr 4, 3

Read it back. Lines 1-3 are the premises. Line 4: lines 1 and 2 are an instance of Tr, with
a, b, c replaced by 0, x, y. Line 5: lines 4 and 3 are one, with a, b, c replaced by 0, y, 1. The
letters are replaced afresh at each use: the b of line 4 has nothing to do with the b of line 5.
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(b) Idea. This time the chain is scrambled, so we work backwards, from what we want.
The goal v < z can come from Tr only if we have some ©v < m and m < z for a single
expression m. The only premise starting with v is v < v, so try m = v; the remaining need
is v < 2z, a new, smaller goal. It can come from Tr with some v < m’ and m’ < z; the only
premise starting with v is v < w, and with m’ = w the second need, w < z, is a premise.
The search has reached the premises, and the derivation is its record, written forwards.

1 u < v
2 w < z
3 |v<w
4 v <z Tr 3, 2
5 u < z Tr 1,4

The search could have started instead from w < z, the premise ending in z: with m = w
it needs u < w, which is Tr 1,3, and then v < z is Tr 4,2. That is a different correct
derivation. The same premises and conclusion usually have many derivations, and any one
of them shows that the conclusion follows from the premises.

Part (b) was found backwards, from the goal; part (a) forwards. The rest of this section names
the two directions.

Quick check. Line 1 of a derivation is 0 < x and line 3 is < 1. Which is correct: “4. 0 < 1,
Tr 1,37 or “4. 0 < 1, Tr 3,177

Solution. The first. With the citation “1, 3”7, line 1 plays a < b and line 3 plays b < ¢: a is
0, b is « in both lines, and ¢ is 1, so the new line a < ¢ is 0 < 1. With “3, 17, line 3 would
play a < b and line 1 would play b < ¢, so b would have to be 1 (from line 3) and 0 (from
line 1) at once.

Reading a derivation

Finding a derivation may need an idea, as part (b) of Example (Chaining) did. Checking one
never does. For each line after the premises, ask three questions.

1. Which rule? Name the rule the justification cites, and check that it is on the list of rules.

2. Do the cited lines and this line form an instance of that rule’s schema? Find the
replacement of the letters: read it off the cited lines in the order the citation gives them
(or, for a rule whose lines may be cited in either order, try both: the new line decides),
and check that every letter gets the same expression each time it occurs, and that the new
line is what the pattern then says.

3. Are the cited lines earlier? Each cited number must be smaller than the number of
the line doing the citing.

A line that passes all three is correct, whatever it says and whether or not it is true. Here is the
check run on part (a) of Example (Chaining).
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Instance (the
letters’ values) Earlier?

Line Rule Cites
1-3 premises —

4 Tr 1,2
) Tr 4,3

a: 0;0: x5 ¢y 1,2 < 4: yes
a: 0;b: y; e 1 4,3 < 5: yes

Every line passes, so the list is a derivation. Section 1.4 extends this table, when “earlier”

becomes “available”.

Finding a derivation may need an idea; checking one never does.

O Second reading - Two ways to break a derivation

A line can fail one question and pass the others. The next example breaks a correct derivation
in two ways, each time with the smallest change that does it.

Example. Not a derivation

Each list below is the derivation of part (a) of Example (Chaining) with one change. Say
which of the three questions of “Reading a derivation” fails, and at which line.

(a) The statements of lines 4 and 5 are swapped, each taking its justification with it, so
that line 4 is now “0 < 1, Tr 5,3” and line 5 is “0 < y, Tr 1,2”.

(b) Line 5 is justified “Tr 3,4” instead of “Tr 4,3".

Solution.

(a) The list is the following.

=GV R \V)

5

0<zx

T <y

y<l1

0<1

0<y

Tr 5, 3
Tr 1, 2

Line 5 passes all three questions, exactly as line 4 did before. Line 4 passes the first
two: lines 5, 3, and 4 are an instance of Tr with a, b, ¢ replaced by 0, y, 1. It fails the
third, because it cites line 5, which is not earlier. So the list is not a derivation. (It
would also be useless if it were one: its last line is now 0 < y, not 0 < 1.)

(b) Line 5 is now “0 < 1, Tr 3,4” Lines 3 and 4 are earlier, so the third question passes,
and the rule is named, so the first passes. The second fails. The citation makes line 3,
y <1, play a < b, so aisyand bis 1; and it makes line 4, 0 < y, play b < ¢, so b is
0. The letter b cannot be both 1 and 0, so there is no instance. The lines are the right

ones in the wrong roles.

Change (b) shows why the citation order is part of the justification, and change (a) why the
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order of the lines is. Exercise C2 below asks what would go wrong if a line were allowed to cite
a later one.

What a derivation proves

A derivation shows that its conclusion follows from its premises. The symbol - says that such
a derivation exists.

Definition 1.2.3. Derivable

Let I be a list of statements 1, ..., @,, where n > 0, and let ¢ be a statement. We say v

is derivable from I', and write
'k,

if there is a derivation, using the rules of logic, whose premises all belong to I' and whose
last line is 1. We write ¢1,...,¢n % for I' - ¢, and F ¢ when I is empty.

Here T" (capital gamma) is just a name for a list of statements.

Definition 1.2.4. Sequent

Let Pp,..., P, and Q be statements, where n > 0. The expression P,..., P, - Q, read “P;
to P, prove Q”, is a sequent. It is the claim that () is derivable from Py, ..., P, in the sense
of Definition 1.2.3. The statements Py, ..., P, are its premises and @ is its conclusion;
when n = 0 we write F Q.

The symbol F is called the turnstile. A sequent is not true merely because its conclusion is
true: it claims that a derivation exists, and it is proved by exhibiting one.

In words, three remarks.

1. Which derivations? Until Section 1.4, “derivation” means a box-free derivation (Defini-
tion 1.2.2). Section 1.4 widens the word to allow boxes; nothing proved before changes,
since a box-free derivation is still a derivation.

2. Not every premise must be used. A derivation may ignore some statements of I', and it
may even have no premise lines at all. It may not use a premise that is not in T.

3. Relative to a list of rules. The symbol - always refers to a list of rules. From “The rules
for and” below on, it is the rules of logic introduced so far; adding a rule never destroys a
derivation, so a sequent once derived stays derived. Before that, we name the rule: “I' - ¢
with Tr”.

For instance, part (a) of Example (Chaining) shows 0 < z, x <y, y <1+ 0 < 1 with Tr.

In the derivations from here on, the capital letters P, QQ, R, S stand for arbitrary statements,
as in Section 1.1. A derivation written with them proves not one sequent but infinitely many at
once, one for each way of putting statements in for the letters. So a line written with letters is
justified only if it is an instance of the rule whatever statements the letters stand for, different
statements for different letters included. When we ask whether such a line is an instance, we
therefore compare the lines as written, with different letters counted as different symbols: @ is
not a conjunct of (P A Q) A R, even though it would be one if R happened to be Q.
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Quick check. What sequent “with Tr” does part (b) of Example (Chaining) show?

Solution. u < v, w < z, v < wk u < z with Tr. The premises of the derivation are lines
1-3, and its last line is u < z.

Example. Derivations, simplest first
Decide whether each of the following is a derivation, and if so, what it shows.

(a) The single line 1 P premise.
(b) The empty list, with no lines at all.

(¢) The derivation of part (a) of Example (Chaining), for the list of rules consisting of Tr
alone.

Solution.

(a) Yes. Its only line is a premise, so clause (i) of Definition 1.2.2 holds, and clause (ii)
has no lines to speak about. Its last line is P. It shows P F P: every statement is
derivable from itself. No rule was used, so this holds whatever the list of rules is.

Parts (b) and (c) are answered in the fold below.

O Second reading - Edge cases

A derivation of one line. The degenerate case is worth a look. A single premise line, with
nothing after it, satisfies both clauses of Definition 1.2.2: clause (i) holds, and clause (ii) has no
lines to speak about. So it is a derivation, and its premise is its conclusion.

Part (b) of Example (Derivations, simplest first). No. The definition asks for n > 1 lines,
and a derivation must have a last line to be its conclusion. So the empty list derives nothing.
In the same way, a list with no premises can never get started with Tr, or any rule that cites
a line: its first line would have to cite an earlier line, and there is none. Every rule met before
Section 1.4 cites at least one line, so until then F ¢ holds for no 1. Section 1.4 changes that.

Part (c) of Example (Derivations, simplest first). Yes. Lines 1-3 are premises, with the
rule drawn under line 3: clause (i). Line 4 cites lines 1 and 2, which are earlier, and lines 1, 2,
4 are an instance of Tr with a, b, ¢ replaced by 0, x, y. Line 5 cites lines 4 and 3, which are
earlier, and lines 4, 3, 5 are an instance with a, b, ¢ replaced by 0, y, 1. So clause (ii) holds for
both later lines. The premises are the three premise lines and the conclusion is 0 < 1.

Warning. A premise is given, not proved: from the false premises 1 < 0 and 0 < —1, the rule
Tr gives the false line 1 < —1, in a correct derivation. What a correct derivation guarantees
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is only that if the premises are true, so is the conclusion, and even that only for rules that
never lead from true lines to a false one.

The rules for and

Analysis is full of chains such as 0 < x < 1, which says 0 < x and = < 1. A proof that uses
it often needs one half: “in particular x > 0, so we may divide by .7 A proof that proves it
must prove both halves; one half is not the whole claim. Section 1.1 previewed these two moves
informally. Here they become rules, checked by matching, as Tr was.

To prove “p and 7, prove each; to use it, take either.
Definition 1.2.5. Rules for Conjunction

|
j | ¥
k| oAy AL i, j

i | pAY i | pAY
k| o AE i ) AE i

The first schema is the rule AI (and-introduction). Its two given lines may be cited in either
order: the new line shows which statement is its left conjunct, so question 2 of “Reading
a derivation” tries both orders. The second and third are the two forms of the rule AE
(and-elimination), one writing the left conjunct and one the right.

AL

e Schema: the first one in the block above.

e Reading: two lines in hand, anywhere above and cited in either order; write their conjunc-
tion.

o Ezample: from line 2, P, and line 5, Q, “AL 5, 2” (or “2, 5”) writes Q A P.

e Schema: the other two in the block.

o Reading: one line whose main connective (Definition 1.1.2) is A; write either side, one
layer at a time.

o Example: from (P A Q) A R it writes P A @ or R, never P.

If p and ¥ are true, so is @ A ; if A ¢ is true, so is each side.

Warning. AE reaches one layer at a time. From line 1, (P A Q) A R, the line “Q — AE 17 is
not an instance of either AE schema, because line 1’s conjuncts are P A Q and R. The line
is wrong even though () does follow; the repair costs one line: P A QQ by AE 1 first, then Q)
from it.

Quick check. Which statements can AE write, in one application each, from the line (P A
Q)N(RANS)?
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Solution. Only P A @ and R A S. The main connective is the middle A, so ¢ is P A @Q and
¥ is RAS. Each of P,Q, R, S needs a second application, to one of those two lines.

Quick check. Line 1is (P A Q) — R. May “P A @ — AE 1”7 be written?

Solution. No. Line 1’s main connective is —, so AE cannot take it apart, although A occurs
in it.

Two directions of reasoning

A derivation has premises at the top and its goal, the conclusion we want, at the bottom.
Between them is a gap, and finding a derivation means filling the gap. There are two places to
start.

From the goal. Ask: what is the goal’s main connective? If it is A, the last line can be
written by Al, and then the goal ¢ A v splits into two subgoals, ¢ and 1, each to be reached
on some line above. This is goal-directed reasoning. It works backwards, up from the bottom
of the gap, and asks which introduction rule builds the goal’s main connective.

From the premises. Ask: what are the main connectives of the lines we already have?
A line whose main connective is A can be taken apart by AE, and each conjunct becomes a new
line to work with. This is premise-directed reasoning. It works forwards, down from the top
of the gap, and asks which elimination rule uses the line’s main connective.

Work from both ends: take the premises apart, and build the goal from its parts.

The derivation is finished when the two ends meet. Part (b) of Example (Chaining) already
worked backwards, with Tr in the part that introduction rules play from now on.

Scratch work for a search fits in a two-column table: the Givens, what is in hand (premises and
lines derived so far), and the Goal, what is still needed. A goal-directed step replaces a goal by
its subgoals; a premise-directed step adds to the Givens. The search is finished when every goal
is among the Givens. The search for P A Q F Q A P, one row per step:

Givens Goal

PAQ@ QNP

PAQ Q, P (NI splits the goal)
PAQ, P,Q (AE) Qv, PV

The derivation this search finds is Proposition 1.2.1 below.

A goal line may carry its rule before its citation is known. When the goal Q A P is written at
the bottom and the plan is AL, write “AI” beside it and leave the line numbers blank, to be filled
when the subgoals stand on lines; the left picture in the Idea of Proposition 1.2.1 does this.

First derivations with and
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Example. Two warm-ups

Give a derivation of each sequent.

(a)
(b)

P, QFQAP.
PAQFQ.

Solution.

(a)

Idea. The goal Q A P has main connective A, so, goal-directed, its last line is Al with
subgoals () and P. Both subgoals are premises, so the two ends meet at once.

1 | P

2 |1 Q

3 | QAP A2 1
The citation “2, 1”7 lists @)’s line first; “1, 2” would do as well, since the line shows the
order.

Idea. The goal @ is a letter, with no main connective, so the goal suggests no rule. The
premise has main connective A, so, premise-directed, take it apart; its right conjunct
is the goal.

1 | PAQ
2 | Q AE 1

Line 2 is the second form of AE, with ¢ = P and ¢ = Q.

The two derivations are box-free derivations in the sense of Definition 1.2.2, with Al and AE as
the list of rules: premises first, and every later line an instance of a schema whose given lines
are earlier. By Definition 1.2.3 they show the two sequents. When the goal is a letter, as in (b),
only the premises can suggest a step; when every subgoal is a premise, as in (a), the premises
need no taking apart. The first proposition below needs both ends.

O Second reading - Edge cases for and-introduction

One line cited twice. Nothing in the schema of Al says that ¢ and j are different lines. With
1 = j, the letters ¢ and 1) are replaced by the same statement, and the rule writes ¢ A p. It is
a silly line, and a legal one. For instance, P = P A P: the goal is a conjunction, so Al, with the
subgoals P and P, and the one premise meets both.

1| P
2 | PAP A1, 1

The first result is that the order of a conjunction does not matter.
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Proposition 1.2.1. Conjunction Commutes

PAQFQAP.

Idea. Write the premise at the top, the goal at the bottom, and leave a gap, and write Al
beside the goal, with its citation still blank (left picture; the lines carry the numbers they
will have at the end). Start from the goal. Its main connective is A, so the last line will
be AL, and we need P and @ on earlier lines (right picture: two subgoals, not yet justified).
Now start from the premise. Its main connective is A, so AE gives P and gives ). That
closes the gap: the pieces the goal asks for are the pieces the premise supplies. (This is the
search of the Givens/Goal table above.)

1| PAQ
1
2 | P
4 AL 310
4 | QAP AL 3, 2

Proof. The following is a box-free derivation with the single premise P A () and last line
QANP.

1 | PAQ

2 | P AE 1
310 AE 1
4 | QAP AL 3, 2

Lines 2 and 3 are the two forms of AE applied to line 1, and line 4 is Al applied to lines 3
and 2, and the line shows @ on the left. By Definition 1.2.3, PAQ F Q A P.

Read back in words, the derivation is a short paragraph: We are given that P and Q. In
particular P holds. In particular @ holds. So @Q and P both hold. Each sentence is one line, and
each “in particular” is one application of AE.

Nothing in the derivation looks at what P and @ say: with P: “0 < 2”7 and @: “x < 17 it
turns “0 < z and = < 1”7 into “x < 1 and 0 < 27, and it does the same for any two statements.
Because the letters stand for arbitrary statements, one derivation written with letters proves
every such instance at once.

The second result is that the grouping of a conjunction does not matter either. It needs the
premise taken apart in two layers.
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Proposition 1.2.2. Conjunction Is Associative

(PAQ)ARFPA(QAR).

Idea. From the goal: its main connective is the outer A, so the last line is AI with the
subgoals P and @ A R, and the second splits again into @ and R. From the premise: AE
gives P A @ and R, and again, on P A @, gives P and (). Both searches stop at the three
letters, and the ends meet there. Since AE reaches one layer at a time, the premise must be
peeled in two rounds.

In pictures: the goal below a gap; then the first round of AE as lines 2-3, a gap for lines 4-5,
and the subgoal Q@ A R as line 6, lines 6 and 7 not yet justified (line 7 will be Al 4, 6).

1 | (PAQ)AR

2 | PAQ AE 1
1|(PA@AR
: 3 | R AE 1
7 | PA(QAR)
6 | QAR

7 | PA(QAR)

Proof. The following is a box-free derivation with the single premise (P A @) A R and last
line PA(Q A R).

1 | (PAQ)AR

2 | PAQ AE 1
3 | R AE 1
4 | P AE 2
5 | Q AE 2
6 | QAR AL5, 3
7 | PA(QAR) AL 4, 6

Lines 2 and 3 apply AE to line 1, with ¢ := P A Q and ¢ := R. Lines 4 and 5 apply AE to
line 2, with ¢ := P and ¢ = Q. Line 6 applies Al to lines 5 and 3, and line 7 applies Al to
lines 4 and 6, with ¢ := P and ¢ := Q A R. By Definition 1.2.3, (PAQ)ARF P A (Q A R).

The lines could come in other orders. Line 3 could come after lines 4 and 5, for instance, since
it is used only at line 6. What cannot move is the dependence: every line must come after each
line it cites.
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Remark. The converse, P A (Q A R) F (P A Q) A R, is derived the same way, peeling the
premise’s inner conjunction on the right instead of the left; Exercise B1 asks you to write
it out. With both directions, the brackets in a chain of conjunctions carry no information,
which is why the chain 0 < x < 1 < y is written without any.

1.2.9.1 A line is not used up

A line of a derivation is a statement that has been established. Citing it does not consume it: it
can be cited again, by as many later lines as need it. The derivation of PAQ, R F (PAR)A(QAR)
shows this.

Idea. From the goal: Al at the bottom, with subgoals P A R and Q A R, each split again
by Al. From the premises: AE on line 1 gives P and ), and R is already a premise. Both
subgoals that need R cite the same line 2.

In pictures: the goal below a gap; then the subgoals as lines 5-6, not yet justified.

1 | PAQ

2 | R
1 | PAQ s | p AE 1
2 | R 411Q AE 1
7 | (PAR)A(QAR) 5 | PAR

6 | QAR

7 | (PAR)A(QAR) AL5, 6

1 | PrQ

2 | R

5 | P AE 1
4 1Q AE 1
5 | PAR AL3, 2
6 | QAR AL 4, 2
7 | (PAR)A(QAR) AL 5, 6

Line 2 is cited by lines 5 and 6, and line 1 by lines 3 and 4. In a written proof this is the everyday
“we use the hypothesis x > 0 again”.

O Second reading - Any rearrangement of a conjunction

Take everything apart, rebuild in the new order. One more derivation rearranges four
letters: (PAQ)AN(RAS)E(SAQ)A(PAR).
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Idea. From the premise: two layers of A, so AE twice on line 1 and then twice on each of
the two new lines, which leaves the four letters on lines 4 to 7. From the goal: two layers of
A, so Al builds S A @ and P A R from the letters and then joins them. There is nothing to
choose; the only care needed is the order of each citation.

1 | (PAQ)A(RAS)

2 | PAQ AE 1
3 | RAS AE 1
4 | P AE 2
5 Q AE 2
6 | R AE 3
7 |8 AE 3
8 | SAQ A7, 5
9 | PAR A 4, 6
10 | (SAQ)A(PAR) AL 8, 9

The recipe visibly does not depend on these particular letters or brackets. Take the premise
apart with AE until only letters remain, then build the goal from the letters with Al, inside out.
It works whenever the premise and the goal are both built from letters by A alone and every
letter of the goal occurs in the premise, whatever the bracketing and the order on either side.
So “A is commutative and associative” is, in the end, the observation that AE can always take
a conjunction down to its letters and Al can always build one back up.

IRl How this looks in a mathematical proof

Real proofs mix the logical rules with facts about their subject.

Example. A product of numbers in the unit interval

Let x and y be real numbers with 0 < x < 1 and 0 < y < 1. Show that 0 < zy < 1, and
name the rule behind each logical step.

Solution. The hypothesis 0 < z < 1 is the conjunction (0 < x) A (z < 1). By AE we have
0 < x and x < 1 separately, and likewise 0 < y and y < 1.

Since z > 0 and y > 0, the product zy is positive. Since y < 1 and x > 0, multiplying by
x gives zy < x; together with x < 1 this gives xy < 1. These steps are school algebra, not
logic.

Finally, from 0 < zy and xzy < 1, Al gives (0 < zy) A (zy < 1), which is 0 < zy < 1.

As a derivation, the same proof reads as follows.
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1 | (0<2)A(z<])

2 | (0<yA(y<l)

3 |0<x AE 1

4 |z<1 AE 1

5 0<y AE 2

6 | y<l1 AE 2

7T | 0<uay algebra 3, 5
8 | zy<1 algebra 3, 4, 6
9 | (0<zy) A(xy<1) N T, 8

Lines 7 and 8 are justified “algebra”: each is a step by a fact about numbers used as a rule,
exactly as Tr was used above, and not a rule of logic. Line 7 uses “a product of two positive
numbers is positive”; line 8 uses “if 0 < a, a < 1 and b < 1, then ab < 17, one fact about
numbers (it holds because multiplying b < 1 by the positive a gives ab < a, and a < 1).

The facts about numbers supply the content of the solution; the rules supply the joints, taking
statements apart and putting the pieces back together. The goal-directed reading is visible in
the prose too: “show 0 < xy < 1”7 is a conjunction, so the solution sets itself two subgoals, and
it says “finally” when the two meet.

¢ Second reading - A chain in an analysis proof

A proof about sequences might contain the line

1 1
0<——< =<1 f € Z~yp.
n+1l n ™~ orn >0

It asserts three links: 0 < %H’ %H < %, and % < 1. A reader who takes from it a claim
about its two ends, 0 < 1, performs two steps in silence. The first is one application of chaining:
0< n%rl and n%rl < % give 0 < % The second joins 0 < % with % <1, and it is not Tr: the line
% < 1 has <, not <, so the lines do not match the schema. It is a different pattern, “from a < b
and b < ¢, write a < ¢”, another true fact about numbers. That is exactly why a justification

must name the pattern it uses. “By the chain” does not say which one.

Written chains like this one are everywhere in analysis, and they are derivations with the jus-
tifications left off. Nobody writes the justifications out in a real proof about numbers. But a
reader checking a hard chain does what the table of “Reading a derivation” does: for each step,
which fact, applied to which earlier lines.

IWREN Common errors

Besides AE applied through a layer, one more error is common.
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Warning. AE applies only to a line whose main connective is A. The line (P A Q) — R
contains a A, but its main connective is —, so “P — AE 1” is illegal. With x a real number,
P: “x > 07, Q: “z > 1" and R: “z? > 17, the premise “if > 0 and = > 1, then z? > 17 is
true for every z, yet at x = —1 the line x > 0 is false.

1 | (PAQ)— R
2 ‘P AE 1

The illegal step leads from a true premise to a false line, so no rule that allowed it could be safe.

IWAPd The rule card

Before the card, the two rules once more, matched against statements larger than single letters.
The schema does not care how big the statements put in for ¢ and ¢ are; it sees only the main
connective.

Example. Instances of Al and AE

Rule @ (% Cited line(s) New line
NI P—Q RV S P—-Q;RVS (P —
Q) A (RV )
AE (left) -PVQ Q— (RAS) (-PVQINQ — —-PVQ
(RNS))
AE (right) PAQ@ (R—-P)NQ (PANQAN(R— (R—P)NQ
P)AQ)

Not an instance (AI). From P A Q and R, the line P A (Q A R) is not written by AL the
rule joins the two cited lines whole, giving (P A Q) AR (or RA (P AQ)).

Not an instance (AE). From P A (Q V R), the line @ is not written by AE: the right
conjunct is QQ V R, and @ sits inside a disjunction, which no rule of this section takes apart.

The card gives each rule of logic so far, its shape, the sentence that uses it in a written proof
and, for readers who meet a proof assistant, the Lean code that performs it (h.1 names the left
half of a hypothesis h). Nothing later depends on the last column.

Rule Shape You write Lean

Al O, Y = AP “We show P, and we show Q.” constructor

NE YNy = ¢ (or “In particular, P.” h.1 (and h.2)
)

Warning (Not allowed: AI, AE). Each line below is a wrong step, with its reason and the
clause of Definition 1.2.2 it breaks.

o “Q from (P AQ)AR by AE”: reaches through two layers; AE writes a conjunct of the
cited line’s main connective (clause (ii): no instance).
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o “P from (PAQ) — R by AE”: the main connective is —, not A (clause (ii): no
instance).

e “PAR from PAQ and R by AI”: Al joins whole cited lines; P is not a line (clause
(ii): no instance).

o “line 4, QA P, Al 2,6”: cites line 6, which is not earlier (clause (ii): a later line cited).

Quick check. Line 1is (PV Q) AN (RAS). Can “(RAS)AN(PV Q) — AL'1” be written? If
not, what must come first?

Solution. No: Al cites two lines (or one line twice, which gives a line of the form ¢ A ).
First write PV @ and RA S by AE 1; then Al joins them in either order.

Remark (Looking ahead). Chapter 4 checks, for every rule of Chapters 1 and 2 at once, that
no rule leads from true lines to a false one. Until then each rule comes with the one-sentence
reason it is safe, as the sentence after the bullets for “and” did.

IWAIR] Exercises

1.2.13.1 A. Check your understanding

Exercise. Al

(a) State the definition of a box-free derivation and of I' F ¢, and write the three schemas
of Definition 1.2.5 from memory, naming the rule of each.

(b) Which statements does one application of AE give from the line P A (Q A R)?
(¢) In the derivation in the proof of Proposition 1.2.2, why must line 2 come before line 47

(d) Fill in the justifications (i)—(iv) of the following derivation.

1 | PAN(QAR)
2 | P (i)
3 | QAR (ii)
4 | R (iii)
5 | RAP (iv)
(e) True or false, with a reason: if I" - ¢ with Tr, and every statement in I is true, then

1 is true.
(f) What sequent does the derivation in (d) show?

Solution.

(a) A box-free derivation, relative to a list of rules, is a finite list of numbered lines, at least
one, each with a statement and a justification, in which the first lines, possibly none
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and possibly all, are premises, justified by nothing, and every later line is justified by
one rule of the list, citing earlier lines, so that it and the cited lines form an instance of a
schema of that rule (Definition 1.2.2). And I' - 1) means that there is a derivation, using
the rules of logic (or a named list of rules, as in “with Tr”), whose premises all belong
to I' and whose last line is ¢ (Definition 1.2.3). For the schemas see Definition 1.2.5:
AI has given lines i: ¢ and j: ¥ and new line k: ¢ A, cited “Al 4,5” (or j,1); the two
forms of AE each have the given line i: ¢ A ¢ and the new line k: ¢, respectively v,
cited “AE 7”.

(b) P, or Q@A R. The main connective is the first A, so ¢ is P and 9 is Q A R.

(c) Line 4 is P, obtained by AE from line 2, P A Q. A rule may cite only earlier lines
(Definition 1.2.2), and P cannot be obtained from line 1 in one step, since line 1’s
conjuncts are P A @ and R.

(d) (i) AE 1; (ii) AE 1; (iii) AE 3; (iv) AL 4, 2. “AI 2, 4”7 is equally right: the line R A P

shows which conjunct is on the left.

(e) True. Tr leads from true lines to a true line: if a < b and b < ¢ are true, sois a < ¢. Go
down the derivation: the premises are in I', so they are true, and each later line comes
from earlier, true lines by Tr, so it is true too. Hence the last line, 1, is true. This is
the property the Looking-ahead box of this section promises for the rules of logic.

(f) PA(QAR)F RA P: its only premise is line 1, and its last line is R A P.

Exercise. A2: Drill
Answer each part in a line or two.

(a) Lines 1 2 < y and 2 y < z are given. What does “Tr 1, 2”7 justify?

(b) Line 1is (PAQ)AR)AS. List every statement AE can write from line 1 in one step.
(c) Line 3is (PV Q) A (Q — R). Write the lines that “AE 3” can give.

(d) Line 6 is (R — S) A P, justified “Al 2, 4”, and line 4 is P. What is line 27

(e) Fill in the justifications of lines 2-6.

1 | (PAQ)AR

2 | PAQ ?
3 | R ?
4] Q ?
5 | RAQ ?

6 | (RAQ)A(PAQ) ?

(f) Lines 1 u < 3 and 2 4 < v are given. Is “u < v — Tr 1, 2”7 justified?

(g) The premises are 1 0 <z, 2 x<3,33<y. Is“4. 0 <y — Tr 1, 3” justified?

(h) In the list “1 0 < 1, premise; 2 1 < 2, premise; 3 0 < 2 — Tr 2, 1”7, which of the three
questions of “Reading a derivation” fails?

(i) May AE be applied to the line =P A Q7

(j) Lines 1 PA(QAR),2 .S and 3 QAR (AE 1) are given. Which of the following can be
line 47 (i) (QAR)AS, AL 3, 2; (ii) QA S, AL 3, 2; (iii) R, AE 1; (iv) R, AE 3.

(k) Write 0 < 1 < % < % as a derivation of 0 < 3 from its three links with Tr.
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(1) Derive PAQ, R+ RAP.
(m) Derive (PAQ)ARF Q.
(n) Derive PAQ, RASE SAP.
(o) Fill in the Givens/Goal table for P A (Q A R) - R, one row per step.

Solution.

(a) 2 < z, with a, b, ¢ replaced by 2, y, z.
(b) (PAQ) AR and S only; PAQ, P, Q and R each need further applications.

(¢) PV Q and Q — R: the main connective is the middle A, whatever the conjuncts
contain.

(d) R — S. Line 6 has the left conjunct R — S and the right conjunct P; line 4 supplies
P, so line 2 must supply R — S.

(e) 2AE 1; 3 AE 1; 4 AE 2; 5 AL 3, 4 (or 4, 3); 6 AL 5, 2. Line 2 is cited twice.

(f) No: the middles 3 and 4 differ, so the lines are no instance of Tr, although v < v does
follow (since 3 < 4).

(g) No: line 1 makes b the expression z, and line 3 makes it 3.

(h) The second: citing line 2 first makes b be 2 (from line 2, as a < b) and 0 (from line 1,
as b < ¢). The rule is named and the cited lines are earlier.

(i) Yes: = binds most tightly, so the main connective is A, and AE writes =P or Q.
(j) (i) Yes. (ii) No: Al joins the two cited lines whole, and line 3 is Q A R, not Q. (iii)
No: R lies a layer deeper in line 1. (iv) Yes.

(k) Premises 10< +, 21 <2, 31 <2ithend0<1 Tr1,2;50< 3, Tr4,3.

(1) 3P, AE1;4 RAP, AL2, 3.

(m) 2PAQ, AE 1; 3 Q, AE 2.
)
)

(n) 3P, NE1;4 5, AE 2;5SAP, N4,3.

(o
Givens Goal
PA(QAR) R
PA(QAR), P, QAR (AE) R
PA(QAR), P, QAR, Q, R (AE) RV

1.2.13.2 B. Practice

Exercise. B1: The other grouping

Give a derivation of PA (QAR) F (PAQ) A R. For each line, say whether you found it from
the goal or from the premise.

Solution. From the goal: Al with subgoals P A @ and R, and P A @Q by Al from P and Q.
From the premise: AE gives P and Q A R, and AE on Q A R gives @ and R.
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1 | PA(QAR)

2 | P AE 1
3 | QAR AE 1
410 AE 3
5 | R AE 3
6 | PAQ AL 2, 4
7 | (PANQYAR A6, 5

Lines 2-5 were found from the premise, lines 6-7 from the goal. With Proposition 1.2.2, each
of (PAQ)ARand PA(QA R) is derivable from the other.

Exercise. B2: Annotating a proof
Let x and y be real numbers. Here is a proof.
Let 1<z <2and 3<y<4. Then4d <x+y <6.

Write out the proof in full, naming each use of AE and AI, and marking the steps that are
school algebra rather than logic.

Solution. The hypotheses are the conjunctions (1 < z) A (z < 2) and (3 < y) A (y < 4), and
the goal is (4 <z +y) A (x +y < 6).

By AE, four times, we have 1 < z, x < 2, 3 < y, and y < 4 separately. Adding 1 < = and
3 <ygives 1 +3 < x +y, that is, 4 < x + y (school algebra: two inequalities in the same
direction may be added). Adding x < 2 and y < 4 gives  + y < 6 (school algebra again).
Finally Al joins 4 < x+y and x4+ y <6 into 4 < x4+ y < 6.

As a derivation it has the same shape as the one in Example (A product of numbers in the
unit interval): two premises, four AE lines, two lines justified “algebra”, and one Al line.

Exercise. B3: Two layers, then rebuild

A search for P A (Q AR), S+ (RAP)AS has reached the stage below. Name the move,
then complete it.

1 | PA(QAR)
2 | s

7 | (RAP)AS ?

Solution. The move is work from both ends (“Two directions of reasoning”). From the goal:
its main connective is A, so line 7 is Al with the subgoals RA P and S; S is line 2, and RA P
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splits again, by Al, into R and P. From the premise: AE in two layers, first P and Q A R
from line 1, then R from Q A R.

1 | PA(QAR)

2 | S

s | p AE 1
4 | QAR AE 1
5 | R AE 4
6 | RAP AL 5, 3
7 | RAP)AS AL 6, 2

The ends meet at line 6: the subgoals R and P are lines 5 and 3, which the premise supplied.

1.2.13.3 C. Going deeper

Exercise. C1: A bad rule
Add to Tr a second rule, Flip: from a < b, write b < a.

(a) Derive 1 < 0 from the premise 0 < 1, using Flip.
(b) Explain why a checker following “Reading a derivation” would accept your derivation.
(¢) What property does Tr have that Flip lacks?

1 o<1
(a)
2 | 1<o0 Flip 1

(b) Line 1 is a premise. Line 2 names a rule on the list, cites line 1, which is earlier, and
lines 1, 2 are an instance of the schema of Flip with a replaced by 0 and b by 1. All
three questions pass. The checker never asks whether a line is true, only whether it
matches a rule, so a bad rule is invisible to it.

Solution.

(¢) Tr never leads from true lines to a false one (Al(e)). Flip does: from the true line 0 < 1
it writes the false line 1 < 0. With such a rule, a derivation from true premises could
end anywhere, so checking is only as good as the rules checked against. The rules of
logic are chosen to have it; this section’s Looking-ahead box says where that is checked.

Exercise. C2: Find the error

A student offers the following list as a derivation of 0 < 4 with Tr.
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1 0<1
1 <2
2<3
3<4
0<3 Tr 6, 3
0<2 Tr 1, 2

N O Ot s W N

0<4 Tr 5, 4

(a) s0<1, 1<2, 2<3, 3<4F0<4 with Tr?

(b) Is the list a derivation? If not, name the line that fails and the clause of Definition 1.2.2
it breaks.

(¢) (Challenge.) The two lines “1. 0 < 0, Tr 2,2” and “2. 0 < 0, Tr 1,1” would each pass
the first two questions of “Reading a derivation”. Use them to explain why a line may
cite only earlier lines.

Solution.

(a) Yes. Swap lines 5 and 6 and renumber:
1 0<1

1<2
2<3
3<4
0<2 Tr 1, 2

[ N A \V)

0<3 Tr 5, 3

7T | 0<4 Tr 6, 4

Each later line cites earlier lines and is an instance of Tr, with middles 1, 2, 3. So the
student’s conclusion is derivable (and true).

(b) No. Line 5 cites line 6, which is not earlier, so clause (ii) fails at line 5. Every line is
an instance of Tr: lines 6, 3, 5 with middle 2; lines 1, 2, 6 with middle 1; lines 5, 4, 7
with middle 3. So the only fault is the order. That the conclusion is true and derivable
does not repair the list: a derivation must meet the definition line by line.

(c) Line 1 cites line 2 twice, and line 2 cites line 1 twice. Each is an instance of Tr with
a, b, ¢ all replaced by 0: from 0 < 0 and 0 < 0, write 0 < 0. So if lines could cite later
lines, these two lines would justify each other, in a loop that rests on no premise, and
the false statement 0 < 0 would be derivable from nothing. Requiring cited lines to be
earlier rules out every such loop: following the citations backwards from any line, the
numbers go down, so they must end, and they can end only at premises.

Marking scheme. (10 points) - 3: says the conclusion is derivable and gives a correct
derivation (every line an instance, every citation earlier). - 3: names line 5 as the faulty
line and the broken clause: a cited line must be earlier. - 1: notes that the other lines are
instances of Tr, so the order is the only fault. - 3: explains with the loop why later citations
cannot be allowed: the two lines justify each other, rest on no premise, and give a false
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line. Fatal errors (0 for the step): calling the list a derivation because its conclusion is true;
blaming line 7, which cites line 5, an earlier line.

Exercise. C3: A shortcut through two layers

A student offers the following derivation of P A (Q A R) - Q A P.

1 | PA(QAR)

2 | Q AE 1
3| P AE 1
4 | QAP AL 2, 3

(a) Is line 2 an instance of a schema of AE? Justify your answer.
(b) Is the conclusion derivable from the premise? Justify your answer.

(c) The step at line 2 never leads from a true line to a false one. Why must a checker still
reject it?

(d) (Challenge.) State, as a schema, a rule AE* that would allow line 2. Show that every
use of AE* in a derivation can be replaced by two uses of AE.

Solution.

(a) No. To match line 1 with ¢ A ¢, we must read ¢ and 1 off line 1’s main connective,
which is the first A: ¢ is P and ¢ is Q@ A R. So AE writes P or Q A R, and @Q is neither.

(b) Yes. Insert the missing layer.

1 | PA(QAR)

2 | P AE 1
3 | QAR AE 1
41Q AE 3
5 | QAP AL 4, 2

(¢c) A derivation is checked by matching each line against the schemas of the rules on
the list, and line 2 matches none. A checker that also accepted steps that “obviously
follow” would need to understand the statements, and then its verdict would be only as
reliable as that understanding. The steps that seem obvious are the ones nobody looks
at twice, and they are where unnoticed errors live. (This item is not a find-the-error
exercise in the usual sense: the step has no counterexample, since it never leads from
truth to falsehood. It is simply not a step of this calculus.)

(d) One such rule, in schema form:

i | oA AX)
k| AE* i

Suppose line k of a derivation is ®, justified “AE* ¢”, with line ¢ the statement ¢ A (1 A ).
Replace line k by two lines: first ¥ A x, justified AE i (the second form, with the conjuncts ¢
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and ¥ A x), then 1, justified by AE citing that new line (the first form, with the conjuncts
and x). Renumber the later lines, and every citation of them, up by one; a later citation of
line k now cites the second new line, which carries the same statement . Every other line
is unchanged and still cites earlier lines. Doing this for each AE* line, one at a time, gives a
derivation with the same premises and last line that uses only AE and AIl. A rule that can
always be replaced in this way adds convenience and no new power; Section 2.3 calls such a
rule a derived rule.

Marking scheme. (10 points)

2: (a) no, reading ¢ and v off the main connective of line 1.

e 2: (b) yes, with a correct derivation.

e 2: (c) checking is by matching the schemas; a step that is not an instance is rejected,
whether or not it is true.

e 2: (d) a correct schema, one given line and one new line.

o 2: (d) the replacement by two AE lines, with the renumbering of later citations.

Fatal errors (0 for the step): claiming the conclusion is not derivable; offering a counterex-
ample to line 2.

Exercise. C4: Challenge: What conjunction cannot do

In this exercise read P, (), R as three different letters, each a symbol with no inner structure.
Show that no box-free derivation whose only premise is P A (), and whose only rules are Al
and AE, has a line whose statement contains the letter R. Deduce that, with these two rules,
PAQF P AR cannot be shown.

Solution (Hint 1). Suppose some line does contain R, and look at the first such line.

Solution (Hint 2). That first line is not a premise. Which rule wrote it, and which letters
can that rule write?

Solution. Suppose, for a contradiction, that some line of such a derivation contains R. The
derivation has finitely many lines, so there is a first such line; call it line k. Every line before
line k is free of R.

Line k is not a premise, because every premise is P A @), which does not contain R (P and @
being letters other than R). So line k is justified by one of the two rules, citing earlier lines
(Definition 1.2.2).

If it is Al citing lines ¢ and j, then its statement is ¢ A 1), where ¢ and v are the statements
of lines ¢ and j. Both are earlier than k, so neither contains R, and neither does ¢ A 1.

If it is AE, citing line ¢, then its statement is one conjunct of the statement of line ¢: a part
of it. Line 7 is earlier than k and free of R, so the part is free of R too.

Either way line k does not contain R, which contradicts the choice of k. So no line contains
R. In particular no such derivation has the last line P A R, and P A Q - P A R cannot be
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shown with these rules.

The hypothesis on the letters matters. If R were the same statement as P, the sequent would
be PAQ + P A P, which AE followed by AI 2, 2 derives (as in “One line cited twice”). What
the argument shows is that no single derivation works for every choice of R.

The argument, “look at the first bad line; it cannot be a premise, and no rule can create it
from good lines”, is an induction on the lines of a derivation; Chapter 4 makes such arguments
exact.

Marking scheme. (10 points)

o 2: considers a first line containing R, and says why a first one exists (finitely many
lines); or, equally, goes down the derivation line by line, showing each line free of R
because every line it cites is.

o 2: rules out a premise (P A @ does not contain R, since P, @), R are different letters).
2: Al case: the new line is built from the statements of two earlier, R-free lines.

e 2: AE case: the new line is part of an earlier, R-free line.

2: concludes that no line contains R, and so that P A R is never a last line.

Fatal errors (0 for the step): arguing about one particular derivation instead of every deriva-
tion; arguing that R is “not true” instead of about which symbols the rules can write.
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