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13.3 Gram Matrices

Chapter 11 attached to every list of vectors the matrix of its pairwise inner products and read
three facts off it: it is Hermitian, its quadratic form is a squared length, and it is invertible
exactly when the list is independent (Definition 11.2.3, Theorem 11.2.5). One question was left
standing. Given a square matrix, is it the Gram matrix of something? The answer is the shortest
possible one: exactly when it is positive semidefinite. This section proves that, and then spends
it twice — the determinant of a Gram matrix is a squared volume, and a ratio of two Gram
determinants is a distance to a subspace.

Throughout, FF = R or F' = C and all inner product spaces are over F. When the list must
be named we write G(vi,...,vy) for its Gram matrix, whose entries are (vj,v;) as in Defini-
tion 11.2.3.

IEABE Which matrices are Gram matrices?

Half of the answer is already proved. By Theorem 11.2.5 (a) and (b), a Gram matrix G is
Hermitian and satisfies

2
x*Gx = H Z:L‘jij >0
J

for every x € F*. That is word for word the definition of positive semidefiniteness (Defini-
tion 13.1.1). So being positive semidefinite is necessary. The content of the next theorem is
that nothing else is needed, and this is where the chapter’s second signature move earns its keep:
a positive semidefinite matrix factors as B*B, and the columns of B are then the list we were
looking for.

Theorem 13.3.1. Gram Matrices Are Exactly the Positive Semidefinite Matrices

Let G € My (F). The following are equivalent.

(a) G is the Gram matrix of some list of k vectors in some inner product space over F;

(b) G is the Gram matrix of some list of k vectors in F" with the standard inner product,
where r = rank G;

(¢) G = O.
Moreover the list is unique up to an isometry: if (v1,...,vx) in V and (wy, ..., wy) in W have
the same Gram matrix, then there is an isometry from span(vy, . .., vx) onto span(w, . .., wg)

carrying v; to w; for every j.

Idea.

(a) = (c) is the display above. For (c) = (b), diagonalize: the spectral theorem writes
G = UDU* with D diagonal and, by Theorem 13.1.4, with nonnegative diagonal.
Then DY/2U* is a square root of G in the B*B sense, and its rows beyond the 7-th
are zero, so the columns already live in F”. For the uniqueness clause, the Gram
matrix ¢s the recipe for every inner product among the vectors, so the obvious map
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>_ajvj — Y ajw; has no choice but to preserve them; the only thing needing care is
that it is well defined, and part (b) of Theorem 11.2.5 says precisely that.

Proof.

(b) = (a) is immediate, since F" with the standard inner product is an inner product
space.

(¢) = (c). Let G be the Gram matrix of (vi,...,vg). By Theorem 11.2.5 (a), G* = G,
and by (b) of the same theorem x*Gx = ||3_; zjvil|*> > 0 for every x € F*. Hence
G > O by Definition 13.1.1.

(d) = (b). Since G is Hermitian, the spectral theorem for matrices gives a unitary U
and a diagonal D with G = UDU™* (Corollary 12.4.3 over C; Corollary 12.5.2 over R,
with U orthogonal and D real). The diagonal entries of D are the eigenvalues of G,
so they are real and > 0 by Theorem 13.1.4, and we may prescribe their order: let
diy...,dr >0and d,11 = --- = dr = 0. Here r is the number of nonzero eigenvalues,
which is rank G, because G and D have the same rank.

Put B = D'/2U* € M}, (F), where DY/? = diag(v/dy, . ..,+/dy). Then
B*B = UDY?D!?U* = UDU* = G,

using (DI/Q)* = DY2 Rows r+1,...,k of B are zero, since row p of DY/2U* is V/dp, times
row p of U*. Let B’ € M,..x(F) consist of the first  rows of B; deleting zero rows changes
no entry of B*B, so (B')*B’ = G as well. Let vq,...,vi € F" be the columns of B’. With
the standard inner product (x,y) = y*x on F",

(Vj,vi) =Vivj = ((B')*B')ij = (G)ij,
so G is the Gram matrix of (vq,...,vg).

The uniqueness clause. Let (v1,...,v;) in V and (wq, ..., wy) in W both have Gram matrix
G, and put U = span(vy,...,v;) and U’ = span(wy, ..., wy). Define T: U — U’ by

T(Zj:ajvj) = %:ajwj.

This is well defined: if }°; ajv; =32, bjv;, let x € F* be the vector with entries T = Uy = g
then Theorem 11.2.5 (b), applied to each list in turn, gives

2 2
—_ * —_ o] o —_
HZ:ijjH =x"Gx = HZva]H =0,
J J

so > jajw; = > bjw;. The same display with every b; = 0 shows ||T'u|| = [lu]| for every
u € U, so T is an isometry (Definition 11.7.1); it is linear and surjective by its definition on
spanning vectors. This proves the theorem.

Three consequences are worth naming at once.

First, the corollary promised in Chapter 7 is now proved from the right principle. Corollary 7.7.3
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said that det(AAT) > 0 for real A, with equality exactly when the rows of A are dependent,
and it proved this by writing the determinant as a sum of squares of minors. The structural
reason is the theorem above: AAT is a Gram matrix, hence positive semidefinite, hence has
nonnegative eigenvalues, and its determinant is their product. Positivity of the determinant is
not an accident of Cauchy—Binet; it is one shadow of a much stronger property, and the other
shadows come free — every principal minor of a Gram matrix is > 0 too, since a principal
submatrix of G(v1,...,vx) is the Gram matrix of a sublist.

Second, the smallest space that can hold a realization of G has dimension rank G, and no smaller
one will do: a list of k& vectors in a space of dimension s has a Gram matrix of rank at most s,
because G = A*A for the s x k coordinate matrix A of the list and rank(A*A) = rank A < s
by Corollary 11.6.6 (b).

Third, the theorem is a free source of examples in both directions: any vectors at all produce a
positive semidefinite table, and conversely positivity is a real constraint on a table of numbers
— a stronger one than most readers expect.

Warning. Plausible-looking symmetric tables need not be Gram matrices. The
condition is not “symmetric with nonnegative diagonal”, and it is not even “every 2 x 2
principal minor is > 0”. Take

5 -3 -3
G=|-3 5 -3
-3 =3 5

Its three 2 x 2 principal minors are all 25 — 9 = 16 > 0, so any two of the three vectors
would be a legitimate pair. But G(1,1,1)" = (=1,—1,—1)7, so —1 is an eigenvalue and
G % O: no three vectors in any inner product space have this table. In words, three vectors
of squared length 5 cannot be pairwise at an angle with cosine —3/5; two of them can.

Quick check. Is the k x k matrix with every entry equal to 1 a Gram matrix? If so, exhibit
a list; if not, say which clause fails.

Solution. It is. Take vy = --- = v = v for any unit vector v: then (vj,v;) = 1 for all 4, j.
Consistently, the matrix has rank 1, and Theorem 13.3.1 (b) predicts a realization in F''; the
list (1,1,...,1) in F is one.

IBRW] The Gram determinant is a squared
volume

Chapter 7 defined the volume of a parallelepiped spanned by n vectors of R™ as |det| of the
matrix of their coordinates (Definition 7.9.1). That definition needs a square matrix, so it
says nothing about two vectors in R3. The missing notion was already present in Chapter 7’s
motivation, though: volume is base times height. Turning that into a definition costs one line,
now that we have distances to subspaces.
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Definition 13.3.1. Volume of a list

Let (v1,...,v;) be a list in an inner product space V over F. Its k-dimensional volume
vol(vy,...,vg) > 0 is defined recursively by
vol(vy) = ||vrl, vol(vi,...,vE) = vol(vy,...,vk—1) - d(vk, Ug—1),

where Uy_1 = span(vy,...,v,_1) and d(-,-) is the distance of Definition 11.3.3.

In words: the volume of the last vector’s parallelepiped is the volume of the one below it, times
the height of the last vector above the subspace the others span. For k = 2 this is base times
height for a parallelogram, and it is 0 exactly when vs lies on the line through v;.

U = span(vy,vs)

~

base times height: vol(vy,ve) = ||v1|| d(vg, Uy)

The recursion is easy to state and awkward to compute with, because each step needs a projec-
tion. The Gram determinant computes all of it at once.

Lemma 13.3.2. Bordering a Gram matrix

Let (vi,...,v;) be a list in an inner product space V, let U = span(vy,...,vx), and let
w € V. Then
det G(v1, ..., vp,w) = det G(vy,...,vg) - d(w, U)>.

Idea. Replace w by w— Pyw. That is a column operation on the list, and a column operation
on the list is a congruence G — E*GE on the Gram matrix, with E unitriangular, so the
determinant does not move. After the replacement the last vector is orthogonal to all the
others, and the Gram matrix has become block diagonal.

Proof. First record how the Gram matrix responds to a change of list. If u; = >, e;jv; for a
matrix E = (es;), then by sesquilinearity

<uj7 ul> - Z Z etjeis’i<vt7 US>7
t s

which is the (i, j)-entry of E*GE; that is, G(uq,...,un) = E*G(vy,...,v;)E.

Now write w = p+ h with p = Pyw € U and h = w — p € U™, which is possible by
Theorem 11.3.2 (a). Since p € U, there are scalars ci,...,c; with p = Y, cvp. Let E €
My.11(F) be the identity matrix with its last column replaced by (—c1, ..., —ck,1). Applying
the rule above to the list (vy,..., v, w) and this E turns it into (v, ..., v, h), S0

G(viy..., vk, h) =E*G(vy,...,v5,w)E.
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The matrix E is triangular with ones on the diagonal, so det E = 1 by Theorem 7.4.6, and
det(E*) = det E = 1. By Theorem 7.5.4 the two Gram determinants are equal.

Finally, h € U~ gives (h,v;) = (v;, h) = 0 for every 4, so

G(vi,...,v 0
G(Ul,...,vk,h): ( ( ' 0 k) ||h||2>7

whose determinant is det G(v1, ..., vy) - ||h||* by cofactor expansion along the last row. Since
Ikl = [|lw — Pyw| = d(w,U) by Definition 11.3.3, this proves the lemma.

The recursion names the vectors in a particular order, and the last one plays a special role.
The value does not depend on that choice: Theorem 13.3.3 below identifies vol(vy, ..., v;)? with
det G, and permuting the list permutes the rows of G and the columns in the same way, which
leaves the determinant unchanged (Theorem 7.5.1 (a) applied once to the rows and once to the
columns, so the two sign changes cancel). So the volume is an invariant of the list as a set of
vectors, and we are free to order it however a computation prefers.

Theorem 13.3.3. The Gram Determinant Is the Squared Volume

Let (vi,...,vx) be a list in an inner product space over F'. Then

det G(vy,...,v;) = vol(vy,... ,Uk)2.

In particular, if A € M,,xx(F) has columns vi,...,vy € F™, then vol(viy,...,vg) =

Vdet(A*A).

Proof. Induction on k. For k = 1, G(v1) = (|[v1]|?) and vol(v1) = ||Jv1]]-

Let k£ > 2 and assume the statement for k—1. With Uy_; = span(vy,...,v;_1), Lemma 13.3.2
and then the induction hypothesis give

det G(vy, ..., v,) = det G(vy, ..., v5_1) - d(vg, Us—1)?

= VOl(Ul, “eey Uk_1)2 . d(vk, Uk_1)2,
and the right-hand side is vol(v1, ..., vx)? by Definition 13.3.1.

For the last claim, (vj,v;) = viv; = (A*A);; in F™ with the standard inner product, so
G(vi,...,vEg) = A*A, and the volume is the nonnegative square root of its determinant.

Two checks that the definition is the right one. If & = m and F = R, then A is square
and det(ATA) = (det A)? by Theorem 7.5.4 and Theorem 7.4.5, so vol(v1,...,v,,) = |det A|:
Definition 13.3.1 agrees with Definition 7.9.1 whenever both apply. And for k& = 2 in R3, Exercise
(C1: Area of a triangle in space) defined the area of a parallelogram in space to be \/det(ATA)
and promised a justification from inner products; the theorem is that justification, since base
times height is what an area should be.
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The volume vanishes exactly when the list is dependent, which is Theorem 11.2.5 (d) read
through the theorem: a flat parallelepiped has no volume.

IBIY Distance to a subspace, by determinants

Dividing in Lemma 13.3.2 gives a formula for a distance with no projection in sight.

Theorem 13.3.4. Distance by Gram Determinants

Let U be a finite-dimensional subspace of an inner product space V, let (vi,...,vx) be a
basis of U, and let w € V. Then

det G(vy, ..., vk, w)
d(w,U)? = —
(’LU7 ) det G(Ul,--'avk‘)

Proof. The list (v1,...,vg) is independent, so det G(vy,...,v;) > 0 by Theorem 11.2.5 (d)
and the quotient is defined. Dividing the identity of Lemma 13.3.2 by it gives the formula.

No orthonormal basis, no Gram—Schmidt, and no projection: two determinants and a divi-
sion. The price is a (k + 1) x (k + 1) determinant in the numerator, so for large k the
projection route of Chapter 11 is faster. The quotient is also a ratio of squared volumes,
vol(vy, ..., vg, w)?/vol(vy,...,v;)%: volume over base area, which is the height.

Example. The same distance twice

In R? with the dot product, let U = {(x,y,2) :  +y + 2z = 0} and w = (1,2, 3). Compute
d(w,U) by Theorem 13.3.4, and compare with Example (Distance from a point to a plane).

Solution. The vectors v; = (1,—1,0) and vo = (0,1, —1) lie in U and are independent, and
dimU = 2, so they are a basis of U. Their inner products are (vi,vi) = 2, (va,va) = 2,
(vi,v2) = —1, and with w: (w,w) = 14, (w,vy) =1—-2 = —1, (w,ve) = 2—3 = —1. Hence

9 1 2 -1 -1
G(vy,ve) = (_1 5 ) , G(vy,vo,w)=|-1 2 -1
-1 -1 14

The first determinant is 4 — 1 = 3. Expanding the second along the first row,
2(28—1)4+1(-14—-1)—-1(1+2) =54 — 15— 3 = 36.

So d(w,U)? = 36/3 = 12 and d(w,U) = 2v/3. Example (Distance from a point to a plane)
obtained [|(2,2,2)|| = 2v/3 by projecting onto the normal line. The two routes never meet
on the page, and they agree.

Remark. The numerator 36 is the squared volume of the parallelepiped on vy, v, w, and the
denominator 3 is the squared area of its base. The determinant of the coordinate matrix of
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(v1,v2,w) is 6, and indeed 62 = 36: Theorem 13.3.3 in the square case.

IRRY Exercises

13.3.4.1 A. Check your understanding

Exercise. Al

(a) State the criterion for a matrix G € My(F) to be the Gram matrix of some list of
vectors.

(b) Determine whether the following statement is correct, and justify your answer: every
symmetric matrix with nonnegative entries is a Gram matrix.

(c) A list of 5 vectors in R? has a 5 x 5 Gram matrix. What are the possible values of its
rank, and what is its determinant?

(d) Write down the formula for d(w,U) in terms of Gram determinants, saying what list
is used.

(e) Define the k-dimensional volume of a list, and say what Theorem 13.3.3 asserts about
it.

Solution.

(a) G is a Gram matrix if and only if G » O (Theorem 13.3.1). The list may then be

taken in F" with r = rank G.
2

(b) Incorrect. 5 1 has nonnegative entries and eigenvalues 3 and —1, so it is not
positive semidefinite and by Theorem 13.3.1 it is no Gram matrix. (Concretely: two
unit vectors cannot have inner product 2, by Cauchy—Schwarz, Theorem 11.1.5.)

(¢) The rank is rank G = dimspan(vy,...,v5) < 3, so it is 0,1,2 or 3; in particular G is
singular and det G = 0. (A list of 5 vectors in a 3-dimensional space is dependent, so
Theorem 11.2.5 (d) gives det G = 0 directly.)

(d) If (vi,...,vg) is a basis of U, then

det G(vy, ..., vk, w)
d 2 — ) ) )
(w,U) det G(vy, ..., vg)

by Theorem 13.3.4.

(e) vol(v1) = |Jv1]| and vol(vy,...,vx) = vol(v,...,vk_1) d(v,span(vi,. .., vk—1)) (Defini-
tion 13.3.1). Theorem 13.3.3 says det G(v1,...,vx) = vol(vy, ..., vx)2.

13.3.4.2 B. Practice

Exercise. B1: Which are Gram matrices?

Determine which of the following are Gram matrices of some list of vectors in some real inner
product space. For those that are, exhibit a list; for those that are not, give a reason.

ot
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o3

2 -1 -1
(i) | -1 2 -1

-1 -1 2

1 01
(iv) |0 1 1

1 11
Solution.

(i)

Yes. It is symmetric with eigenvalues 1 and 3, both > 0, so it is positive definite and
Theorem 13.3.1 applies. A list: v; = (1,1,0), v2 = (1,0,1) in R3, whose Gram matrix
is exactly this.

No. It is not symmetric, so it is not Hermitian and Definition 13.1.1 fails at once; a
Gram matrix over R is symmetric by Theorem 11.2.5 (a).

Yes. Its rank is 2: the rows sum to zero, and the top-left 2 x 2 minor is 3 # 0. Its
eigenvalues are 0 (eigenvector (1,1,1)) and 3 (twice, on the plane z +y + z = 0), all
> 0. A list in R?, as Theorem 13.3.1 (b) promises with 7 = 2: the three vectors (1/2,0),

(—%, \/g), (—%, —\/g), three vectors of length v/2 at 120° to each other.

No. It is symmetric, but its leading principal minors are 1,1, —1, and the determinant
of a positive semidefinite matrix is > 0 (its eigenvalues are > 0). So it is not positive
semidefinite, and by Theorem 13.3.1 it is not a Gram matrix. (Its eigenvalues are 1
and 14 /2, one of which is negative.)

Exercise. B2: A volume two ways

In R3, let vi = (1,1,0), vo = (1,0,1), v3 = (0,1,1). Compute vol(vy, va, v3) with Theo-
rem 13.3.3, and check the answer against Definition 7.9.1.

Solution. The pairwise dot products give

G =

— = N
— N =
[N

and expanding along the first row, detG =24 —-1)—-12-1)+1(1-2)=6—-1—-1=4.
By Theorem 13.3.3, vol(vy, va, v3) = V4 = 2.

Directly, the matrix A with these columns has det A = 1(0 — 1) — 1(1 — 0)
Definition 7.9.1 gives |—2| = 2. The two agree, as they must, since det(A T A)

= —2, so

+0
= (det A)2.

Exercise. B3: A distance in R*

In R* with the dot product, let U = span ((1,1,0,0),(0,1,1,0)) and w = (1,0,0,1). Find
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d(w,U) using Theorem 13.3.4.

Solution. Write vi = (1,1,0,0) and vo = (0,1,1,0); they are independent, hence a basis of
U. The inner products are (vi,vy) = (v, va) = 2, (vi,ve) = 1, (w,w) = 2, (w,vq) = 1,
(w,va) =0. So

2 1

2 1 1
G(vy,va) = <1 2) , G(vy,vo,w)= 1|1 2 0],
1 0 2

with determinants 3 and 2(4) —1(2)+1(—2) = 4. Hence d(w,U)? = 4/3 and d(w,U) = 2//3.

Check. The projection is Pyw = %(2, 1,—1,0), sow—Pyw = %(1, —1,1,3), of norm %\/12 =

2/4/3.

13.3.4.3 C. Going deeper

Exercise. C1l: Rank of a Gram matrix

Let (v1,...,vx) be a list in a finite-dimensional inner product space V over F, with Gram
matrix G.

(a) Prove that rank G = dim span(vy, ..., vg).
(b) Deduce Theorem 11.2.5 (c): G is invertible if and only if the list is independent.

Hint for (a): the coordinate matriz of the list in an orthonormal basis of the span.

Solution.

(a) Let U = span(vy,...,vg), r = dimU, and let (e1,...,e,) be an orthonormal basis
of U, which exists by Theorem 11.2.2. Let A € M, «;(F) have as its j-th column the
coordinate vector of v;. As computed in the proof of Theorem 11.2.5 (d), G = A*A. By
Corollary 11.6.6 (b), rank G = rank(A*A) = rank A. Finally rank A = r: the columns
of A span F", because the coordinate map U — F" is an isomorphism carrying the
spanning list (vy,...,vg) of U to the columns of A.

(b) G is a k x k matrix, so it is invertible if and only if rank G = k (Theorem 7.5.3
(d)). By (a) that says dimspan(vy,...,vx) = k, which holds exactly when the list is
independent.

Exercise. C2: Why the conjugate is not optional

Over C, one might try to build a table of inner products with the bilinear expression VZTVj,
without any conjugate. Let v = (1,4) € C2.

Tv and v*v, and explain why only one of them is a legitimate squared

(a) Compute v
length.

(b) The list (v) is independent, yet the 1 x 1 “bilinear Gram matrix” (v'v) is singular.

Which hypothesis of Theorem 13.3.1 is being violated, and which statement of Chapter
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7 does this illustrate?

Solution.

(a) viv =12 +42 = 0, while v*v = |[1|2 + |i|> = 2. A squared length must be > 0 and
must vanish only for the zero vector (Definition 11.1.1), and v # 0; so v'v cannot be
one, and v*v = ||v||? is the correct value.

(b) Theorem 13.3.1 is a statement about the Gram matrix of Definition 11.2.3, whose en-
tries are (v;,v;) = v}v;. The matrix (v'v) = Oy is not that matrix, so the theorem
simply does not apply; the genuine Gram matrix here is (2), which is positive definite,
as it must be for an independent list. This is exactly the failure recorded after Corol-
lary 7.7.3: over C, A = (1 z) has rank 1 while AAT = Oy, so the real equality case
of that corollary has no complex analogue — unless the transpose is replaced by the
conjugate transpose.

Exercise. C3: Height and volume

Let (v1,...,v;) be an independent list in an inner product space over F. For each j, write
U; for the span of vy, ..., v;.
(a) Prove that vol(vy,...,vx) < |[vi]/[|va] - - ||vg]l, with equality if and only if the list is
orthogonal.

(b) Deduce that det G(vy,...,vx) < |Jvr]|®- - ||vel?.

Hint for (a): compare each height with the corresponding length.

Solution.

(a) Fix j > 2 and write v; = Py,_,vj + h; with h; € Uj‘_l, as in Theorem 11.3.2 (a). The
two summands are orthogonal, so Theorem 11.1.3 gives

logll* = |1 Po,_yvil* + Ry 1> > IRy )1 = d(v;, Uj-1)?,

with equality if and only if Py, ,v; = 0. Multiplying the k inequalities d(v;,U; 1) <
|lvj]] (with d(vi,Up) read as ||v1||) and using Definition 13.3.1 repeatedly gives

vol(vy,...,vk) < ||v1]l - [Juk]|-

All factors are > 0, since the list is independent, so equality holds if and only if it holds
in every factor, that is Py,_,v; = 0 for every j > 2. That says each v; is orthogonal to
Uj-1, hence to every earlier v;; and conversely an orthogonal list has Py,_,v; = 0 by
Theorem 11.3.3 (a).

(b) Square (a) and apply Theorem 13.3.3.
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