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Preface

Number Systems: From N to R ended with the real numbers as a complete ordered field. Analysis
on the Real Line starts from the axioms of such a field and proves its first limit theorems at
once. This volume supplies the working tools that analysis uses on every page without stopping
to prove them: inequalities and finite sums, real functions and their graphs, coordinates and
vectors in R™, lines, convex sets and isometries, the complex numbers and the plane they form,
and distances in the general form of a metric.

Who it is for. The reader we have in mind has worked through Logic and Proof, Sets and
Functions and the main line of Number Systems: From N to R, or has their habits from elsewhere.
Much of the material is familiar in outline from school; what is new is that every rule is proved
from the axioms of a complete ordered field, and that nothing is used before it is proved.

What it covers. The volume is being written. Its finished chapter is:

Chapter Title What it does

1 Complex Numbers C as pairs of real numbers,
proved a field containing R;
conjugate, modulus and the
triangle inequality; square
roots and the quadratic
formula; why C has no order;
polar form, De Moivre’s
formula and the roots of unity

Six chapters are planned around it, in this reading order: Inequalities, Finite Sums, and Real
Powers; Real Functions and Their Graphs; Coordinates and Vectors in R™; Lines, Convexity,
and Isometries of R™; then Complex Numbers; then Rotations, Angles, and the Complex Plane
and Metrics and Norms. When they are added, the chapters will be renumbered in that order.

How to read it. Every section has Quick checks with folded answers; answer each one before
you unfold it. The exercises of a section come in three groups, A to check understanding, B for
practice and C to go deeper, and the last section of each chapter adds R items that reach back
to earlier chapters. A chapter’s opening page lists what it needs, with links, and the time it
takes. Second-reading folds hold edge cases and longer justifications. They can stay closed on a
first reading, but they are not optional, since later proofs may use what they contain.

One borrowed fact. This volume does not define cosine, sine or 7: defining them needs limits
and power series, which belong to analysis. Section 1.5 states five facts about them, numbered
(T1)—(T5), as an assumption, and Analysis on the Real Line, Chapter 10 proves them. They
are used only for polar form and for the roots of complex numbers in Sections 1.5 and 1.6, and
each proof that uses one names it.
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Time. Chapter 1 takes about 25 hours on the core track and about 35 hours for everything.

What comes next. Analysis on the Real Line uses this volume from its second chapter on.
Algebraic Preliminaries takes the complex numbers of Chapter 1 as its main example and builds
fields, groups and polynomials on them, ending with the Fundamental Theorem of Algebra. The
linear algebra volumes, beginning with Spaces and Maps, use the complex numbers throughout.



Chapter 1

Chapter 1

Complex Numbers

No real number squares to —1: in an ordered field a non-zero square is positive (Number Systems:
From \(\nN\) to \(\nR)\), Proposition 2.3.5 (e)), so 2% + 1 = 0 has no solution in R. The usual
remedy, “invent a symbol i with 2 = —1”, leaves open why such a symbol is safe when “a number
z with 0 -z = 1”7 is not. This chapter does not invent anything. It takes pairs of real numbers,
objects the reader already trusts, adds them coordinate by coordinate, and multiplies them by
the one formula that i> = —1 would force. Then it checks, law by law, that nothing breaks: the
complex numbers C form a field in the sense of Number Systems: From N to R, Chapter 2, and
they contain R as the pairs (a,0). Every later volume that computes with complex numbers,
from inner products in linear algebra to roots of unity in algebra, starts from this field.

Two habits of R do not survive the passage. No order on C is compatible with its arithmetic,
and no choice of “the” square root of each complex number keeps the rule \/z,/y = \/zy. One
new habit takes the place of order: measure a complex number by its modulus, a non-negative
real, and compute with |u|?> = wa, which is algebra. The first four sections need nothing but
the real numbers, and they reach far: division, the triangle inequality, and square roots and the
quadratic formula without a single angle. The picture of multiplication as a turn and a stretch
does need angles, and angles need cosine and sine, which belong to analysis. The chapter
borrows exactly five facts about them, says so in one place, and derives everything else from
those five: the familiar special values, De Moivre’s formula, the n different n-th roots of every
non-zero complex number, and the roots of unity. It ends with a look ahead at the Fundamental
Theorem of Algebra, which Algebraic Preliminaries, Chapter 4 proves without the borrowed
facts.

What you need. Number Systems: From N to R above all, and in it chiefly Chapters 2, 4
and 6. From its Chapter 5: the real numbers as a complete ordered field (Number Systems:
From \(\nN\) to \(\nR\), Theorem 5.6.3, Number Systems: From \(\nN\) to \(\nR\), Def-
inition 5.6.1), the standing setting of the whole chapter. From its Chapter 6: square roots of
non-negative reals, existing and unique (Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 6.1.4), which define the modulus in Section 1.2 and build complex square roots in Section
1.4; the uniqueness of the complete ordered field (Number Systems: From \(\nN\) to \(\nR)),
Theorem 6.3.1), which lets Section 1.5 carry the borrowed facts over to our R; the automorphism
theorem (Number Systems: From \(\nN\) to \(\nR)\), Theorem 6.3.4), used in the solution of
review exercise R1 and compared there with the two such maps of C; and the cube roots of
its Exercise B2 of Section 6.2 (Number Systems: From \(\nN\) to \(\nR\), Exercise (B2:
Cube roots)), whose method Section 1.6 runs for every exponent. From its Chapter 2: the
axioms of a field and of an ordered field and their rules (Number Systems: From \(\nN\) to
\(\nR\), Definition 2.3.1, Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.2, Num-
ber Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2, Number Systems: From \(\nN)\) to
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\(\nR\), Proposition 2.3.5), used on nearly every page; the finite ring that cannot be ordered
(Number Systems: From \(\nN\) to \(\nR\), Example (A field with two elements that can-
not be ordered)), compared with in Section 1.4; and the gap at /2 in Q (Number Systems:
From \(\nN\) to \(\nR\), Theorem 2.6.1), which shows in Section 1.2 why the modulus needs
completeness. From its Chapter 4: the rules for fractions in a field (Number Systems: From
\(\nN\) to \(\nR\), Lemma 4.1.1), the absolute value of an ordered field (Number Systems:
From \(\nN\) to \(\nR\), Definition 4.1.1, Number Systems: From \(\nN\) to \(\nR\), Propo-
sition 4.1.3), which the modulus extends and whose triangle inequality Section 1.3 reproves by
a new route, and the natural numbers and powers in an ordered field (Number Systems: From
\(\nN\) to \(\nR\), Definition 4.2.1); a remark of Section 1.4 recalls its exercise on fields with
a square root of —1 (Number Systems: From \(\nN\) to \(\nR\), Exercise (C1: A field that
cannot be ordered)). From its Chapter 3: division with remainder, divisibility and parity in Z
(Number Systems: From \(\nN\) to \(\nR\), Theorem 3.1.2, Number Systems: From \(\nN\)
to \(\nR\), Proposition 3.1.1, Number Systems: From \(\nN\) to \(\nR\), Corollary 3.1.3),
in Exercise B1 of Section 1.1 and in Sections 1.5 and 1.6; and the rings Z/nZ (Number Sys-
tems: From \(\nN\) to \(\nR\), Definition 3.4.2, Number Systems: From \(\nN\) to \(\nR\),
Theorem 3.4.3), in a remark and Exercise C2 of Section 1.4 and in review exercise R2. From
its Chapter 1: the citing rule by which induction and recursion apply to N (Number Systems:
From \(\nN\) to \(\nR)\), Corollary 1.7.3), and the laws of powers in N (Number Systems: From
\(\nN\) to \(\nR\), Proposition 1.6.4), compared with in Section 1.1. From Sets and Func-
tions: ordered pairs, Cartesian products and injective maps, Chapter 1 (Sets and Functions,
Definition 1.4.1, Sets and Functions, Definition 1.4.2; Sets and Functions, Definition 1.5.3); di-
visibility, Section 1.1 (Sets and Functions, Definition 1.1.2); the recursion theorem, powers and
finite sums, Section 2.3 (Sets and Functions, Theorem 2.3.1, Sets and Functions, Definition 2.3.2,
Sets and Functions, Proposition 2.3.4, Sets and Functions, Definition 2.3.1), whose recursions
Section 1.1 reuses in any commutative ring; and finite sets, Section 2.5 (Sets and Functions,
Definition 2.5.2), for counting n-th roots. From Logic and Proof: induction, Chapter 4 (Logic
and Proof, Axiom 4.2.1); the contrapositive, Chapter 2 (Logic and Proof, Proposition 2.3.2), in
Exercise B3 of Section 1.1; and the catalogue of what a proof may not do, Chapter 8 (Logic
and Proof, Example (What is not allowed)), in the proof-ordering and find-the-error exercises
of Sections 1.4 and 1.6. Section 1.4 also proves the complex square roots that Logic and Proof,
Section 7.1 took as a school fact. Nothing from linear algebra is used, and nothing from analysis
before the box of borrowed facts in Section 1.5.

Which real numbers. The chapter builds C on the real numbers of Number Systems: From N
to R, Chapter 5, whose elements are classes of Cauchy sequences of rationals (Number Systems:
From \(\nN\) to \(\nR\), Definition 5.2.1). No proof looks inside a real number: every step uses
only that R is a complete ordered field. By the uniqueness theorem of that volume’s Chapter 6
(Number Systems: From \(\nN\) to \(\nR\), Theorem 6.3.1), any complete ordered field would
give the same C, up to the one isomorphism between the two fields.

What this chapter borrows. Everything in Sections 1.1-1.4, and in Section 1.5 up to its
box of borrowed facts, is proved from the real numbers. From that box on, five facts (T1)-(T5)
about cos, sin and 7 are used without proof: the circle identity, the addition formulas, where
the cosine equals 1, that every point of the unit circle is reached, and the sign of the sine on the
first half turn. Analysis on the Real Line, Chapter 10 defines the two functions and the number
and proves the five facts. No other fact about cosine and sine is used, and the results that rest
on the five say so in their dependency ledgers.

Time. About 25 hours on the core track (all of A, one B and one C per section, the exit checks);
about 35 hours for everything.
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Roadmap

The Complex Numbers as Pairs of Reals. C defined as R x R with the product that
i> = —1 would force; the real numbers inside C as the pairs (a,0), which makes a + bi
honest notation and i> = —1 a computation; a product with one sign changed, which has
zero divisors; the laws of arithmetic, which make C a commutative ring with 1 # 0; powers
and their laws in any commutative ring; and the factorization of z" — w™.

Conjugate, Modulus, and Division. The conjugate and the modulus, a non-negative
real square root and the place where the completeness of R enters; the modulus as an
extension of the absolute value of R; the rules for conjugate and modulus, with |zw| = |z||w]
proved by squaring; the inverse z/|z|? of a non-zero z; the theorem that C is a field in which
R is closed under the field operations; and division by the conjugate of the denominator.
The Triangle Inequality. Why the trapping proof for ordered fields cannot run in C;
comparing squares of non-negative reals; real and imaginary parts at most the modulus;
the triangle inequality, by expanding |z +w|? and recognizing the cross term as a real part;
and three variants: the reverse inequality, the inequality for n terms, and a lower bound
for the modulus of a sum.

Square Roots, Quadratic Equations, and the Missing Order. An explicit formula
for a square root of a complex number, built from two real square roots, and the count of
exactly two square roots of every non-zero number; the quadratic formula with complex
coeflicients; the proof that no order makes C an ordered field; and why no choice of square
roots keeps the product rule /zy/w = \/zw.

The Unit Circle and Polar Form. The unit circle T, closed under products and
inverses, and every non-zero number as a length times a direction in exactly one way, all
without angles; the five borrowed facts about cosine and sine; e
cos f + i sin 0, multiplication as “multiply moduli, add angles”, and polar form, unique up
to a multiple of 27 in the argument; De Moivre’s formula; and the values of cosine and
sine at 7/6, w/4, w/3, 7/2 and =, derived from the five facts.

Higher Roots, Roots of Unity, and a Look Ahead. The unique non-negative n-th
root of a non-negative real, constructed as a supremum; exactly n solutions of 2z = ¢ for
every non-zero ¢, listed by polar form; the roots of unity, the set u,, and the sums of their
powers; a look ahead at the Fundamental Theorem of Algebra; the conjugate of a solution
of an equation with real coefficients as a second solution; and review exercises on the maps
of C to itself that respect sums, products and 1 and send R into R, on Z/nZ and pu,, on

the triangle inequality of an ordered field, and on the equation z = 22.

as an abbreviation for

Named moves

Compare real and imaginary parts. One equation between complex numbers is two
equations between real numbers: for real a,b,c,d, a + bi = ¢+ di if and only if a = ¢ and
b = d. It is named in Section 1.1, where it proves the laws of arithmetic; Section 1.4 uses
it to turn w? = z into two real equations, and Section 1.5 to turn e? = 1 into cos@ = 1
and sin # = 0. The warning of Section 1.1 marks the hypothesis it needs: the four numbers
must be real. Exercise C1 of Section 1.1 proves the same uniqueness of parts in any field
that contains R and a square root of —1.

Square the modulus. The modulus is a square root, and square roots do not expand;
its square |u|?> = ua is a product, and products do. So square, expand with conjugates,
bound or compare the real numbers that appear, and take the non-negative square root
back, which is legitimate because non-negative reals compare as their squares do. Section
1.2 uses it first, for |zw| = |z||w|; Section 1.3 names it and runs it in full for the triangle
inequality. Exercise B2 of Section 1.3 leaves the last step to you, and Exercise C2 of
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Section 1.3 the last half.

e Multiply moduli, add angles. In polar form a product is the product of the moduli
and the sum of the arguments, so an equation z™ = ¢ splits into a real equation r"™ = p
for the length and an angle condition nf € a + 27Z. It is named in Section 1.5, after the
multiplication theorem, and gives De Moivre’s formula there; Section 1.6 uses it to solve
2™ = ¢ and to count the solutions. The warning of Section 1.6 shows what goes wrong
when the angle condition is read as an equation nf = a: all roots but one are lost.

1.1 The Complex Numbers as Pairs of
Reals

The equation 22 4+ 1 = 0 has no real solution. In an ordered field every square is non-negative
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e) for a non-zero element, and
02 = 0 by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)), so 2% + 1 >
0+ 1=1> 0 for every real x (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5
(b), (e)). For most of school mathematics this gap is harmless. Later volumes cannot live with
it: the linear-algebra volumes meet real matrices, such as a rotation of the plane, whose most
useful data are not real numbers. This section builds the complex numbers, the number system
that closes the gap, and proves that they obey the familiar laws of arithmetic.

Standing setting. Throughout the chapter, R is the complete ordered field built in Number
Systems: From N to R, Chapter 5 (Number Systems: From \(\nN\) to \(\nR\ ), Theorem 5.6.3).
In particular R is a field in the sense of Number Systems: From \(\nN\) to \(\nR\), Defini-
tion 2.3.1, and every rule that book proved for ordered fields holds in it. No proof below looks
inside a real number. Letters a, b, c,d, e, f, z,y stand for real numbers, and z, w, u, v for complex
numbers, unless we say otherwise.

Building the new numbers

The quick way to introduce complex numbers is to say “invent a symbol i with i> = —1 and
compute as usual”. That raises a fair worry. How do we know that such a symbol does not lead
to a contradiction, the way “invent a number z with 0z = 1” does? The answer is to build the
new numbers out of objects we already trust: pairs of real numbers.

Here is the recurring expression that suggests the definition. If we pretend i> = —1 and expand,
we get
(a + bi)(c + di) = ac + adi + bei + bdi% = (ac — bd) + (ad + be)i.

So a “number a+bi” is really the pair (a, b), and the product should be the pair (ac—bd, ad+bc).
We take this formula as the definition, so nothing is pretended.

A complex number is a pair of real numbers, multiplied as if i> = —1.

Definition 1.1.1. Complex Numbers

The set of complex numbers is
C=R?>=RxR={(a,b):a,beR]},

the Cartesian product of Sets and Functions, Definition 1.4.2, with addition and multipli-
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cation defined for all (a,b), (¢,d) € C by

(a,b) + (¢,d) = (a+ ¢, b+d),
(a,b)(e,d) = (ac — bd, ad + be).

We write i := (0,1). For z = (a,b) € C, the real part of z is Re z := a and the imaginary
part of z is Im z == b.

In words: addition is coordinate by coordinate, as for points of the plane. Multiplication is the
formula found by expanding. Both right-hand sides are pairs of real numbers, computed with
the operations of R, so both operations are functions C x C — C. The point ¢ is the point one
unit up the vertical axis. The real part and the imaginary part of z are its two coordinates, and
both are real numbers.

There is nothing to check for well-definedness: a pair determines its coordinates, by the charac-
teristic property of ordered pairs (Sets and Functions, Definition 1.4.1),

(a,b) = (¢,d) <= a=cand b=d.

In the language of the definition: two complex numbers z and w are equal if and only if Re z =
Rew and Imz = Imw. So one equation between complex numbers is two equations between
real numbers. This is the first named move of the chapter, compare real and imaginary
parts, and the proofs of Proposition 1.1.1 and Proposition 1.1.2 below rest on it.

The equation that motivated everything is now a computation:
i-i=(0,1)(0,1)=(0-0—-1-1,0-1+1-0) = (-1,0).

To read the right-hand side as “—1”, we have to see the real numbers inside C.

The real numbers inside the complex
numbers

The real number a should be the point (a,0) on the horizontal axis. Before we write a for (a,0),
we check that nothing is lost: different real numbers stay different, and adding or multiplying
two real numbers gives the same answer in C as in R.

Proposition 1.1.1. The Real Numbers inside the Complex Numbers

Let ¢: R — C be the map ¢(a) := (a,0). Then ¢ is injective (Sets and Functions, Defini-
tion 1.5.3), and for all a,c € R,

t(a+c) =(a) + (c), t(ac) = 1(a)t(c), (1) = (1,0).

Moreover (a,b) = t(a) + ¢(b)i for all a,b € R, and ¢ - i = ¢(—1).

Idea. Each claim is one application of the definitions: write both sides as pairs and compare
coordinates. The facts about R needed are that 0 is neutral for addition (so subtracting 0
changes nothing), that 1 is neutral for multiplication, and that a product with 0 is 0, which
kills the extra terms of the multiplication formula.
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Proof. Let a,c € R. If v(a) = ¢(c), then (a,0) = (¢,0), so a = ¢ by Sets and Functions,
Definition 1.4.1; hence ¢ is injective. By Definition 1.1.1,

va)+(c)=(a+¢, 0+0)=(a+c 0)=1tla+c),

and, since a-0 = 0-¢ =0-0 = 0 in R (Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.2 (b)),

va)i(c)=(ac—=0-0, a-040-c) = (ac, 0) = t(ac).
The equation ¢(1) = (1,0) is the definition of ¢. Next, for a,b € R,
t(b)i=(b,0)(0,1)=(b-0-0-1,b-140-0) =(0,b),

so t(a) + ¢(b)i = (a,0) + (0,b) = (a,b). Finally i-i = (—1,0) = ¢(—1) by the computation
before the proposition.

Identification. From now on we write a for ¢(a) and regard R as a subset of C. In particular
0 = (0,0) and 1 = (1,0). This is a convenient abuse of notation made honest by the injective
embedding, exactly as Number Systems: From N to R, Section 2.2 wrote n for the integer ¢(n):
because ¢ is injective, different real numbers stay different, and because it preserves + and -, a
sum or product of real numbers is the same whether computed in R or in C.

With this convention the proposition reads
(a,b) =a+bi forall a,be R, i2=i-i=—1.

So the notation a + bi is honest: it is a computation with the definitions, not a new symbol.
Comparing real and imaginary parts now reads: for a,b,c,d € R,

a+bi=c+di < a=cand b=4d.

For z = a + bi with a,b € R we have Rez = a and Imz = b. A real number a = a + 07 is a
complex number whose imaginary part is 0, and 0 = 0 + 07 is the only complex number with
both parts 0. The point ¢ = 0 + 17 has real part 0 and imaginary part 1.

Warning. The rule “a+bi = c+di gives a = c and b = d” needs a, b, ¢, d to be real. Without
that it fails: 04+1-7 =4+ 0-14, yet 0 # i. Before comparing parts, write each side as a + bi
with ¢ and b known to be real.

Example. First Computations in C

Compute (2 + 3i¢)(1 — i), the products ¢ - i, (i -4) - i and ((¢ - ¢) - 4) - i, and the product
(a + bi)(a — bi) for real a,b.

Solution. Here 1 —1i is 1+ (—1)i. By the multiplication rule witha =2,6=3,c=1,d = —1,

2+3i)(1—i)=(2-1—=3-(=1)) + (2- (-1) +3-1)i =5+1.
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We already know i -7 = —1 = (—1,0). Then
(i-4)-i=(=1,0)(0,1) = (0— 0, —1+0) = (0,—1) = —i,
writing —i for 0 + (—1)¢, and
((i-4)-1)-i=(0,-1)(0,1) = (0= (1), 0+ 0) = (1,0) = 1.
Finally, with a — bi = a + (—b)i,

(a+bi)(a —bi) = (a® — b(=b)) + (a(=b) + ba)i = a* + b?,

where a2 = aa and b> = bb are computed in R. This product is a real number, and it

is non-negative, since a> > 0 and b*> > 0 (Number Systems: From \(\nN\) to \(\nR)\),
Proposition 2.3.5 (e) for a non-zero real, and 0> = 0 by Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.2 (b)), so a® + b* > 0 by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5 (b). We meet it again in Section 1.2, as the square of the length
of a + bi.

The last product is the first hint of how division will work: multiplying a 4 bi by a — bi lands in
the real numbers, where division is familiar.

Quick check. Compute (1 +1)(1+ ). Is Im(3 — 44) equal to —44?

Solution. By the multiplication rule, (1+4)(1+4)=(1-1—-1-1)4+(1-1+1-1)i = 2i. No:
3—4i =3+ (—4)i with 3,-4 € R, so Im(3 — 4i) = —4, a real number. The number —4i is
not real, since its imaginary part is —4 # 0.

A non-example by minimal change. Change one sign in the multiplication rule: define
(a,b) % (¢c,d) == (ac+ bd, ad + bc),

which is what expanding gives if we pretend j? = +1 instead. Addition is unchanged. This
product is still commutative, by commutativity in R, and (1,0) is still an identity element:
(a,b) * (1,0) = (a+ 0, 04+ b) = (a,b). But

(1,1)%(1,-1)=(1—-1, =1+ 1) = (0,0),

so two non-zero elements multiply to zero. Division breaks down too: (1,1)*(c,d) = (c+d, d+c)
can never equal the identity element (1,0), because that would need c+d =1 and d+ ¢ =0 at
once. So the non-zero element (1,1) has no inverse. The single sign in ac — bd is what makes
division possible, as Section 1.2 will show. Exercise B3 finds every element that goes wrong in
this way.

Why this definition. We could have tried to postulate a number i with i> = —1, but a postu-
late is only as safe as the consistency of what it asserts. Pairs of reals are sets we already have,
so C exists as soon as R does, and every law we want must now be proved. The multiplication
formula is not a free choice either: Exercise C1 shows that in any field K containing R, whose
sum and product agree with those of R on real numbers, and containing a square root j of —1,
the product of a+bj and ¢+ dj is forced to be (ac—bd) + (ad + bc)j. The minimal change above
shows that a different formula really does give a different, and worse, system.
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The laws of arithmetic

Before computing freely, we should confirm that rearranging, regrouping and expanding brackets
are legal in C. The definition does not promise this; it has to be checked.

Proposition 1.1.2. Arithmetic Laws in C

For all z,w,u € C:

(a) z4+w=w+ 2z and 2w = wz;

(b) (z+w)+u=z2+ (w+u) and (zw)u = z(wu);

(€) z2(w+u) = zw + zu;

(d) 2+40=2,2-1=2,and z + (—z) = 0, where —(a + bi) :

(—a) + (=b)i for a,b € R.

Idea. Every law reduces to the corresponding law for real numbers once both sides are written
as pairs and compared part by part. Addition is coordinate by coordinate, so its laws are
immediate. For multiplication the only real work is associativity: expand both sides and see
that they produce the same four terms in each coordinate.

Proof. Let z = a+bi, w = c+di and u = e+ fi with a, b, ¢,d, e, f € R. In each part we compute
both sides with Definition 1.1.1 and compare real and imaginary parts, using the field laws of
R (Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1) and the algebra of Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2. Since addition acts coordinate by
coordinate, the laws for addition in (a), (b) and (d) are the same laws in R, applied to each
coordinate; for (d), z4+0 = (a+0)+ (b+0)i = z and z+ (—2) = (a+(—a)) + (b+(=b))i = 0.

(a) By definition zw = (ac — bd) + (ad + be)i and wz = (ca — db) + (¢b + da)i. These are
equal because real multiplication and addition are commutative.

(b) Expanding with the definition twice gives

(zw)u = ((ac — bd)e — (ad + be) f)
+ ((ac — bd) f + (ad + be)e)i
and
z(wu) = (a(ce — df) — b(cf + de))
+ (alef + de) + b(ce — df))i.
Multiplying out with the distributive law of R, both real parts equal ace—adf —bcf —bde,
and both imaginary parts equal acf + ade + bce — bdf. Hence (zw)u = z(wu).
(¢) We have w+u = (c+e) + (d+ f)i, so

2(w+u) = (alc+e) = bd+ f)) + (ald + f) + b(c + ¢))i
= ((ac — bd) + (ae — bf)) + ((ad + bc) + (af + be))i,
which is zw + zu by the definitions of the product and the sum.

(d) With1=1+0i,weget z-1=(a-1—b-0)+(a-0+b-1)i = a+bi = z. The equations
for addition were shown above. This proves the proposition.
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In the language of Number Systems: From N to R, Section 2.3, the proposition checks the axioms
of a commutative ring (Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1): (a) is
(F1) and (F6), (b) is (F2) and (F5), (c) is (F9), and (d) is (F3), (F7) and (F4). Moreover 1 # 0
in C, since (1,0) # (0,0) by Sets and Functions, Definition 1.4.1, as 1 # 0 in R.

Remark. So C, with the operations of Definition 1.1.1, is a commutative ring with 1 # 0.
Every result proved for commutative rings therefore holds in C without a new proof. From
Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2: 0, 1 and negatives are unique,
—(=2)=2,2-0=0, (—2)w = —(2w), (—2)(—w) = 2w, and (2 +w)? = 2% + 22w +w?, where
2?2 := zz. The remaining field axiom (F8), inverses of non-zero elements, is the subject of

Section 1.2.

From now on we compute in C exactly as in R: expand brackets, collect terms, and replace i?

by —1. The proposition is what makes that habit legitimate. For instance, (a + bi)(a — bi) =
a® — abi + abi — b%*i? = a® + b? agrees with Example (First Computations in C).

Powers and a factorization

Powers in C are defined exactly as powers in an ordered field were, and that definition never
used the order. We state it, and the laws of powers, for an arbitrary commutative ring, because
the same proofs serve every commutative ring and later chapters need them in that generality.

Powers. Let R be a commutative ring and z € R. The powers 2", for n € N, are given by
Sets and Functions, Theorem 2.3.1, read on N = w through Number Systems: From \(\nN\) to
\(\nR\), Corollary 1.7.3 (b), with X = R, starting value 1 and step (k,y) — yz:

2z =1, 2= 2"z for every n € N.

This is the recursion of Sets and Functions, Section 2.3 (Sets and Functions, Definition 2.3.2),
stated there for real numbers, and the same recursion as Number Systems: From \(\nN\) to
\(\nR\), Definition 4.2.1 (b). In particular z* = 1.z = 2 and 2% = 2!z = 22, matching the 2>
of Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (d).

Proposition 1.1.3. Laws of Powers in a Commutative Ring

Let R be a commutative ring (Number Systems: From \(\nN\) to \(\nR)\), Definition 2.3.1),
let z,w € R, and let m,n € N.

(a) M = zM",
(b) (2™ .
)

)

(z™M)" =
(zw)" = 2w
Ilesaﬁeldandz#O then 2™ # 0.

(c
(d

Idea. The definition of z" is a recursion on n, so every law is proved by induction on n,
peeling off the last factor with 2"*! = 2z"z. Each inductive step rests on one ingredient:
associativity (F5) for (a), the law (a) for (b), associativity and commutativity (F5), (F6) for
(c), and the absence of zero divisors in a field for (d).
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Proof. Each part is proved by Logic and Proof, Axiom 4.2.1 (through Number Systems:
From \(\nN\) to \(\nR\), Corollary 1.7.3 (b)) on n, with z, w and m fixed.

(a) For n = 0: ™0 = 2™ = 2™ . 1 = 220, by (F7). If 2™*" = 2™2", then

m n+1

ety = (g2 = () = 77

Zm+ (n+1) _ (m+n) = g

by the recursion, the hypothesis and associativity (F5).
(b) For n = 0: (2™)? =1 = 2% = 2™0, If (2™)® = 2™, then (z™)"t! = (™)™ =
2y = gmntm — pm(ntl) Ty the recursion, the hypothesis and (a).

(c) Forn=0: (zw)? =1=1-1=2%0°. If (zw)" = 2"w", then

)n—l—l n—l—lwn—o—l’

(zw (zw)"(zw) = (2"w")(zw) = (2"2)(W"w) = 2z

where the third equality regroups and reorders the four factors by (F5) and (F6).

(d) Let R be a field and z # 0. For n = 0: 20 = 1 # 0, by the definition of a field. If
2™ £ 0, then 2"t = 22 is a product of two non-zero elements, so it is non-zero, since
a field has no zero divisors (Number Systems: From \(\nN)\) to \(\nR)\), Lemma 4.1.1

(d))-
m

Parts (a)—(c) are the laws of Sets and Functions, Section 2.3 (Sets and Functions, Proposi-
tion 2.3.4 (a)—(c)), proved there for real numbers; on N = w, which is not a ring, law (a) is
Number Systems: From \(\nN\) to \(\nR\), Proposition 1.6.4 (a), proved by the same induc-
tion. The proofs above are the same inductions, and they use only the ring axioms.

For a real number a, the power a” is the same whether computed in R or in C. Indeed t(a") =
(1) = 1, and if t(a"™) = 1(a)", then ¢(a" ) = 1(a™a) = t(a™) t(a) = t(a)™ T, by Proposition 1.1.1;
induction (Logic and Proof, Axiom 4.2.1) does the rest. So the identification of R with a subset
of C is safe for powers too.

In the notation of powers, Example (First Computations in C) computed i2 = —1, i3 = —i
and i* = 1; by (a), (b), every multiple of 4 gives % = (i*)? = 19 = 1, since 19" = 191 and
induction give 19 = 1. Exercise Bl turns this into a rule for every power of i.

Quick check. Compute i'? and (1 4 )%, citing the parts of Proposition 1.1.3 you use.

4242 = 12.(—1) = —1. By (b), (1+4)* = ((1+4)2)

Solution. By (a) and (b) it i
) = —4, using (1+4)? = 2i from the first Quick check.

% = (
(29)2, and by (c), (2i)? = 2% 4-(—1

Finite sums. One identity about powers is used repeatedly in this chapter and later, and it
needs sums of several terms. For elements ag, a1, ao, ... of a commutative ring R and n € N, the
sum Y p_qag is defined by the recursion of Sets and Functions, Definition 2.3.1, with R as the
set of values and the index starting at 0: the empty sum Z;:lo ag, is 0, and

n—1

Zak —Zak+an for every n € N.
k=0 k=0
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So the recursion appends the last term. We also write ag+a1+- - - +ay, for this sum. Multiplying
a sum by ¢ € R multiplies each term: (3}_ax)c = Y7—( axc, by induction on n, since 0-c¢ = 0
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)) and the step is one use of
the distributive law (F9).

Lemma 1.1.4. Difference of Powers

Let R be a commutative ring, let z,w € R, and let n € N with n > 1. Then

n—1
2" —w" = (z —w) Z 2RIk,
k=0
In particular 2” — 1= (2 — 1)(1 + 2+ 22 +--- + 27 1).

3 3

Idea. For n = 2 this is 22 — w? = (z — w)(w + 2), and for n = 3 it is 23 — w? = (2 —
w)(w? 4 2w + 22). To pass from n to n + 1, split 2" — w"*! so that the case n appears:
2Lt = (2" — w™)w + 2™(z — w). The first piece is (z — w) times the old sum times
w, and the second supplies the one new term 2z, which the recursion appends at the end.

Proof. For n > 1 write S,, = Y.3_5 2Fw" =17k, We prove z™*! — w™*t! = (2 — w)S,, 41 for
every m € N, by Logic and Proof, Axiom 4.2.1 (through Number Systems: From \(\nN\) to

\(\nR\), Corollary 1.7.3 (b)) on m.
Form=0: §; = 2%° =1,50 (2 —w)S1 =2z —w = 2! —wl.

Let n :==m +1 > 1 and suppose 2" —w" = (z — w)S,. Expanding with (F9) and Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (c),

n+1 n+1

(" —w"w+2"(z —w) = 2"w —ww+ 2"z — 2"w =" — W,

by the recursion for powers. By the hypothesis and the rule for multiplying a sum by w,
n—1
(" —w"w = (z — w)Shw = (z — w) Z ZFwnk,

since w" 1"k = w"* for k < n — 1 (Proposition 1.1.3 (a)). Since 2" = z"w?, the recursion
for sums gives

n—1
Gl g yntl (z — w)(z 2Rk 4 znwO)

sz =l — (z — w)Snt1-

This completes the induction. The particular case is w = 1, since 17 = 1 for every j € N.

The lemma is the algebra behind the formula for a finite geometric sum: if z — 1 has an inverse,
then 1+ 2+ -+ 2" = (2" —1)(z — 1)L, Section 1.6 uses it again, for real numbers, to show
that 0 < s <t gives s < t". Here we need only the identity.
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Exercises

1.1.5.1 A. Check your understanding

Exercise. Al

(a) Compute (2 —7)(3 + 4i), and the real and imaginary parts of i(1 + 7).
(b) True or false, with a reason: the equation (a,b) = a + bi, for a,b € R, needs a proof.

(¢) Which laws in Proposition 1.1.2 need a genuine computation, and which follow coor-
dinate by coordinate from the same laws in R?

(d) True or false, with a reason: if z € C and 2z? = 0, then z = 0. Prove it by comparing
real and imaginary parts, without using that C is a field.

Solution.

(a) (2—1)(3+4i) =6+8i—3i—4i> =6+4+5i = 10+5i. And i(1+i) =i+i? = —1+4,
so Re(i(1+14)) = —1 and Im(i(1 +4)) = 1.

(b) True. The symbols a, b and i denote the pairs (a,0), (b,0), (0,1), and a + bi is a sum
and a product of pairs. That it equals (a,b) is a computation with Definition 1.1.1; it
is part of Proposition 1.1.1.

(c) The laws for addition, in (a), (b) and (d), hold coordinate by coordinate. Commuta-
tivity of multiplication, distributivity and z-1 = z are one-line computations. Associa-
tivity of multiplication is the one law that needs a genuine expansion: both sides have
four terms in each part, and they agree only after multiplying out.

(d) True. Let z = a + bi. Then 22 = (a® — b?) + 2abi, so 22> = 0 gives a®> — b*> = 0 and
2ab = 0, by comparing parts. Since 2 # 0 in R and R has no zero divisors (Number
Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d)), a =0 or b =0. If a = 0, then
—b2 =0, so b> = 0 and b = 0 by the same rule; if b = 0, then a> = 0 and a = 0. So
z = 0. (Once Section 1.2 has shown that C is a field, this follows at once from Number
Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d) in C.)

1.1.5.2 B. Practice

Exercise. B1: Powers of ¢

Let n € N, and let r be the remainder of n on division by 4. Prove that ¢ = i". Hence

compute 2026,

Solution. By division with remainder (Number Systems: From \(\nN\) to \(\nR)\), The-
orem 3.1.2, with n € N C Z and divisor 4) there are integers ¢,r with n = 4¢ + r and
0<r<4. Alsoq>0: if ¢ < —1, then n < —4 4+ r < 0, which is false. So ¢,r € N. By
Proposition 1.1.3 (a) and (b), and i* = 1 (Example (First Computations in C)),

Z-n — Z‘4qZ'T — (Z'4)qZ'T — 1qZ'T — Z‘T‘7
where 19 = 1 by induction on ¢ (197! = 19-1). So " is 1,4, —1, —i according as r = 0, 1,2, 3.

Hence, since 2026 = 4 - 506 + 2, i2026 = 2 = —1.
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Exercise. B2

(a) Use Lemma 1.1.4 to factor z3 — 1 and z* — 1 in C, and check the second factorization

at z = 1.
(b) Verify (1 +14)* = —4 using (1 +4)? = 2i and Proposition 1.1.3. Hence show that, for
every z € C,
A= (22— (1+))(+ 1A +4)2%+ 2z + (-2 + 29)).
Solution.

(a) With n =3 and n =4,
2B —1=(z-1)(1+2+29, A —1=(z-11+2+22+2%.

At z = i: the left side is i* — 1 =0, and on the right 1 +i 4+ +3 =1+i—-1—-i=0,
so both sides are 0.

(b) By (b) of the proposition with m =n = 2, and then (c),
1+ = (1442 = (20)% =2%% = —4.

Let w := 1 +i. Then w? = 2i and w® = w?w = 2i(1 + i) = —2 + 2i. By Lemma 1.1.4
with n = 4, whose sum is w? + zw? + 22w + 23,

2 —wt = (2 — w) (2® + w2? + w2 + wd).

Since w* = —4, the left side is 2z* + 4, and substituting w, w?, w? gives the displayed
factorization. In particular 1+ i is a root of z* + 4.

Exercise. B3: The zero divisors of the minimal change

Let * be the product (a,b) * (c,d) == (ac + bd, ad + bc) on R? of the non-example in this
section. Call a non-zero p € R? a zero divisor if p * ¢ = (0,0) for some non-zero q € R2.
Prove that a non-zero (a, b) is a zero divisor if and only if a? = b?, that such an (a, b) has no
inverse (no g gives (a,b) * ¢ = (1,0)), and that if a® # b%, then (a,b) * (ta, —tb) = (1,0) for
t:=(a® —b*)~L.

Solution. First, for any real ¢,
(a,b) * (ta, —tb) = (ta® — tb*, —tab+ tab) = (t(a® — b?), 0).
If a® # b2, then a® — b2 # 0 has an inverse in R, and ¢ := (a® — b?)~! gives (1,0).

(<) Let (a,b) # (0,0) with a®> = b*>. Then (a — b)(a +b) = a®> —b> = 0, s0 b = a or
b = —a (Number Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d) in R). If b = a, then
(a,a) % (1,-1) = (a —a, —a+a) = (0,0); if b = —a, then (a,—a) *(1,1) = (a —a, a —a) =
(0,0). In both cases the second factor is non-zero, so (a,b) is a zero divisor. Such an
element also has no inverse: (a,a) * (¢,d) = (a(c +d), a(c + d)) has equal coordinates and
(a,—a) * (¢,d) = (a(c — d), —a(c — d)) has opposite coordinates, while (1,0) has neither,
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since 1 #0 and 1 # —0 = 0.

(=) We prove the contrapositive (Logic and Proof, Proposition 2.3.2). Let a? # b2, and
suppose (a,b)*(c,d) = (0,0), that is, ac+bd = 0 and ad+bc = 0. Multiply the first equation
by a and the second by b, and subtract: ac + abd — abd — b*c = 0, that is, (a® — b?)c = 0.
Multiply the first by b and the second by a, and subtract: (b2 — a?)d = 0. Since a? — b? # 0
and R has no zero divisors, ¢ = 0 and d = 0. So the only ¢ with (a,b)*q = (0,0) is ¢ = (0, 0),
and (a,b) is not a zero divisor. No associativity of * was needed.

For example, (1,1) is a zero divisor, as in the text, and (2,1) is not: (2,1) % (2/3,—1/3) =
(4/3—-1/3, —2/3+2/3) = (1,0).

1.1.5.3 C. Going deeper

Exercise. C1: There is only one way to adjoin a square root of minus one

Let K be a field (Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1) with R C K,
such that the sum and the product of K, applied to two real numbers, are their sum and
product in R. Let j € K with j2 = —1.

(a) Show that 0, 1, negatives and inverses of non-zero real numbers are the same in K as
in R.

(b) Show that if a + bj = ¢ + dj with a,b,c,d € R, then a = c and b = d.

(c) Let p: C — K, p(a+bi) = a-+bj for a,b € R. Show that ¢ is injective, (1) = 1, and
o(z +w) = o(z) + p(w), p(zw) = p(z)p(w) for all z,w € C.

Solution (Hint 1). For (a), start from 0 +0=0and 1-1 =1 in R and cancel in K: add the
negative of Og; for 1, multiply by the inverse of 1g, which exists because 1g # Ogr = 0. For
—a and a~!, use that each is the only element with its property (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (a), Number Systems: From \(\nN\) to \(\nR\),
Lemma 4.1.1 (a)). For (b), ask what happens if b # d.

Solution (Hint 2). For (b): suppose b # d. Then (d —b)j = a — ¢, and d — b is a non-zero
real number.

Solution.

(a) In R, Og + Og = Og; the same equation holds in K, since the sum of K on reals
is that of R. Adding —Og (the negative in K) to both sides gives Og = Ox. Next,
lg - Ig = 1g in K, and 1g # Ogr = Og; multiplying by the inverse of 1g in K gives
1gr = 1x. For a € R, the real negative —a satisfies a + (—a) = Or = Ox in K, so it is
the negative of a in K, by uniqueness of negatives (Number Systems: From \(\nN)\)
to \(\nR\), Proposition 2.3.2 (a)). Likewise, for real a # 0, the real inverse satisfies
aa~! = 1g = 1k in K, so it is the inverse of a in K (Number Systems: From \(\nN\)
to \(\nR\), Lemma 4.1.1 (a)). So sums, products, differences and quotients of real
numbers computed in K are real numbers.

(b) Suppose a+bj = c+dj, and suppose, for contradiction, that b # d. Then (d—b)j = a—c,
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with d — b a non-zero real number, so j = (a — ¢)(d — b)~!, which is real by (a). Then
42 is the square of a real number, computed in R. Here j # 0, since 02 = 0 # —1
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)), so j2 > 0 in R
(Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5 (e)). But j2 = —1 <0
in R (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e), (a)), and
0 < j2 < 0 contradicts (O1). Hence b = d, and then a = ¢ by adding —bj to both sides.

(c) The map is a function, since a + bi determines ¢ and b (Proposition 1.1.1). It is
injective by (b): a+bj = ¢+ dj gives a = ¢ and b = d, so a + bi = ¢+ di. Also
©(1) =¢p(14+0i) =1+0j = 1. For z = a+ bi and w = ¢ + di, the field laws of K give

¢(z) + p(w) = (a+c)+ (b+d)j = p(z + w),
and, with j2 = —1,

p(2)p(w) = ac+ adj + bej + bdj?
= (ac — bd) + (ad + bc)j = p(zw),

by Definition 1.1.1. This proves (c).

So any field that contains R and a square root j of —1 contains an exact copy of C, namely
{a +bj : a,b € R}, and its arithmetic is forced to be the arithmetic of Definition 1.1.1.
Algebraic Preliminaries, Chapter 1 meets more fields of this shape, built from a smaller field
and one new element, such as {a + bi : a,b € Q}.

Marking scheme. (10 points) - 2: (a) identifies 0 and 1 of R in K by cancellation, and
negatives and inverses of reals by uniqueness. - 3: (b) shows that b # d would make j real,
with the division justified by d — b # 0. - 2: (b) derives the contradiction from j2 > 0 in R
(with j # 0) and —1 < 0, naming the ordered-field rule. - Second route for (b): squaring
(b—d)j = c—a with j2 = —1, and noting by (a) that the result is an equation between real
numbers, earns the 3 points; concluding from (¢ — a)? + (b — d)? = 0 that a = ¢ and b = d,
from squares > 0 in R, naming the ordered-field rule, earns the 2 points. - 1: (c¢) injectivity,
from (b). - 2: (c) the sum and the product, expanding with j2 = —1 and comparing with
Definition 1.1.1. Fatal errors (0 for the step): treating j as ¢ (the point is that K is any
field); claiming j2 > 0 in K (there is no order on K).

1.2 Conjugate, Modulus, and Division

Section 1.1 built C and showed that it is a commutative ring with 1 # 0 (Proposition 1.1.2).
One field axiom is still missing: (F8), which asks for an inverse of every non-zero element. To
divide by 3+ 44, we want a number to multiply by that lands in the real numbers, where division
is familiar. The product (a + bi)(a — bi) = a® + b? of Example (First Computations in C) shows
which number does the job. This section gives its two ingredients names, the conjugate and the
modulus, proves the rules they obey, and concludes that C is a field.

Conjugate and modulus

A complex number z = a + bi is a point (a,b) of the plane. Two pieces of plane geometry turn
out to be algebra in disguise: the mirror image of z in the horizontal axis, and the distance of
z from 0. The mirror image changes the sign of b. The distance, by Pythagoras, is the square
root of a? + b2, the very number that appeared in Example (First Computations in C). Square
roots of non-negative real numbers exist and are unique in every complete ordered field (Number
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Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4), so we may use them in R: for z € R
with > 0, \/z is the unique y € R with y > 0 and y? = .

Conjugating reflects a point in the real axis; the modulus is its distance from the origin.

Definition 1.2.1. Conjugate and Modulus

Let z = a + bi € C with a,b € R. The complex conjugate of z is

Z:=a— bi.
The modulus (or absolute value) of z is the real number
|z] == Va? + b2,

the non-negative square root of Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 6.1.4 in R.

In words: the conjugate keeps the real part and flips the sign of the imaginary part, ReZ = Re z
and ImZ = —Im z. The modulus is a real number, never negative, and its square is a? + b =
(Re 2)? + (Im 2)2.

Well-definedness. Since z determines a and b (compare real and imaginary parts, Section
1.1), the right-hand sides depend only on z. The square root exists because its argument is non-
negative: a2 > 0 and > > 0 (Number Systems: From \(\nN\) to \(\nR)), Proposition 2.3.5
(e), with 02 = 0 when the number is 0), so a® + b%> > 0 (Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.5 (b)). And R is complete (Number Systems: From \(\nN\) to
\(\nR\), Theorem 5.6.3), which is the hypothesis of Number Systems: From \(\nN\) to \(\nR)),
Proposition 6.1.4. This is where the completeness of R enters the chapter. Over Q alone the
definition would break down at once: |1 + i| would have to be a rational number whose square
is 2, and there is none (Number Systems: From \(\nN\) to \(\nR\), Theorem 2.6.1).

Examples.

A point with integer distance. For z = 3+4i: Z = 3—4i, and |z| = v/9 + 16 = /25 = 5. The last
step is the uniqueness clause of Number Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4:
5> 0 and 5% = 25, so 5 is the non-negative square root of 25.

The uniti. i=0+1i=0—1i = —i, and |i| = /0 + 1 =1, since 1 > 0 and 12 = 1.

The degenerate case z = 0. 0 = 0 and |0] = v/0 = 0. We show below that 0 is the only complex
number with modulus 0; that one fact is what makes division possible.

A real number. For a € R, @ = a and |a| = Via2. The symbol |a| already had a meaning for

real a: the absolute value of an ordered field (Number Systems: From \(\nN\) to \(\nR)),
Definition 4.1.1). The next proposition shows the two meanings agree, so the notation does not
clash.

Proposition 1.2.1. The Modulus Extends the Absolute Value

Let a € R C C. Then @ = a, and the modulus va? + 02 of a equals the absolute value of a
in the ordered field R (Number Systems: From \(\nN\) to \(\nR)\), Definition 4.1.1).
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Proof. Write a = a + 0i. Then @ =a —0i = a, since 0-¢ =7-0 = 0 by (F6) and Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b), and —0 = 0 because 0 +0 = 0
and negatives are unique (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2
(a)), all in the commutative ring C. The modulus of a is Va2 + 02 = Va2, the unique
non-negative real number whose square is a?. The absolute value |a| of the ordered field
R is non-negative and satisfies |a|?> = a? (Number Systems: From \(\nN\) to \(\nR)\),
Proposition 4.1.3 (a), (b)). By the uniqueness clause of Number Systems: From \(\nN\) to
\(\nR)\), Proposition 6.1.4, the two are equal.

So the modulus extends the absolute value: on R C C it is the old |-|, and every result about
|z| for real x stays true with the new reading. For instance |—3| = 3, whichever definition we
use.

Quick check. Find z and |z| for z = —2i and for z = 1 — 4. For which of the two is z = 27

Solution. For z = —2i = 0+ (—2)i: Z2=0—(—2)i = 2¢ and |2|] = V0 +4 = 2, since 2 > 0
and 22 = 4. For 2 =1—i: Z=1+4 and |z| = v/TI+1 = /2. In neither case is Z = 2:
comparing imaginary parts, Z = z needs Im z = —Im 2, that is Im z = 0, and both numbers
have non-zero imaginary part.

Why this definition. The square root is what makes the modulus a length. Without it, the
simpler quantity N(z) := a? + b? would do some of the same jobs: it is 2Z, and it vanishes only
at 0. But on real numbers it is N(a) = a?, not |al, so it does not extend the absolute value:
N(2) = 4. And it is not a sensible distance: N(1+ 1) = 4, while N (1) + N(1) = 2, so the “side”
from 0 to 2 would be longer than the two sides through 1. The modulus keeps the convenient
algebra of N, since |z|?> = N(z), and adds the right size. Section 1.3 exploits exactly this square.

Warning. The modulus squared is 2%, not zz. In general |z|? # 22: for z = i, [i|> = 1 but
i> = —1. The two agree only when z is real. For z = a + bi, 22 = (a®? — b?) + 2abi and
|z|2 = a® + b?; if they are equal, comparing real parts gives a? — b? = a? + b?, so 2b* = 0.
Since 2 > 0 in R (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5 (h)), 2 # 0,

so b2 = 0 by part (f), and b = 0 by part (e). Conversely, for real z = a, |a|? = a® + 0% = a?.

Rules for conjugate and modulus

The following rules are used constantly, in this chapter and much later for complex inner prod-
ucts. They say that conjugation respects both operations, and that the modulus respects prod-
ucts.

Theorem 1.2.2. Properties of Conjugation and Modulus

For all z,w € C:
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=|z|? and z +Z = 2Rez;
|zw| = |2| |w| and [2] = |z];
|

z| = 0 if and only if z = 0.

Idea. Parts (a)—(c) and (e) are direct computations with real and imaginary parts. For (d),
expanding |zw| directly is legitimate but messy, since a square root of a long sum appears.
It is cleaner to square: by (c) a squared modulus is a product with a conjugate, and (b) lets
the conjugate split across the product. Two non-negative real numbers with the same square
are equal, and that brings us back from squares to moduli.

Proof. Let z = a4+ bi and w = ¢+ di with a,b,c¢,d € R.

(a) Wehave z+w = (a+c)—(b+d)i = (a—bi)+(c—di) = Z+w, since —(b+d) = (—b)+(—d):
(b+d)+ ((=b) +(—d)) = 0, and negatives are unique (Number Systems: From \(\nN))
to \(\nR\), Proposition 2.3.2 (a) in R). And z = a+(—b)i,s0o zZ = a—(—b)i = a+bi = z,
by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (a) in R.
(b) Since zw = (ac—bd)+ (ad+bc)i, we get Zw = (ac—bd) — (ad+bc)i. On the other hand,
by Definition 1.1.1 and Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2
(c) in R,
zw = (a+ (=b)i)(c+ (—d)i)
— (ac — (~b)(=d)) + (a(—d) + (<b)e)i
= (ac — bd) — (ad + bc)i.
(c) By Example (First Computations in C), 2z = a® 4+ b?, and a? + b? = |z|? because |2| is
a square root of a® +b2. Also z+ % = (a+a) + (b —b)i = 2a = 2Re 2.
(d) By (c), then (b), then Proposition 1.1.2 to regroup and reorder the four factors,

|zw|? = (2w) Z

2wEW = (22)(w) = |z|?|w|?.

In R, |z]?|w]? = (\sz\)Q (Proposition 1.1.3 (c)), and |z||w| > 0: it is 0 if one factor
is 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)), and positive
otherwise, since a product of two positive elements of an ordered field is positive ((O4)
of Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.2). So |zw| and |z||w]| are
both non-negative real numbers whose square is |z|?|w|?. By the uniqueness clause of
Number Systems: From \(\nN\) to \(\nR)), Proposition 6.1.4 they are equal. Finally
Izl = VaZ+ (=b)? = Va2 +b? = |z|, since (—b)?> = b?> (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (c)).

(e) If z = 0, then |z| = v/0 = 0. Conversely, let |z| = 0, so a®> +b? = |2|?> = 0. If a # 0,
then a? > 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e)) and
b2 >0, so a® + b? > 0 (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5
(b)), a contradiction; hence a = 0. Then b? = 0, and the same rule gives b = 0. So
z = 0. This proves the theorem.
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The proof of (d) is our first use of a move that runs through the whole chapter: a statement
about a modulus |u| becomes a statement about |u|? = wa@, which is algebra; we compute there,
and come back by taking non-negative square roots. Section 1.3 names it, square the modulus,
and uses it to prove the triangle inequality.

Two remarks on what the theorem says. First, (a) and (b) say that conjugation respects sums
and products, and it fixes 1. Not every reflection does: the reflection in the vertical axis, z — —Z%,
respects sums, but it sends 1 to —1, and 1-1 = 1 to —1, while the product of the images is
(—1)(—1) = 1. Second, (d) says that the size of a product is the product of the sizes. In the
plane picture, multiplying by w stretches every length by |w|; Section 1.5 completes this picture
with angles.

Division

The first payoff is division. If z # 0, then |z| # 0 by (e), so |z|? is a strictly positive real
number, and we may divide by it in R.

Proposition 1.2.3. Inverse of a Complex Number

Let z € C with z # 0. Then
1 _
wZ:WZ

1
Lor = for this w.

z

satisfies zw = 1. We write 2z~

Proof. Since z # 0, |z| # 0 by Theorem 1.2.2 (e), so |z|?> > 0 by Number Systems: From
\(\nN\) to \(\nR)\), Proposition 2.3.5 (e). In particular |z|> # 0, so it has an inverse 1/|z|?
in the field R. By Proposition 1.1.2 and Theorem 1.2.2 (c),
11,
zw:W(zz):WM =1,
where the last product is computed in R, which gives the same result as in C (Proposi-
tion 1.1.1). This proves the proposition.

The hypothesis z # 0 is used exactly once, to make |z|? non-zero, so that 1/|z|? exists. For
z = 0 there is nothing to rescue: 0-w = 0 # 1 for every w (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (b)). The proposition gives one inverse; that it is the only one is a

fact about all fields, which we can cite as soon as we know that C is one.

Theorem 1.2.4. The Complex Numbers Form a Field

The set C, with the operations of Definition 1.1.1, is a field in the sense of Number Systems:
From \(\nN\) to \(\nR\), Definition 2.3.1. Moreover R C C (Proposition 1.1.1) is closed
under the field operations of C: for a,c € R, the sum a + ¢, the product ac, the negative —a
and, if a # 0, the inverse a~!, computed in C, are the real numbers computed in R.
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Proof. By Proposition 1.1.2 and the remark after it, C satisfies (F1)-(F7) and (F9), and
1 # 0 in C. By Proposition 1.2.3, every non-zero z € C has an element z~! with zz=! =1,
which is (F8). So C is a field.

For a,c € R, the sum and product are those of R by Proposition 1.1.1. The real negative
—a satisfies a + (—a) = 0 in R, hence in C, so it is the negative of a in C, by uniqueness of
negatives (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (a)). If a # 0, the
real inverse a~! satisfies aa™! = 1 in R, hence in C; and a # 0 in C, since ¢ is injective. So
a~! is the inverse of a in C, by uniqueness of inverses in the field C (Number Systems: From

\(\nN\) to \(\nR\), Lemma 4.1.1 (a)).
|

Everything proved for an arbitrary field now holds in C, without a new proof. From Number
Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1: the inverse z~! is the only y with zy = 1,
and (zw)~' = z7'w™! for non-zero z,w; fractions z/w = zw~! add and multiply by the usual
rules; and C has no zero divisors: zw = 0 forces z = 0 or w = 0. By Proposition 1.1.3 (d),
2™ # 0 whenever z # 0. These are the facts that the rest of the chapter uses when it cancels a
non-zero factor.

Remark. Algebraic Preliminaries, Chapter 1 collects fields as a notion with many examples,
finite and infinite. This theorem is the one it cites for C, and R C C, with the closure just
proved, is one of its examples of one field inside another.

In practice, a quotient is computed by “multiplying top and bottom by the conjugate”. For
w # 0, Proposition 1.2.3 gives

z W

L TR = W
which is the fraction z/w multiplied by w/w = 1 (here w # 0, since [w| = |w| # 0 by Theo-
rem 1.2.2 (d), (e)) and simplified with the product rule for fractions (Number Systems: From
\(\nN\) to \(\nR\), Lemma 4.1.1 (b)): the new denominator ww = |w|? is real.

Example. Dividing Complex Numbers

1 .
Write - and > +Z, in the form a + bi with a,b € R.
3441 1—1

Solution. For the first, |3 + 4i|? = 25 and 3 + 47 = 3 — 44, so by Proposition 1.2.3
1 3—4i 3 4

344 25 25 25"

Check: (3 +44)(3 —4i) =9+ 16 = 25, so the product with 3 4 44 is 25/25 = 1.
For the second, |1 —i|> =2and T —i=1+1, so

5+i  (b+i)(1+4) 5+5+i+i>  4+6i

=2+ 3.

1—1 2 2 2

This agrees with (2 + 3¢)(1 — i) = 5 4 ¢ from Example (First Computations in C): since
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1 —1i # 0, the quotient is the only u with u(1 —4) = 5+ i. Indeed, if u(1 — i) = 5 + i, then
u=u-1=u((1-49)1-9)"1) = (ul-19))1-49)"1=(+14)(1 -1 by (F7), (F8) and
(F5) in the field C (Theorem 1.2.4).

Quick check. Compute |(1+4)(1—1)| in two ways: by multiplying first, and by Theorem 1.2.2
(d). Then compute 1/i.

Solution. Multiplying first, (1 +4)(1 —4) = 1 +1 = 2, so the modulus is |2| = 2. By (d), it is
11+ |1 —i| = v2-v2 =2, since v2v2 = (v/2)? =2. And 1/i =1i/|i|?> = —i/1 = —i; check:
i(—i) = —i2 = 1.

Exercises

1.2.4.1 A. Check your understanding

Exercise. Al

(a) Define the complex conjugate zZ and the modulus |z| of z = a + bi, where a,b € R.
Which earlier result guarantees that |z| exists?

(b) True or false, with a reason: zZ is a non-negative real number for every z € C.
(c) Where exactly is the hypothesis z # 0 used in the proof of Proposition 1.2.37
(d) Write 1/(1 + 2i) in the form a + bi with a,b € R.

Solution.

(a) z :== a — bi and |z| == Va?® + b?, the non-negative square root. It exists by Number
Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4, since R is a complete ordered
field and a? + b2 > 0.

(b) True. By Theorem 1.2.2 (c), 2Z = |z|?, the square of a real number, and squares of
real numbers are non-negative (Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.5 (e) when |z| # 0, and 0? = 0 by Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.2 (b) when |z| = 0).

(c) Tt gives |z| # 0 by Theorem 1.2.2 (e), hence |z|> > 0, so that 1/|z|? exists in R. Nowhere
else.

(d) [1+2i>=1+4=5and T+2i=1-2is01/(1+2i)=(1-2i)/5=4 — 2i. Check:
(14 2i)(1 — 2i) = 5.

1.2.4.2 B. Practice

Exercise. B1: Arithmetic

Write each of the following in the form a + bi with a,b € R, or as a real number where
indicated.
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(a) (3 —2i)(4+1).
1+ 21
() S5
() |3+ 41)(5 — 124)|, without expanding the product
1
(d) Re T and Im?
Solution.

(a) (3—20)(4+1i)=12+3i — 8 — 2i% = 14 — 5i.
(b) By Proposition 1.2.3, multiply by 2 — ¢ = 2 + i and divide by |2 —i|? =

1+20  (1+2)(2+4¢) 2+i+4i+22 50
2—i 5 N 5 5

Check: (2 — i) = 2i —i% = 1 + 2i.
(¢) By Theorem 1.2.2 (d), [(3 + 44)(5 — 12i)| = |3 + 4i||5 — 12i] = 5 - 13 = 65, since
|5 — 12i| = /25 + 144 = /169 = 13 (13 > 0 and 132 = 169).
1 l=¢g 1

1
i 2 —a2 51’, so the real part is 1/2 and the imaginary part is —1/2.

Exercise. B2

Let z € C. Prove:

—Z

Zandlmz: —
21

(a) Rez =
(b) z € Rif and only if Z = z;
(¢) Rez =0 if and only if Z = —=.

Solution. Write z = a + bi with a,b € R.

(a) By Theorem 1.2.2 (¢), 2+ %z = 2a, and 2 # 0, so (z +%)/2 = a = Rez. Also
z—%Z = (a—a)+ (b+b)i = 2bi, and 2i # 0, so (z — 2)/(2i) = (b(20))(2i)"! =
b((2i)(2i)7') = b = Imz2, using 2bi = b - (2i) and (F5), (F8), (F7) in the field C
(Theorem 1.2.4).

(b) Z = z means a — bi = a + bi, which by comparing imaginary parts holds if and only if
—b ="b, that is 2b = 0, that is b= 0 (as 2 # 0 in R). And b =0 means z = a € R.

(¢) Z= —z means a — bi = —a — bi, which by comparing parts holds if and only if a = —a

(the imaginary parts agree), that is 2a = 0, that is a = 0 (as in (b)).

Exercise. B3
Let z,w € C with w # 0. Prove that z/w = zZ/w and |z/w| = |z|/|w].

Hint: start from w - (z/w) = z.
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Solution. Let q == z/w = zw™!, so wq = 2. By Theorem 1.2.2 (b), Wqg = z. Here w # 0:

[w| = |w| # 0 by Theorem 1.2.2 (d), (e). Multiplying by w ! gives § = z/w.

Likewise, by Theorem 1.2.2 (d), |w||q| = |2|, with |w| # 0 by (e). Dividing by |w| in R gives
lal = [2/w].

1.2.4.3 C. Going deeper

Exercise. C1: Exit check: the complex numbers form a field

Prove Theorem 1.2.2 (b) and (d) and Proposition 1.2.3, and conclude that C satisfies (F8).
You may use Definition 1.1.1, Proposition 1.1.2, Proposition 1.1.1, Theorem 1.2.2 (c) and (e),
and the rules of the ordered field R, including Number Systems: From \(\nN)\) to \(\nR\),
Proposition 6.1.4.

Solution. (b). Let z = a+bi, w = c+di. Then zw = (ac—bd)+ (ad+bc)i, so zw = (ac—bd)—
(ad+be)i. And zw = (a—bi)(c—di) = (ac— (=b)(—d)) + (—ad —be)i = (ac—bd) — (ad+ be)i.
The two agree.

(d). By (c), (b), and commutativity and associativity of multiplication (Proposition 1.1.2

(a), (b)),

|2w]? = (2w)FW = (2w)(ZD) = (22)(wD) = |22|w]® = (|2|lw])”
Both |zw| and |z||w| are non-negative (|z||w| is 0 if a factor is 0, by Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (b), and positive by (O4) of Number Systems: From
\(\nN\) to \(\nR\), Definition 2.3.2 otherwise), so both are the non-negative square root of
|2|2|w|?, and they are equal by the uniqueness clause of Number Systems: From \(\nN\) to
\(\nR\), Proposition 6.1.4. Also [Z| = /a2 + (—b)%2 = Va2 + b2 = |2|.

Inverse. Let z # 0. By (e), |2] # 0, so |2]? > 0 (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.5 (e)), and r := 1/|z|? exists in R. With w := rZ, Proposition 1.1.2 and (c)
give zw = r(2Z) = r|z|> = 1, where the last product is computed in R, which agrees with
the product in C (Proposition 1.1.1).

(F8). Every non-zero z € C has an element w with zw = 1, which is (F8) of Number
Systems: From \(\nN\) to \(\nR\), Definition 2.3.1.

Marking scheme. (10 points) - 2: (b) by expanding both sides in real and imaginary parts
and comparing. - 3: (d) via |zw|?> = (z2w)zw and (b), with commutativity named for the
reordering. - 1: equal non-negative squares give equal numbers, with a reason (uniqueness
of the non-negative square root, or Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.5 (g) with trichotomy). - 2: |2|? > 0 for z # 0, with a reason. - 2: zw = 1 for
w = (1/|2|?)Z, and the conclusion stated as (F8). Fatal errors (0 for the step): dividing by
z or by |z| before showing it is non-zero; “|zw| = |z||w| because the modulus is a length
and multiplication scales lengths” (circular: the scaling picture is a consequence of (d)). A
second route to (d), expanding (ac — bd)? + (ad + bc)? = (a? + b?)(c? + d?) and then taking
square roots, earns the 3 points of the (d) step in full.
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Exercise. C2: Gaussian rationals

Let Q(i) = {a +bi : a,b € Q} C C, where Q C R as in Number Systems: From N to
R, Chapter 5 (Number Systems: From \(\nN\) to \(\nR\), Theorem 5.6.3). Prove that
Q(i) is closed under addition, negatives, multiplication, inverses of non-zero elements, and
conjugation.

Solution. Under the identification of ¢ with k(q), k sends sums, products, negatives and
inverses of non-zero rationals to the same operations in R (Number Systems: From \(\nN\)
to \(\nR\), Theorem 5.4.1 (a), (c)), so the copy of Q in R is closed under +, -, negatives
and inverses of non-zero elements.

Let z = a+ bi and w = ¢+ di with a,b,c,d € Q. Then z + w = (a + ¢) + (b + d)i,
—z = (—a) + (=b)i and zw = (ac — bd) + (ad + bc)i have rational parts, and so does
Z=a+ (=b)i. If 2 # 0, then a? + b? = |2|? # 0 by Theorem 1.2.2 (e), and a? + b? € Q. By
Proposition 1.2.3,

-1 _ a —b .

BT

whose parts are quotients of rational numbers by a non-zero rational number, hence rational.
So all five operations stay in Q(i). For example, (1+2i)~! =1 — 2i € Q(3).

Algebraic Preliminaries, Chapter 1 calls a subset of a field a subfield when it contains 0 and
1 and has these closure properties. Q(7) contains 0 = 0+ 0i and 1 = 1 + 0¢, and it is one of
the examples there.

Marking scheme. (10 points) - 2: the copy of Q in R is closed under +, -, negatives and
inverses of non-zero elements, with a reason (Number Systems: From \(\nN\) to \(\nR)\),
Theorem 5.4.1 (a), (c)). - 2: z 4+ w, —z and Z have rational real and imaginary parts. - 2:
2w = (ac—bd)+(ad+bc)i has rational parts. - 3: for z # 0, a®+b? is non-zero (Theorem 1.2.2
(e)) and rational, and the formula of Proposition 1.2.3 then gives rational parts. - 1: the
conclusion that all five operations stay in Q(¢). Fatal errors (0 for the step): dividing by
a®? + b? without first using z # 0 to show it is non-zero; assuming without a reason that
Q C R is closed under the operations.

1.3 The Triangle Inequality

The modulus of Section 1.2 measures a complex number by a real one. Picture z = a + bi as
the point (a, b) of the plane: by Pythagoras, |z| = va? + b? is its distance from the origin, and
|z — w| is the distance between the points z and w. In a triangle, one side is never longer than
the other two together. This section proves the algebraic form of that fact, |z + w| < |z| + |w],
from the definitions alone. The picture motivates it; no step of the proof uses it.

Why the old proof does not transfer

For an ordered field, Number Systems: From N to R, Chapter 4 proved |z + y| < |z| + |y| by
trapping (Number Systems: From \(\nN\) to \(\nR)\), Proposition 4.1.3 (e)). Each of z and y
lies between =+ its absolute value, —|z| < = < |z| (part (c) there); adding the two traps traps
x + y between £(|z| + |y|), and part (d) reads that as the inequality.
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That route needs = < |z|: a comparison between z itself and a number. For a complex z,
“z < |z]” compares a complex number with a real one, and C has been given no order in which
to make the comparison. Section 1.4 shows that no order compatible with the arithmetic of C
exists (Proposition 1.4.3). So the proof must compare real numbers only.

Two kinds of real number are at hand. Moduli are real, and so are real parts. The device that
connects them to the arithmetic of C is the identity |u|? = uw@ of Theorem 1.2.2 (c). A modulus
is a square root, and square roots do not add well; its square is a product, and products expand.
So we will compare squares and then come back.

Comparing squares. Coming back from squares to the numbers needs one rule about the real
numbers. Let p,q € R with p > 0 and ¢ > 0. Then

p<q = p* <, p=q = p*=¢",

and likewise with < on both sides. The strict form is Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5 (g). For the first equivalence: if p < ¢, then p? < ¢ by (g), and if
p = q the squares agree. Conversely, if p? < ¢ and yet g < p, then (g) gives ¢> < p?, which
contradicts p? < ¢? by trichotomy (O1); so p < q. The second equivalence follows from the first,
applied in both directions, and trichotomy. In words: for non-negative reals, squaring neither
creates nor destroys a comparison. Both hypotheses p > 0 and ¢ > 0 matter: (—2)% > 12, and
yet —2 < 1.

The real part is at most the modulus

The single estimate the proof needs is that a real part never exceeds the modulus. It comes
with two companions, which say that the modulus and the “taxicab size” |Reu| + [Imu| are
comparable.

Lemma 1.3.1. Real and Imaginary Parts against the Modulus

For every u € C,
|[Reu| < |ul, IIm | < |ul, lu| < |Rewu|+ [Imul.

In particular Rewu < |u.

Here |Reu| is the absolute value of a real number. By Proposition 1.2.1 it is the same whether
it is read as the absolute value of the ordered field R from Number Systems: From N to R,
Chapter 4 (Number Systems: From \(\nN\) to \(\nR)\), Definition 4.1.1) or as the modulus of
a complex number that happens to be real, so the lemma has only one reading.

Idea. Every quantity in the lemma is a non-negative real, so compare squares. The square of
lu| is 2% 4+ 92, and the squares of |z| and |y| are 22 and y?, each at most the sum; the square
of || + |y| is the sum plus the non-negative cross term 2|z||y|.

Proof. Write u = x + yi with x,y € R. By Definition 1.2.1 and the defining property of the
square root (Number Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4), |u| > 0 and
Ju|> = 22 + 2.

Since y? > 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e) if y # 0;
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02 = 0 otherwise), adding 22 gives 22 < 2% + y? by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5 (b). Also |z|?> = 2? and |z| > 0 (Number Systems: From \(\nN\)
to \(\nR\), Proposition 4.1.3 (a), (b)). Hence |z|> < |u|?, with both |z| and |u| non-
negative, and comparing squares gives || < |u|. The same argument with the roles of = and
y exchanged gives |y| < |u|. Then Reu = x < |z| by Number Systems: From \(\nN\) to
\(\nR\), Proposition 4.1.3 (c), so Reu < |ul.

For the last inequality, expand with Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.2 (d):
(Il + 1D)* = laf® + 2lally] + [y
= 2%+ + 2zlly| > 2° +y° = [ul?,
where the inequality holds because |z||y| > 0 as a product of non-negative reals, so 2|x||y| > 0,

and Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (b) adds it. Both |z|+|y|
and |u| are non-negative, so comparing squares gives |u| < |z| 4 |y|. This proves the lemma.

For u = 3 — 44 the three inequalities read 3 < 5,4 < 5 and 5 < 7. For u = 2 they read 2 < 2,
0 <2 and 2 < 2: areal u makes the first and third equalities. The inequality Rewu < |u] is strict
for u = —1, where it reads —1 < 1; the absolute value inside the first inequality is what makes
it sharp for real u of either sign.

Quick check. Find a non-zero u € C with Reu = 0. What do the three inequalities of
Lemma 1.3.1 say for it?

Solution. For example v = 2i, with Reu = 0, Imu = 2 and |u| = /0+4 = 2. The
inequalities read 0 < 2,2 < 2 and 2 < 0+ 2. Any u = yi with y # 0 works the same way:
|u| = |y|, so the second and third inequalities are equalities.

The triangle inequality

We can now state the theorem. Its proof is the first full run of the move this chapter is built
around.

Theorem 1.3.2. Triangle Inequality for Complex Numbers

For all z,w € C,
|z +w| < |z| + |w].

Try it first (ten minutes): show |z + w|? < (|z] + |w|)? by expanding both sides with |u|* = v,
and note which term you cannot yet bound.

Idea. Expanding the left side with |u|? = u% and conjugation of sums gives |z|? + 20 + Zw +
|w|?; the right side is |z|% 4 2|z||w|+|w|?. Everything matches except the cross term 2 -+ Zw,
and an attempt usually stops there: it looks like a complex number, and complex numbers
cannot be compared with 2|z||w|. The way out is to notice that Zw is the conjugate of 2w,
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so the cross term is u + u = 2 Rew with v = 2w: a real number after all. A real part is at
most the modulus, and |zW| = |z||w|. Squares compare, so the moduli do.

Before reading on: where is Reu < |u| used, and why may we compare squares?

Proof. Let z,w € C. By Theorem 1.2.2 (c), then (a), then Proposition 1.1.2 (c) together
with (a) and (b) (distributivity, commutativity, associativity),

By Theorem 1.2.2 (b) and (a), 2w = Zw = zZw. So with u = zw, the two middle terms are
u+u = 2Rewu, by Theorem 1.2.2 (¢). Using (c¢) once more for 2z and ww,

|z + w|? = |2)? + 2Re(z@) + |w|?.

Every term here is real, and sums and products of real numbers are the same in C as
in R (Proposition 1.1.1), so the inequalities below take place in the ordered field R. By
Lemma 1.3.1, Re(zw) < |2w|, and by Theorem 1.2.2 (d), |zw| = |z||w| = |2| |w|. Adding
this inequality to itself (2a = (14 1)a = a + a by distributivity) and then adding |z|? + |w]|?
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (b) twice), and expanding
the square with Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (d),

|2+ w]? < |21 + 2)2|[w] + [w]? = (|2] + |w])®.

Both |z+w| and |z|+|w| are non-negative real numbers, so comparing squares gives |z +w| <
|z| + |w]|. This proves the triangle inequality.

The proof answers its prompt in two lines. Reu < |u| is used once, to bound the cross term
2 Re(zw) by 2|zw|. Comparing squares is legitimate because the two quantities being compared,
|z + w| and |z| + |w|, are both non-negative; without that, a smaller square would say nothing
about the numbers.

This route has a name in this chapter: square the modulus. The modulus is a square root,
and square roots are hard to handle; its square |u|?> = wa is a product, so square, expand with
conjugates, bound or compare the real numbers you get, and take the non-negative square root
back. Section 1.2 used the same move once already, for |zw| = |z||w| (Theorem 1.2.2 (d)). The
linear algebra volumes take the same route, square, expand, bound the cross term, for the length
of a vector in an inner product space.

Warning. The square of the modulus is u@, not u?. Expanding |z + w|? as (z + w)? =

22 422w+ w? gives nonsense: for z = w = i, (z+w)? = (2)%2 = —4, while |z4+w|? = |2i|> =
The cross term of the correct expansion is 2w + Zw, and only that form is real.

Remark. The inequality can be strict: for z = 1 and w = —1, the left side is |0] = 0 and the
right side is 2. For real z, w, every modulus in the statement is the absolute value of Number
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Systems: From N to R, Chapter 4 (Proposition 1.2.1), and the theorem is Number Systems:
From \(\nN\) to \(\nR\), Proposition 4.1.3 (e), reached by a different route.

Quick check. Compute |3 4 4i| + |—3 + 4i| and |(3 +4¢) + (—3 +4i)|, and check them against
the triangle inequality.

Solution. |3+ 4i| = /9416 = 5 and |—3 + 4i| = /9 + 16 = 5, so the right side is 10. The
sum is 8¢, and |8i] = /0 + 64 = 8. Indeed 8 < 10. In the picture, the two points and 8i are
three corners of a parallelogram with the origin as the fourth, and the diagonal 8 is shorter
than the two sides 5 + 5.

Three variants

Three consequences are used often enough to be stated once: a lower bound for the modulus of
a difference, the inequality for any finite number of terms, and a lower bound for the modulus
of a sum.

Corollary 1.3.3. Variants of the Triangle Inequality
Let z,w € C.
(a) (Reverse triangle inequality.) ||z| — |w|| < |z — w].

(b) For every n € N with n > 1 and all z,..., 2, € C,

n n
> Zk‘ <>zl
k=1 k=1

(©) [2] = |w| < |z + wl.

In (a), the outer bars are the absolute value of the real number |z| — |w|. In words: (a) says
that two points at distance |z — w| from each other have distances from the origin that differ by
at most that much; (b) says that a path of n steps is at least as long as the straight line from
start to end; (c) says that adding w can lower the modulus by at most |w|.

Idea. For (a), split z as (z — w) + w and apply the theorem; that bounds |z| — |w| from
above, and swapping z and w bounds it from below. For (b), add one term at a time. For
(c), apply (a) to z and —w.

Proof.

(a) Since z = (z — w) + w, Theorem 1.3.2 gives |z| < |z — w| + |w], so |z| — |w| < |z — w|.
Exchanging z and w gives |w| — |z| < |w — z|. Moreover w — z = (—1)(z — w), so by
Theorem 1.2.2 (d), lw—z| = |-1||z—w| = |z —w|, where |—1| = 1 by Proposition 1.2.1.
Let t == |z| — |w| € R. We have shown ¢t < |z — w| and —t < |z — w|, that is,
—|lz—w| <t < |z—wl|: if —t < |z—w|, then —|z—w| < —(—t) = ¢t by Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (a) and Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.2 (a), and if —t = |z — w|, then —|z —w| = —(—t) =t. By
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Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (d), |t| < |z — w].

(b) By induction on n > 1 (Logic and Proof, Axiom 4.2.1, through Number Systems:
From \(\nN\) to \(\nR\), Corollary 1.7.3 (b), applied to the statement for n = m+1,
m € N), with the sums defined by appending the last term, as for real sums (Sets and
Functions, Definition 2.3.1). For n = 1, both sides are |z1|. Suppose the inequality
holds for n, and let z1,..., 2,41 € C. Then

n+1 n n
‘sz’ = ‘Z 2k +Zn+1’ < ‘Z Zk‘ + |2n41]
k=1 k=1 k=1

n+1

n
<Y Nzl + lzasal = Dzl
k=1 k=1

by Theorem 1.3.2, then the induction hypothesis with Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.5 (b).

(c) Apply (a) to z and —w. Since z — (—w) = z + w (Number Systems: From \(\nN)\)
to \(\nR\), Proposition 2.3.2 (a)) and |-w| = |—1||w| = |w]| as in (a), it reads ||z| —
|w|| < |z 4+ w|. By Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (c),
|z| — Jw| < ||z| — |wl||. This proves the corollary.

Part (b) with n = 2 is the theorem itself, so the corollary contains it. Algebraic Preliminaries,
Chapter 4 uses (b) and (c) to show that a polynomial expression of degree at least 1 is large in
modulus when |z| is large, a step towards the Fundamental Theorem of Algebra.

Quick check. Take z = 5 and w = 3i. Compute both sides of (a) and of (c).

Solution. |z| = 5 and |w| = 3, so |z| — |w| = 2. For (a): |z — w| = |5 — 3i] = v/34, and
2 < /34 because 22 = 4 < 34 (comparing squares). For (c): |z +w| = |5 + 3i| = v/34 too,
and again 2 < +/34. Both bounds are far from sharp here; (a) is an equality when w = 0, for
instance.

Exercises

1.3.5.1 A. Check your understanding

Exercise. Al
These questions are about the proof of Theorem 1.3.2.

(a) Where in the proof is Reu < |u| used, and for which u?

(b) Why may the proof pass from |z + w|? < (]z| + |w|)? back to |z + w| < |z| + |w|?

(¢) Run the proof on z = 3 and w = 4i: compute the cross term 2 Re(2w), then both sides
of the squared inequality.



CHAPTER 1.3. THE TRIANGLE INEQUALITY 34

(d) State the idea of the proof in two sentences.

(e) True or false: |z +w| = |z| + |w| for all z,w € C. Justify your answer.

Solution.

(a) Once, to bound the cross term: with v = 2w, 2 Re(zw) < 2|zw|.

(b) Both |z+w| and |z|+ |w| are non-negative reals, and for non-negative reals p < ¢ if and
only if p? < ¢? (comparing squares, from Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.5 (g) and trichotomy).

(¢) W = —4i, so zw = 3 - (—4i) = —12i, with real part 0: the cross term is 0. Then
lz+w> =9+0+16 = 25 and (|2 + |w])? = (3 +4)? = 49, and 25 < 49. So
3+4i|=5<7.

(d) Square both sides and expand with |u|? = wu: everything matches except the cross
term, which is 2 Re(zw). A real part is at most the modulus, and |zw| = |z||w]|, so the
squares compare, and so do the non-negative moduli.

(e) False. For z =1 and w = —1, |z + w| =0, but |2| + |w| = 2.

1.3.5.2 B. Practice

Exercise. B1: The equality case

Let z,w € C. Prove that |z + w| = |z| + |w| if and only if 2w is a non-negative real number,
that is, Im(zw) = 0 and Re(zw) > 0.

Hint: trace the proof of the triangle inequality and ask where an inequality could be strict.

Solution. Let u := zw = z + yi with x,y € R. By the proof of Theorem 1.3.2,

2+ w? = |2]* 4 2z + |w/?,
(12 + |w])® = |2% + 2u| + [w]?,

the second because |z||w| = |u| (Theorem 1.2.2 (d)). Both moduli are non-negative, so
(comparing squares) |z + w| = |z| + |w| holds if and only if the squares are equal, that is, if
and only if 2z = 2|u|, that is, z = |u].

It remains to show that x = |u| holds exactly when y = 0 and = > 0. If x = |u|, then x > 0,
and squaring gives 2 = 22 + y2, so y> = 0 and y = 0 (Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.5 (e): a non-zero square is positive). Conversely, if y = 0 and
x > 0, then |u| = Va2 = z, since > 0 and 22 = 22 (uniqueness in Number Systems: From
\(\nN\) to \(AnR\), Proposition 6.1.4). Hence |z + w| = |2| + |w| if and only if 2w is a
non-negative real number.

For instance z = 1414, w = 2+ 2i: 2w = (1+4)(2—2i) = 4 > 0, and indeed |3 +3i| = V18 =
3v2 = V2 +2v2 = |1+i| + |2+ 2i|. In the picture: equality holds exactly when one of z, w
is 0 or they point in the same direction from the origin. The linear algebra volumes prove
the version for n terms.
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Exercise. B2: A distance that does not change

Let z € C with |z| = 1. Prove that |z — w| = |1 — Zw| for every w € C. The first two steps

are done:
|z —w|? = |2|? — 2w — Zw + |w|?,

11 —zw|? =1 - 2w — Zw + |2|*|w|?,

both by expanding uw with Theorem 1.2.2. Name the mowve, then complete it.

Solution. The move is square the modulus: compare the squares, which are algebra, and
take the non-negative square roots back.

Substitute |z|?> = 1 into both lines. The first becomes 1 — 2w — Zw + |w|?, and so does the
second, since |z|?|w|? = |w|?®. So |z — w|?> = |1 — Zw|?. Both |z — w| and |1 — Zw| are non-
negative, and non-negative reals with equal squares are equal (comparing squares). Hence
|z —w| = |1 —Zw|.

(For the record, the given lines. Conjugation respects differences: —v = (—1)v = —1v = -7
by Theorem 1.2.2 (b), Proposition 1.2.1 and Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.2 (c), so with (a), u—v = w —v; and 1 = 1 by Proposition 1.2.1. Then
(z—w)zZ—w) = 22— 20— wz +ww, and 1 —zw = 1 — 2w, so (1 — zw)(l — 2w) =
1 — 2w — zZw + (2Z)(ww).)

Exercise. B3

Prove that |z| < [Re z|+|Im z| < v/2 2| for every z € C, and, for each of the two inequalities,
find a non-zero z for which it is an equality.

Solution. The first inequality is the last part of Lemma 1.3.1. For the second, write z =
x +yi. Both sides are non-negative (v/2 > 0 by Number Systems: From \(\nN\) to \(\nR)\),
Proposition 6.1.4), so it suffices to compare squares. The right side squared is (v/2)2|z]? =
2(x? + y?), and the left side squared is 2% + 2|z||y| + y?, using |z|?> = 22 (Number Systems:
From \(\nN\) to \(\nR\), Proposition 4.1.3 (b)). Their difference is
2(2” +y?) — (2 + 2lallyl +y?) = |al® — 2Jzlly| + |y|*
2

= (lz] = y)” = 0,
a square in the ordered field R (Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.5 (e)). So (|| + |y)? < 2|2|%, and |z| + |y| < V2]z|.

Equality: z = 1 gives 1 = 140 in the first; z = 1 +4 gives 1 +1 = 2 = /2-1/2 in the second.

1.3.5.3 C. Going deeper

Exercise. C1: Exit check: the triangle inequality

State and prove the triangle inequality for complex numbers. Your proof must include a
proof that Reu < |u| for every u € C.
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Solution. Statement. For all z,w € C, |z + w| < |2| + |w|.

The estimate. Let u = x + yi with z,y € R. Then |u|? = 2% + y? > 22 = |z|2, since y* > 0.
Both |z| and |u| are non-negative, so |z| < |u| by comparing squares (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (g) with trichotomy). Hence Reu = = < |z| < |u]
(Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (c)).

The inequality. Let z,w € C. By Theorem 1.2.2 (a)—(c),

|2+ w|* = (z + w)(Z+ @) = |2|* + (2@ + zw) + |w|?
= |22 + 2Re(z@) + |w|?.

By the estimate and Theorem 1.2.2 (d), 2 Re(2w) < 2|2w| = 2|z||w|. Hence |z +w|? < (|z| +
|w|)2. Both |z+w| and |z|+|w| are non-negative, so comparing squares gives |z+w| < |z|+|w|.

Marking scheme. (10 points) - 2: proves Reu < |ul|, with a reason for passing from squares
to moduli. - 3: expands |z + w|? with conjugates and identifies the cross term as 2 Re(2w),
a real number. - 2: bounds the cross term by 2|z||w|, citing |zw| = |z||w|. - 1: concludes
|z+w|? < (2| +|wl|)?. - 2: takes square roots, justified by the non-negativity of both sides. A
second route, with coordinates z = a+bi, w = c+di: expanding (a+c)?+(b+d)? and isolating
the cross term 2(ac + bd) earns the 3 points of the second line; proving ac + bd < |z||w|, for
instance from (ac + bd)? < (a? + b%)(c?® + d?), which follows from (ad — bc)? > 0, earns the
2 points of the third line if proved, not if quoted; the last two lines are marked as above.
The 2 points for Reu < |u| are still owed on that route, since the problem asks for it. Fatal
errors (0 for the step): writing z < |z| or any inequality between non-real complex numbers;

dropping the conjugate, as in |u|? = u?.

Exercise. C2: Inside the unit disc

Let z,w € C with |z| < 1 and |w| < 1. Prove that |z — w| < |1 — Zw|. Here is the start of a
proof: square both sides and expand. Name the move, then complete it.

Solution. The move is square the modulus. Both sides are non-negative, so it is enough to
show |z — w|? < |1 — Zw|? (comparing squares, strict form: Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.5 (g)). Expanding each as uu, exactly as in Exercise (B2: A
distance that does not change),

|z —w|? = |2)? — 2w — Zw + |w|?,
11 —zw? =1 - 2w — Zw + |2|?|w|2.
The non-real terms cancel in the difference:
11 —zw|® — |z —w]® =1— |2 — |w]® + |2[*Jw|?

= (1= 1) (1 = [wl?).

Since 0 < |z| < 1, comparing squares gives |z|> < 12 = 1, s0 1—|2|? > 0; likewise 1— |w|? > 0.
A product of two positive reals is positive ((O4)). So the difference is positive, |z — w|? <
|1 —zw|?, and |z — w| < |1 — Zw|.
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In particular 1 —Zw # 0. Since |1 —Zw| = |1 — zw| (a modulus is unchanged by conjugation,
Theorem 1.2.2 (d)), the inequality says that |z — w|/|1 — wz| < 1 for all z,w in the open
unit disc: the map z — (z —w)/(1 —wz) sends the open unit disc into itself, a fact complex
analysis builds on.

Marking scheme. (10 points) - 2: reduces to the squared inequality, with the non-negativity
of both sides as the reason. - 3: expands both squares with conjugates. - 3: factors the
difference as (1 — |2]?)(1 — |w|?). - 2: shows both factors positive, from |z|,|w| < 1, and
concludes strictly. Fatal errors (0 for the step): expanding |z — w|? as (z — w)?; comparing
2w with a real number.

1.4 Square Roots, Quadratic Equations,
and the Missing Order

Logic and Proof, Section 7.1 needed, in one of its checks, the fact that every complex number
has a complex square root, and took it there as a school fact about polar form. This section
proves it, with no angles at all: a square root of a complex number is built from two square
roots of non-negative reals, which Number Systems: From N to R, Chapter 6 provides (Number
Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4). The quadratic formula follows, for
complex coefficients. Then we see what C has lost on the way from R: it has no order compatible
with its arithmetic, and the rule \/z,/y = /Zy has no complex version.

Square roots from real square roots

The question is: given z = a + bi, find w = z + yi with w? = 2. Since w? = (22 — y?) + 2zyi,
comparing real and imaginary parts turns the question into two real equations,

22—y’ =a, 2zy = b.

The answer is an explicit formula in a, b and |z|.

Proposition 1.4.1. Square Roots of Complex Numbers

Let z=a+bi € C with a,b € Rand z # 0, and let r == |z]|. Put s:=1ifb>0and s == —1

if b <0, and
r+a ) r—a

T = 7 Yy:i=S 5 w = x + Y.
Then:
(a) w? = z;
(b) for u € C, u? = 2 if and only if u = w or u = —w;
(c) w# —w.

For z = 0: u? = 0 if and only if u = 0.

In words: every non-zero complexr number has exactly two square roots, w and —w, and the
formula finds one of them; 0 has exactly one.

Try it first (ten minutes): find w with w? = 3+ 4i by writing w = x + yi. What do you do with
the two equations you get?
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Idea. For 3 + 4i the two equations are 22 — y?> = 3 and 22y = 4. The natural attempt
eliminates y = 2/z and arrives at z* — 322 — 4 = 0, a quartic; it can be solved, but it hides
what is going on, and in general it needs the quadratic formula before we have it. The missing
piece is a third equation, and it comes from the modulus. If w? = z, then |w|? = |w?| = |2|
by Theorem 1.2.2 (d), that is, 22 + y? = r. Now the first equation and the third give x>
and y? by adding and subtracting: 22 = (r +a)/2, y> = (r — a)/2. That fixes x and y up
to sign, and the second equation 2xy = b says which signs go together: zy has the sign of b.
For 34+ 4i: r=5,22=4,9y>=1, zy > 0, s0 w = £(2 +1).

The proof runs this forward: define z and y by the formulas, check w? = z, and get “only
Fw” from the field axioms.

Before reading on: why does the sign of b decide whether x and y have the same sign?

The proof uses one small rule about real square roots: for p,q € R with p,q > 0,

VP Ve = Vb

Both sides are non-negative (a product of non-negative reals is non-negative), and the square of
the left side is (,/p)*(\/q)* = pg, by commutativity; so the left side is the non-negative number
whose square is pg, which is the right side by the uniqueness in Number Systems: From \(\nN\)
to \(\nR)\), Proposition 6.1.4. The rule is about non-negative reals only; the last part of this
section shows that it has no complex version.

Proof. The roots exist. By Lemma 1.3.1, |a|] = |Rez| < r, so —r < a < r (Number
Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (d)). Hence r+a >0 and r —a > 0
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (a), (b)). Halving keeps
this: for p > 0, either p > 0 and then p/2 > 0 (Number Systems: From \(\nN\) to \(\nR\),
Proposition 4.1.2 (b), with € = p), or p = 0 and then p/2 =0-(1/2) = 0 (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)). So (r+a)/2 > 0 and (r —a)/2 > 0. So
the two square roots in the definition of z and y exist (Number Systems: From \(\nN\) to
\(\nR\), Proposition 6.1.4).

(a) Since s? = 1,
r+a oTT—a T+a T—a
s - _
2 2 2 2
For the imaginary part, the rule for real square roots gives

r+a [r—a r2 —q?
Ty s/ 5 \/ > s\ / 7

= 5vr2 —a? = sVb? = s|b| = b.

Here the third equality is 21/t/4 = /4\/t/4 = \/t, by the same rule and V4 = 2;
the fourth uses 72 = a? + b?> (Definition 1.2.1); the fifth holds because |b| > 0 and
|b|> = b? (Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (a), (b)),
with uniqueness in Number Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4;
and the last because s|b| = b by the definitions of s and of |b| (Number Systems: From
\(\nN\) to \(\nR\), Definition 4.1.1), in each of the two cases b > 0 and b < 0. Hence
w? = (22 — y?) + 22yi = a + bi = z, by the multiplication rule of Definition 1.1.1.

(b) Let u € C. Since C is a commutative ring, (u—w)(u+w) = u? —w? (Proposition 1.1.2,

Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (c)). If u?> = z, then

m2—y2: =a.
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u? —w? = z—2=0by (a), so (u—w)(u+w) = 0. Since C is a field (Theorem 1.2.4), it
has no zero divisors (Number Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d)),
sou—w=0oru+w=0, that is, u = w or u = —w. Conversely w? = z by (a), and
(—w)? = w? = z by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2
©F

(c) First w # 0, since w? = z # 0 and 0% = 0. Suppose w = —w. Then 2w = w + w = 0.
But 2 =141 # 0 in C: it is the real number 2, which is positive in R (Number
Systems: From \(\nN\) to \(\nR)), Proposition 2.3.5 (h)), and R C C by the injective
embedding of Proposition 1.1.1. So 2w = 0 with 2 # 0 and w # 0 contradicts the
absence of zero divisors. Hence w # —w.

Finally, for z = 0: 0> = 0, and if u? = u-u = 0, then v = 0 by Number Systems: From
\(\nN\) to \(\nR\), Lemma 4.1.1 (d). This proves the proposition.

The answer to the prompt: x is non-negative by construction, and y is s times a non-negative
number, so zy is s times a non-negative number, and 2zy must equal b. If b > 0, then z and y
must both be non-zero with the same sign; if b < 0, opposite signs. When b = 0 the choice of s
does not matter, because then one of z,y is 0.

The proposition proves what Logic and Proof, Section 7.1 assumed, and it is stronger: it counts
the roots. It uses only the field C, its modulus, and square roots of non-negative reals; no
angle, cosine or sine appears. That matters later: Algebraic Preliminaries, Chapter 4 proves the
Fundamental Theorem of Algebra using square roots in exactly this form.

Example. Square Roots of 5 — 12

Find all w € C with w? =5 — 12.

Solution. Write w = x + yi with z,y € R. Comparing real and imaginary parts in (22 —

y?) + 2zyi = 5 — 12i gives
2 —y?=5 and zy = —6.

Taking moduli, by Theorem 1.2.2 (d), 2% + y? = |w|?> = |5 — 12i| = /25 + 144 = 13. Adding
and subtracting, 22 = 9 and y? = 4, so x = +3 and y = +2. Since zy = —6 < 0, 2 and y have
opposite signs. Hence w = 3 — 2 or w = —3 + 2i. Check: (3 —2i)? =9 —12i + 442 = 5 — 124,
and (-3 + 2i)% = (3 — 2i)%

The formula of Proposition 1.4.1 gives the same root: a =5, b= —-12 < 0,s0 s = —1;r =13,
x =4/18/2 =3 and y = —/8/2 = —2. By part (b) there are no other roots.

Quick check. Find the square roots of —4 and of 2i.

Solution. For —4: a = —4,b=0,r=4,s0x =0 =0and y = V/8/2 = 2; the roots are
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+2i, and indeed (2i)? = —4. For 2i: a =0,b=2,7r =2,s0 x = /1 = 1 and y = 1; the roots
are £(1414), and (1+4)2=1+42i — 1= 2.

The quadratic formula

With square roots in hand, a quadratic equation with complex coefficients is solved exactly as
in school: complete the square. The only difference is that we never need to ask whether the
discriminant is negative.

Corollary 1.4.2. Quadratic Formula over the Complex Numbers

Let a,b,c € C with a # 0, and let d € C be a square root of b> — 4ac (one exists by
Proposition 1.4.1). Then for z € C,

—b+d —-b—d

az?+bz4+c=0 < z=
2a 2a

The two solutions coincide if and only if b — 4ac = 0.

Here a,b,c are complex numbers, in a departure from the chapter’s habit of reserving these
letters for reals; the statement is the school formula, and keeps its letters. The choice of d does
not matter: the other square root is —d (Proposition 1.4.1 (b)), which swaps the two solutions.

Idea. Complete the square, as in school: after multiplying by 4a, the equation says that
2az + b is a square root of b*> — 4ac. The square roots of b?> — 4ac are exactly d and —d, and
solving the two linear equations 2az + b = £d gives the formula.

Proof. Multiply by 4a and complete the square. By the ring laws (Proposition 1.1.2) and
Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (d),

4a(az® + bz + ¢) = 4a22% + 4abz + dac = (2az + b)? — (b* — 4ac).

Now 4a # 0, since 4 # 0 in C (as for 2 in the proof of Proposition 1.4.1 (¢)) and a # 0,
and C has no zero divisors (Theorem 1.2.4, Number Systems: From \(\nN\) to \(\nR\),
Lemma 4.1.1 (d)). So az?+bz+c = 0 if and only if (2az+b)? = d?, that is, (2a2+b—d)(2az+
b+d) = 0, as in the proof of Proposition 1.4.1 (b). By the absence of zero divisors again, this
holds if and only if 2az + b = d or 2az + b = —d. Since 2a # 0, these say z = (—b+ d)/(2a)
or z=(=b—d)/(2a).

The two solutions coincide if and only if d = —d, that is, 2d = 0, that is, d = 0 (as 2 # 0).
And d = 0 if and only if d> = 0 (no zero divisors), that is, b> — 4ac = 0. This proves the
corollary.

Example. Solve 22 — (3 +14)z + (2 + 2i) = 0. Here a = 1, and the discriminant is
(34+4)% — 4(2 +2i) = (8 4 66) — (8 + 8i) = —2i.

The formula of Proposition 1.4.1, applied to —2i (real part 0, imaginary part —2 < 0, modulus
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2), gives x = \/2/2=1and y = —/2/2 = —1,s0d = 1 — i; indeed (1 —4)?> =1—2i — 1 = —2i.
The solutions are
(B3+1i)+(1—1) B3+1i)—(1—1)

z 5 an z 5 +1

Check: their sum is 3 + ¢ and their product is 2 + 2i, the negative of the middle coefficient and
the constant term, as they should be for (z — 2)(z — (1 +1)).

No order on the complex numbers

In R, and in every ordered field, a non-zero square is positive (Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.5 (e)). In C, 7 is non-zero and its square is —1. If C carried an order
of the kind R has, —1 would have to be positive, and so would 1. That is already the proof.

Proposition 1.4.3. The Complex Numbers Cannot Be Ordered

There is no relation < on C with which (C, +, -, <) is an ordered field in the sense of Number
Systems: From \(\nN\) to \(\nR\), Definition 2.3.2.

Proof. Suppose < is a relation on C with which C is an ordered field. Since i = (0,1) #
(0,0) = 0, Number Systems: From \(\nN\) to \(\nR)), Proposition 2.3.5 (e) gives i?> > 0,
that is, —1 > 0 (Proposition 1.1.1: i-7 = —1). Since 1 # 0 in the field C, the same part (e)
gives 1 > 0. Adding, by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (b),
0=1+4+(-1)>0+0=0. But 0 < 0 is impossible: (O1), with both elements equal to 0,
says that exactly one of 0 < 0 and 0 = 0 holds, and 0 = 0 does. So no such relation exists.

The proof never asks whether i > 0 or i < 0: part (e) covers both at once. It also never assumes
that the hypothetical order agrees with the order of R on real numbers. It concludes 1 > 0 and
—1 > 0 in whatever order is supposed, and that is the contradiction.

Remark. Number Systems: From N to R, Chapter 4 showed, in an exercise (Number Systems:
From \(\nN\) to \(\nR\), Exercise (Cl: A field that cannot be ordered)), that a field
containing a square root of —1 cannot be ordered, and named the complex numbers as
such a field; the proposition proves that fact for C on its own. Compare Number Systems:
From \(\nN\) to \(\nR\), Example (A field with two elements that cannot be ordered) and
Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (e): there the obstacle to an
order is n - 1 = 0 for some n > 1. That obstacle is absent here, since n-1 in C is ¢(n - 1),
the image of the real number n -1 > 0 of R (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.5 (h)), which is non-zero as ¢ is injective. (The identity n-1 = ¢(n - 1) is
proved by Logic and Proof, Axiom 4.2.1 on n, as for powers in Section 1.1: 0-1 =0 = ¢(0),
and if n-1=1¢(n-1),then (n+1)-1=¢(n-1)+¢(1) =¢((n+1)-1) by Proposition 1.1.1.)
The obstacle in C is 2 = —1 instead.

Warning. An inequality z < w between complex numbers means nothing: by Proposi-
tion 1.4.3 no order on C is compatible with its arithmetic. Apart from arguments that
suppose an order on C in order to reach a contradiction (the proof above and Exercises B2
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and C2), every inequality in this chapter compares real numbers in the order of R: moduli,
real parts, imaginary parts, or quantities proved to be real, as 2 Re(2w) was in Section 1.3.
Writing ¢ > 0 leads, by the proof above, to 0 > 0; so does writing ¢ < 0.

Quick check. Is the following a proof that C cannot be ordered? “Every real square is > 0,
and 72 = —1 < 0. So 7 is not a square of anything, a contradiction.”

Solution. No. The argument proves nothing about orders on C. “—1 < 0” is a statement in R’s
order, and a hypothetical order on C need not agree with it on the reals; the argument never
even introduces the hypothetical order. And “i is not a square” is false: i = (&(1+14)/v/2)? by
Proposition 1.4.1. The correct proof works inside the supposed order, where i2 > 0 because

i #0.

The square-root rule does not survive

In R, z/y = \/zy for x,y > 0: that is the rule for real square roots used above. A non-zero
complex number has two square roots and no preferred one, and no way of preferring one keeps
the rule alive.

Warning. No choice of “the” square root /z of each complex z can satisfy v/z\/w = /zw for
all z,w € C Whatever is chosen for /—1 1t is ¢ or —i (Proposition 1.4.1 (b)), and in both

cases v/—1-+v/—1 = (£i)? = —1. But /(- = /1, and the rule itself forces v/1 = 1:
since v/'1 is a square root of 1, 1 = /1 - f \/ -1 =+/1. So the rule would give —1 = 1,

which is false in C (the real parts —1 < 1 differ). So in this volume the symbol /" is applied

only to non-negative reals; for any other z, say “a square root of z” and solve w? = z.

Exercises

1.4.5.1 A. Check your understanding

Exercise. Al

(a) True or false: if z,w € C and 2?2 = w?, then z = w. Justify your answer, and state
what is true.

(b) Run the formula of Proposition 1.4.1 on z = —4: compute a, b, r, s, z, y and both square
roots.

(c) Where in the proof of Proposition 1.4.1 is r > |a| used?
(d) State the idea of the proof of Proposition 1.4.1 in two sentences.

Solution.

(a) False: z =1, w = —1 have 22 = w? = 1 and z # w. What is true: 2? = w? implies
z=wor z = —w, since (z — w)(z + w) = 22 — w? = 0 and C has no zero divisors (this
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is the argument of Proposition 1.4.1 (b)).

(b)) a=—-4,b=0,r=|-4=4,s=1(asb>0),z2=/(4—-4)/2=0,y=+/(4+4)/2=
2. So w = 24, and the square roots are +2i.

(c) To take the square roots at all: © > |a| gives r +a > 0 and r —a > 0, so /(r +a)/2

and +/(r — a)/2 exist.

(d) Comparing parts gives 22 — y? = a and 2zy = b; taking moduli gives a third equation
22 4+ y? = r, and the first and third give 2% and y? by adding and subtracting. The
signs are then fixed by 2zy = b, and the absence of zero divisors shows that +w are
the only roots.

2

1.4.5.2 B. Practice

Exercise. Bl

(a) Find all w € C with w? = —3 + 4i.
(b) Hence solve 22 + 2z +4 — 4i = 0.

Solution.

(a) Write w = = + yi. Comparing parts, 2> — y> = —3 and 2y = 2. Taking moduli
(Theorem 1.2.2 (d)), #2+y? = |—3+4i| = v/9 + 16 = 5. Adding and subtracting, 2% = 1
and y? = 4. Since zy = 2 > 0, = and y have the same sign, so w = 1+2i or w = —1—2i,
and by Proposition 1.4.1 (b) there are no others. Check: (1+2i)? = 1+4i—4 = —3+4i.

(b) By Corollary 1.4.2 with a = 1, b = 2, ¢ = 4 — 4i: the discriminant is 4 — 4(4 — 4i) =
—12 + 16i = 4(—3 + 4i), with square root d = 2(1 + 2i) = 2 + 4i by (a), since
(2(1 + 24))% = 4(1 + 2i)%. So

—24+ (2442 —2—-(2+4
z—+(2+z)—2z or z—(2+z)——2—2i.

Equivalently, completing the square, z? + 2z +4 — 4i = (2 + 1) — (=3 + 4i), so
z+1=4(1 +2i). Check: (2i)2+2(20) +4—4i=—4+4i+4—4i=0.

Exercise. B2: Put the proof in order

The nine lines below include the seven lines of a proof of Proposition 1.4.3, shuffled, and two
lines that do not belong. Write the seven lines in an order that makes a proof, and say what
is wrong with each of the other two.

(i) i = —1,s0 —1 > 0.
(ii) Since ¢ # 0, we have i > 0.

(iii) Suppose < is a relation on C that makes C an ordered field.

(v) So i? > 0, because non-zero squares are positive in an ordered field.
(vi) 1#0,s01=1%2>0.
(vii) i2 = —1 < 0, because —1 < 0 in R.

)
)
)
(iv) 0 < 0 is impossible by (O1), so no such relation exists.
)
)
)
(viii) 4 # 0, since ¢ = (0,1) # (0,0).
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(ix) Adding, 0 =1+ (—=1)>0+40=0.

Solution. An admissible order is (iii), (viii), (v), (i), (vi), (ix), (iv). The constraints are what
each line uses: (v), (vi), (i), (ix) and (iv) work in the supposed order, so they come after
(iii); (v) also uses (viii); (i) uses (v); (ix) uses (i) and (vi); (iv) uses (ix). Line (viii) is a fact
about C and uses no order, so it may stand anywhere before (v), even before (iii); line (vi)
may stand anywhere after (iii) and before (ix). For instance (iii), (vi), (viii), (v), (i), (ix),
(iv) and (viii), (iii), (v), (i), (vi), (ix), (iv) are also admissible. The admissible orders are
exactly those that respect these constraints.

Line (ii) drops a case: from i # 0, trichotomy (O1) gives ¢ > 0 or i < 0, and the line keeps
only the first. That is (N7) of Logic and Proof, Example (What is not allowed), a missing
case. Line (v) needs neither case, which is why the proof does not split.

Line (vii) cites a reason that is not available: the supposed order on C is arbitrary, and
nothing says that it agrees with the order of R on the real numbers. The proposition is
about every relation on C, and (vii) quietly replaces “every” by “one that extends R’s
order”. (The inequality —1 < 0 does hold in any ordered field, by Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (a) applied to 1 > 0, so the line could be repaired by
citing that; as written its reason is (N9) of Logic and Proof, Example (What is not allowed),
a fact that is not available.)

Exercise. B3

Let a,b,c € R with a # 0 and b — 4ac < 0. Prove that the equation az? + bz 4+ ¢ = 0 has
exactly the two solutions

—b+iv4dac — b? —b —iv4dac — b?

z = and 7=
2a 2a

in C, and that they are conjugate to each other.

Solution. Since 4ac —b*> > 0 (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5
(a)), q = V4ac — b? exists, ¢ > 0, and d := iq satisfies d> = i?¢> = —(4ac — b*) = b*> — 4ac.
So Corollary 1.4.2 with this d gives exactly the two solutions displayed, and they are distinct
since b> — 4ac # 0. Since a, b, ¢ are real and 2a # 0, the two solutions are

b q . q b q .

———+ =1 an - — 1

2a  2a 2a  2a ’
with the same real part and opposite imaginary parts: each is the conjugate of the other
(Definition 1.2.1). For instance z? — 2z +5 = 0 has b?> — 4ac = —16, ¢ = 4, and the solutions
14 2i.

1.4.5.3 C. Going deeper

Exercise. C1: Find the error

Here is an argument.
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Claim. For z,w € C, if 22 = w?, then z = w or z = —w.

Proof. If w = 0, then 22> = 0, so 2z = 0 = w, since C has no zero divisors. If
w # 0, put u := z/w, which exists because C is a field; then u? = 22/w? = 1.
Taking square roots, v = vVu2 = /1 = 1. In particular, v = 1 or u = —1.
Multiplying by w, z = w or z = —w.

Is the claim true? Does the argument prove it? If not, name the line that fails and the
reason, give a counterexample to that line, and repair the argument.

Solution. The claim is true: it is the argument of Proposition 1.4.1 (b), and it also follows
directly from (z — w)(z +w) = 22 — w? = 0 and the absence of zero divisors in C.

The argument does not prove it. The failing line is “u = vVu2 = v/1 = 1”. Tt uses the rule
“u = Vu? whenever 4?2 is a non-negative real”, which is neither proved nor true: it is a general
“fact” of the kind (N9) of Logic and Proof, Example (What is not allowed) forbids. The
symbol 1/ is defined only on non-negative reals, and u is a complex number; even for real u,
Vu? = |u|, not u. Counterexample to the step: u = —1 has u? = 1, but Viz =/1=1 # .

The next line, “u =1 or u = —1”, is a valid weakening of u = 1 (a disjunction follows from
either part), so it is not itself an error; it only papers over the loss of the root —1 one line
earlier. The rest of the argument (the case w = 0, the division, and multiplying back by w)
is correct.

Repair: replace the two middle lines by “Then (u — 1)(u + 1) = u?> — 1 = 0, and C has no
zero divisors, sou=1or u=—1.

Marking scheme. (10 points) - 2: says the claim is true, with a reason. - 3: names the line
uw=Vu2 =+/1=1 as the failing one, and its illegal rule u = Vu2. - 2: a counterexample to
that step (u = —1, or any v with u? = 1, u # 1). - 3: a correct repair, by factoring u? — 1
and using no zero divisors (or by Proposition 1.4.1 (b) applied to z = 1). Fatal errors (0 for
the step): declaring the claim false; naming the “In particular” line instead of the y/ line
as the failing one, since it is a valid weakening.

Exercise. C2: A second proof that there is no order

(a) Use Proposition 1.4.1 to give a second proof of Proposition 1.4.3 in which the element
1 is never mentioned.

(b) Say why the argument in (a) does not need the special element i.

(c) Is the converse of the principle behind (a) true? That is: if a commutative ring with
1 # 0 admits no order, must —1 be a square in it? Test the ring Z/3Z.

Solution (Hint 1). In an ordered field, which elements can be squares? For (c), list the
squares of the three classes.

Solution.

(a) Suppose < makes C an ordered field. Every square is then > 0: a non-zero square
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is positive by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e), and
02 = 0. First, —1 # 0, since otherwise 1 = —(—1) = —0 = 0 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (a)), against 1 # 0 in the field C (Theorem 1.2.4).
By Proposition 1.4.1 (a), applied to the non-zero number —1, some d € C has d? = —1.
So —1=d?>>0,and as —1 # 0, —1 > 0. By part (e) again, 1 > 0. Adding (Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (b)), 0 = 1 + (—1) > 0, which
(O1) forbids. This is the argument of Number Systems: From \(\nN\) to \(\nR)),
Exercise (C1: A field that cannot be ordered), with the square root of —1 supplied by
a formula.

(b) The argument uses only that —1 is a square in C, and that is a property of the field,
not of any named element. It does not matter that the formula of Proposition 1.4.1,
applied to —1, happens to produce i (a = =1, b=0,r =1: =0, y = 1). The same
argument shows that no field in which —1 is a square can be ordered; in particular no
field in which every element is a square.

(c) No. The ring Z/3Z is a commutative ring with [1] # [0] (Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.3 (a), (c)), and no relation makes it an ordered
commutative ring (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (e)).
Its three elements are [0],[1],[2] (part (b) there), with squares [0]2 = [0], [1]? = [1],
[2]2 = [4] = [1]. So the squares are [0] and [1], while —[1] = [2]. Hence —1 is not a
square in Z/3Z, and yet the ring cannot be ordered: the obstacle there is 3 - [1] = [0],
not a square root of —1.

1.5 The Unit Circle and Polar Form

Addition in C is addition of arrows in the plane: (a,b) + (¢,d) = (a + ¢, b+ d) puts the second
arrow at the tip of the first. Multiplication has a picture too, and Section 1.2 already holds half
of it: the modulus of a product is the product of the moduli (Theorem 1.2.2 (d)). The other
half is about angles, and angles need the functions cosine and sine, which this volume does not
construct. This section first proves everything about directions that needs no angle at all, then
states exactly five facts about cosine and sine that it borrows, and from those five builds the
polar form of a complex number and the rule “multiply the lengths, add the angles”.

Length and direction

Every non-zero complex number should be a length times a direction. The length is the modulus.
The directions are the complex numbers of length 1, and they deserve a name.

The unit circle is the set of complex numbers at distance 1 from 0.

We write
T={ueC:|u =1}

for the unit circle. For v = = + yi with z,y € R, the condition |u| = 1 says 22 +y? = 1,
that is, 22 + y% = 1: both sides of the first equation are non-negative, so it holds exactly when
the squares agree (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (g)). So T is
the circle of radius 1 about 0 in the plane. It contains 1, —1, ¢ and —¢, and also % + %i, since

% + % = 1. Tt does not contain 1 + i, whose modulus is v/2 # 1.

The next proposition collects what the multiplication of C does on T. None of it uses an angle.
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Proposition 1.5.1. The Unit Circle

(a)
(b)

()

Idea.

1€T. fu,veT,thenuww € T. fuec T,thenu#0and v ! =w e T.

For every z € C with z # 0 there is exactly one pair (r,u) withr € R, r >0, u € T
and z = ru, namely r = |z| and u = z/|z].
For z € C with z # 0: 1/z =z if and only if |z| = 1.

Every part is a statement about moduli, so each follows from the rules of Section 1.2:

moduli multiply, w@ = |u|?, and only 0 has modulus 0. For (b), divide z by its length; for
the uniqueness, take moduli of z = ru.

Proof.

(a)

By Proposition 1.2.1, the modulus of the real number 1 is its absolute value, which is 1;
sol e T. If |u| = |v| =1, then |uv| = |u||v| = 1 by Theorem 1.2.2 (d). Let uw € T. Then
u # 0, since |0] = 0 # 1 (Theorem 1.2.2 (e)). By Theorem 1.2.2 (c), v = |u|? = 1, so
W satisfies the defining equation of u~!. Since C is a field (Theorem 1.2.4), inverses are
unique (Number Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (a)), and v~ = 7.
Finally |u| = |u| =1 by Theorem 1.2.2 (d).

Ezistence. Let r :== |z|. Then r > 0, and r # 0 because z # 0 (Theorem 1.2.2 (e)); so
r > 0, and its inverse r~! is a positive real number (Number Systems: From \(\nN)\)
to \(\nR\), Proposition 2.5.2 (a)). By Theorem 1.2.4 the inverse of r in C is this
real number, so u = z/|z| = 771z is defined, and z = ru. By Theorem 1.2.2 (d) and
Proposition 1.2.1, |u| = |[r~Y|z] = r~!r = 1, where |r~!| = r~! because the absolute
value of a positive real number is the number itself (Number Systems: From \(\nN\)
to \(\nR\), Definition 4.1.1). So u € T.

Uniqueness. Let z = ru with r > 0 and v € T. Taking moduli, |z| = |r|ju| =7-1=r,
again by Theorem 1.2.2 (d) and Proposition 1.2.1. Then u = 7~z = z/|z|. So the pair
is the one named in the statement.

Since inverses are unique, 1/z = Z holds if and only if 2z = 1, that is, by Theorem 1.2.2
(c), if and only if |2|?> = 1 = 12. Both |z| and 1 are non-negative, so by Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (g) neither can be strictly smaller than
the other, and |z|> = 1 holds if and only if |z| = 1.

Part (b) is the picture we wanted: z = |z| - u, a length times a direction, and both factors
are forced. Part (a) says that the directions are closed under multiplication and inversion
and contain 1; Algebraic Preliminaries, Chapter 2 calls a set with these properties, under an
associative product, a group, and T is one of its first examples. Part (c) is a practical test: on
the unit circle, and only there, dividing by z is the same as conjugating.

Quick check. Write z = 3 + 44 as ru with 7 > 0 and v € T. What is 1/u?
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Solution. By Proposition 1.5.1 (b), r = [3+4i| =5 and u = 2+ 2i. By (a), l/u=u = 2 2i.

5.1 (
Check: (3+30)(3 - 3i) =% + 55 =1

[SAIE

So far a direction is a point u of T, and multiplying two directions gives a third. What we cannot
yet say is how much a direction turns the plane. For that we need to measure positions on the
circle by a real number, an angle, so that multiplying directions adds angles. That is a job for
cosine and sine.

What this volume borrows about cosine and
sine

An angle should be a real number 6 that walks around the circle: a point (cosé,sinf) on T,
moving as 6 moves, returning to its start after a full turn of length 27. Defining such functions
needs limits of functions, by power series or by integrals. This volume develops no limits of
functions, so it does not define cosine and sine. Analysis on the Real Line, Chapter 10 does:
there cos and sin are defined by power series, 7 is defined as twice the least positive zero of cos,
and the facts below are proved. Its R is a complete ordered field, so by Number Systems: From
\(\nN\) to \(\nR\), Theorem 6.3.1 it is our R, up to the one order-preserving field isomorphism;
the functions and the number carry over along it.

We write 277 = {27k : k € Z}, the integer multiples of 27 in R.

Axiom 1.5.2. What This Volume Borrows about Cosine and Sine

There are functions cos,sin: R — R and a real number 7= > 0 with the following properties.
They are assumed here and proved in Analysis on the Real Line, Chapter 10.

(T1) cos?6 +sin?0 = 1 for every § € R.

(T2) For all §,¢p € R,
cos(f + ¢) = cos f cos ¢ — sin @ sin p,

sin(f + ¢) = sin 0 cos ¢ + cos 0 sin .

(T3) For 6 € R: cosf =1 if and only if § € 27Z.
(T4) For every (z,y) € R? with 22 + y? = 1 there is § € R with cos = x and sin = y.
(T5) sin® > 0 whenever 0 < 6 < 7.

In words: (T1) puts the point (cos 6, sin #) on the unit circle; (T2) is the pair of addition formulas;
(T3) says that the cosine reaches 1 exactly at the multiples of a full turn; (T4) says that every
point of the circle is reached; (T5) says that during the first half turn the point stays in the
upper half plane.

This box is where the chapter borrows. Like Logic and Proof, Axiom 4.2.1, which Logic and
Proof assumed and Number Systems: From N to R, Chapter 1 proved, it is a statement assumed
in one volume and proved in another. Nothing in Sections 1.1-1.4, and nothing in this section
above the box, uses it. From here on we use these five facts about cos, sin and 7 and no others:
no value such as cos(m/3) = %, no periodicity, no picture of a graph. Whatever else we need,
we derive, and each proof that uses one of the facts names it by its number. Two consequences
come at once.
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e cos0 =1, by (T3), since 0 = 27-0 € 27Z. Then (T1) gives sin?0 =1—1 =0, so sin0 = 0,
because a non-zero real number has a positive square (Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.5 (e)).

o cos(2mk) =1 and sin(27k) = 0 for every k € Z, by (T3) and then (T1) in the same way.

Warning. The five facts are about cos, sin and 7 only. A school fact such as sin(7/6) = %
is not among them, and a proof in this volume may not quote it: Example (Special Angles)
below derives the few values we use. Nor do the facts say that cos and sin are “periodic with
period 277 as functions; that is true, and derivable from (T2) and (T3), but no proof here
needs it.

Polar form

With angles available, we can name the point of T at angle 6.

e is the point of the unit circle at angle 6.

Definition 1.5.1. Polar Form

For 6 € R we write
e = cosf + isin 6.
Let z € C with z # 0. A polar form of z is an expression z = re? with »r € R, r > 0, and

f € R. Then 0 is an argument of z.

In words: the first line is an abbreviation, not an exponential. This volume has no exponential
function, the letter e on its own means nothing here, and the only rule of exponents we will
use for e? is the one proved below (Theorem 1.5.3 (a)). Analysis on the Real Line, Chapter
10 shows that €? is indeed the value of the complex exponential function at i6; the notation
anticipates that, and the linear algebra volumes write their roots of unity with it. The exponent
may be written in any form equal to i@ with @ real, and the symbol then means e?: for example
e~ = ¢i(=0)  g2mi i2m ginf — oi(n9) and =27 = ¢(=27)  This is unambiguous, because the
real number 6 is determined by 46 (it is its imaginary part). The second part asks for a positive
real 7 and allows any real 6.

=€

The point € lies on T. Indeed |e?| = v/cos? 0 + sin?f = /1 = 1, by Definition 1.2.1 and (T1).
So re? is a length r times a direction, as in Proposition 1.5.1 (b), and that proposition gives
r = |z| for every polar form of z.

Examples.

e €0 =cos0+isin0 = 1, by the consequences of the box. So 1 = 1-¢* and 5 = 5¢¥ are
polar forms.

e €¥™ = cos 21 + isin 27 = 1, by the second consequence with k = 1. So 1 = 1-e?™ as well:
0 and 27 are both arguments of 1, and they differ, since = > 0.

« The number 0 has no polar form, since |re?’| =r > 0.

A non-example by minimal change. Allow 7 < 0: then —1 = (—1) - € looks like a polar
form of —1 with argument 0. The clause that fails is » > 0, and it matters: with negative r
allowed, the length could no longer be read off as |z|, and 1 = 1- € and —1 = (—1)e® would
share the argument 0. We will see in Example (Special Angles) that —1 = 1 - ¢'™ is a genuine
polar form.



CHAPTER 1.5. THE UNIT CIRCLE AND POLAR FORM 50

The examples already show why the definition says an argument: 1 = e = ¢2™. How much

freedom there is, exactly, is part (b) of Proposition 1.5.4 below. First, the reason for the notation:
these numbers multiply the way exponentials do.

Theorem 1.5.3. Multiplication in Polar Form

(a) efei? = 09 for all 0, € R.
(b) € =1, and ()1 = e = ¢ for every 6 € R.

(c) If r,s € R with r, s > 0 and 6, ¢ € R, then (re?)(se?) = rse'®*%) and this is a polar
form of the product.

Idea. Multiply out (cos@ + isinf)(cos ¢ + isin ) with the rule of Definition 1.1.1: the real
and imaginary parts that appear are exactly the right-hand sides of the addition formulas
(T2). The rest is bookkeeping with inverses and moduli.

Proof.

(a) By the multiplication rule of Definition 1.1.1,

e?e' = (cos B cos ¢ — sin 0 sin @) + (cos @ sin ¢ + sin 0 cos )i
= cos(0 + ) +isin(0 + ¢),

where the second equality is (T2), with the two products in the imaginary part re-
ordered by commutativity in R. The right-hand side is e?(®+%).

(b) € =1 was shown in the first example above. By (a) with ¢ = —0, e = €0 = 1,
so e~ is the inverse of €, by uniqueness of inverses in the field C (Theorem 1.2.4,
Number Systems: From \(\nN\) to \(\nR)\), Lemma 4.1.1 (a)). Since e € T, its
inverse is also its conjugate (Proposition 1.5.1 (a)).

(c) By Proposition 1.1.2 (commutativity and associativity of -), (re?)(se’?) = (rs)(ee’®?),
and (a) turns this into rse!®*%). Here rs > 0 by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5 (¢) (multiply 0 < r by s > 0), so this is a polar form.

In words: to multiply two complex numbers, multiply their moduli and add their
arguments. This is the chapter’s third named move, multiply moduli, add angles. Multi-
plying by a fixed w = se’¥ therefore turns the plane about 0 by the angle ¢ and stretches it by
the factor s. The picture shows z, w and zw for |z| = 1.5, |w| = 1.2, and arguments of 20° and
50° (a full turn being 360°, that is, 27).
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The arrow for zw has length 1.5 x 1.2 = 1.8 and makes the angle 20°450° = 70° with the positive
real axis: it is the arrow for z, turned by the argument of w and stretched by the modulus of
w. The small arc marks the argument of z, the large arc the extra turn by the argument of w,
and the dashed arc is part of the unit circle, where the numbers e live.

Now the freedom in the argument. Every non-zero number has a polar form, and its arguments
are determined up to a whole number of full turns.

Proposition 1.5.4. Existence and Uniqueness of Polar Form

(a) Every z € C with z # 0 has a polar form, and every polar form z = re has r = |2|.
(b) For r,s € R with ;s > 0 and 0, ¢ € R,

re?? = se’ «—= r=sand 0 — ¢ € 27Z.

Proof.

(a) By Proposition 1.5.1 (b), z = |2| - u with u = 2 + yi € T, so 22 + y?> = 1. By (T4)
there is § € R with cosf = z and sinf = y, that is, u = €. Hence z = |z|e?, with
|z| > 0. Conversely, if z = 7 is a polar form, then ¢ € T, and the uniqueness in
Proposition 1.5.1 (b) gives r = |z|.

(b) Suppose first that re?® = se’?. The number re? is non-zero: r # 0, ¢ € T is non-zero

(Proposition 1.5.1 (a)), and a product of non-zero elements of the field C is non-zero
(Theorem 1.2.4, Number Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d)). So
both sides are polar forms of the same non-zero number, and r = s by (a). Multiplying
by 1 gives € = €'?. In the other direction, if r = s, the two sides are equal exactly
when e = €. So it remains to show that e’ = ¢ if and only if § — ¢ € 277Z.

Multiplying by e~*, and back by e, shows that e’ = ¢? holds if and only if e~ =
€*?e~™ that is, by Theorem 1.5.3 (a) and (b), if and only if €/®=¥) = 1. Comparing real
and imaginary parts, this says cos(f — ¢) = 1 and sin(@ — ¢) = 0. The second condition
follows from the first: by (T1), cos(§ — ) = 1 gives sin?(f — ¢) = 0, hence sin(f — ¢) = 0
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e)). So e = ¢ if and
only if cos(6 — ¢) = 1, and by (T3) that holds if and only if § — ¢ € 27Z.

Existence came from (T4), and uniqueness from (T3), with (T1) helping and (T2) entering
through Theorem 1.5.3. “Comparing arguments” therefore always means comparing them up to
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a multiple of 27, and the next warning is the trap this sets.

Warning. From e = ¢ one may not conclude 6 = ¢: € = ¢?™ = 1, and 0 # 2. Only

0 — ¢ € 2nZ follows (Proposition 1.5.4 (b)). Forgetting this loses solutions as soon as an
equation is solved for an angle; Section 1.6 meets an equation where it would lose all but one
of them.

Powers

Repeating Theorem 1.5.3 gives powers. The powers z" are those of the recursion 2" = 1,
2"t = 2"z (Proposition 1.1.3).

Theorem 1.5.5. De Moivre’s Formula

For every 6 € R and every n € N,
(ew)n =" that is, (cosf 4 isinB)" = cosnb + i sin nf.

Consequently (rew)” = r"e" for every real r > 0, and this is a polar form.

Idea. A power is a repeated product, and each new factor ¢ adds # to the argument, by
Theorem 1.5.3 (a). So induction on n, along the recursion z"*1 = 2"2.

Proof. We use Logic and Proof, Axiom 4.2.1 on n, read on N = w through Number Systems:
From \(\nN\) to \(\nR\), Corollary 1.7.3 (b); here nf is the product in R of n - Iz and 0
(Number Systems: From \(\nN\) to \(\nR\), Definition 4.2.1 (a)). For n = 0, the left side
is (€)% = 1 by the recursion, and the right side is e = 1 by Theorem 1.5.3 (b). Suppose
(€)™ = e for some n € N. Then

(eie)nﬂ _ (ew)"ezﬂ — i gif _ i(nf+0) _ i(n+1)0

by the recursion, the induction hypothesis, Theorem 1.5.3 (a), and (n+1)-1g =n-1g + 1g
(Number Systems: From \(\nN\) to \(\nR\), Definition 4.2.1 (a)) with distributivity in R.
This proves the formula for every n € N.

For the consequence, Proposition 1.1.3 (c) gives (re?)? = ()" = r"ei™. The power r"
is the same whether it is computed in R or in C, by the remark after Proposition 1.1.3 in
Section 1.1, and 7™ > 0 because a product of positive reals is positive (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (c); induction on n, with r® =1 > 0).

For a negative exponent, Exercise C1 below defines 2~ locally and proves the matching formula;
nothing in the text uses it.

The five borrowed facts give no particular value of cos or sin except at multiples of 27. Every
other value this chapter uses is derived next, from (T1)—(T5) and the algebra of Sections 1.1-1.4.
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Example. Special Angles
Show, using only (T1)-(T5) and the results proved so far, that
+ Y3

el — —1, e171’/2 =i, eZ7T/3 _ 34,

N[ =

em/6 — § + %Z, em/4 i

+

S
Sl

Solution. Each value is found the same way: a power of the unknown point is a point we
already know, and (T5) chooses between the candidates. Since 7w > 0, each of 7/2, 7/3, 7/4,
7/6 lies strictly between 0 and 7, so (T5) gives Ime? = sin# > 0 for each of them.

(i) ™ = —1. Let u := €'™. By Theorem 1.5.5, u* = 2™ = 1,50 (u—1)(u+1) = u?—1 =0,
and since C has no zero divisors (Theorem 1.2.4, Number Systems: From \(\nN\) to
\(\nR\), Lemma 4.1.1 (d)), v = 1 or v = —1. Suppose v = 1. Then cosm = 1, so
m = 2rk for some k € Z by (T3); dividing by m # 0 gives 1 = 2k in R, an equation
between images of integers. The embedding of Z into R, through Q (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.4.4) and x (Number Systems: From \(\nN\)
to \(\nR)\), Theorem 5.6.3), is injective and preserves + and -, so 1 = 2k holds in Z.
But 1 =2-0+ 1 is odd, and an odd integer is not of the form 2k (Number Systems:
From \(\nN\) to \(\nR\), Corollary 3.1.3 (a)). So u # 1, and ™ = —1.

(ii) /2 =4. Let u := €/™/2, By Theorem 1.5.3 (a), u? = €™ = —1 = 42, so (u—1)(u-+i) = 0
and v = £i. Since Imwu > 0 and Im(—i) = -1 < 0, u = 1.

(iii) /3 = % + @z Let u := €™/3. By Theorem 1.5.5, u® = €™ = —1. Multiplying out
shows (u+1)(u?—u+1) = u?+1 = 0. Now u # —1, since Imu > 0; so u>~u+1 = 0. By
Corollary 1.4.2 witha =1, b= —1, ¢ = 1, and d := /31, a square root of b> —4ac = —3
(indeed (v/314)? = 3i% = —3),

1++/3i 1—+/3i
UZT or UZT.

Since Imu > 0, u = % + @z

(iv) ei™/6 = @ + 3i. Since 7/6 = 7/2 + (—/3), Theorem 1.5.3 (a) and (b) give

4 : 4 —= /1 3 V3 1
im/6 _ im/2 —im/3 _ - in/3 (= _ V2 _ V2 -
e e %e i-e z<2 5 2) i,
by (ii) and (iii).
(v) e/t = % + %z Let u := ¢/%. By Theorem 1.5.3 (a) and (ii), u> = ¢"™/2 = i. The
formula of Proposition 1.4.1 for z =4 (so a =0, b = 1, r = |i| = 1) gives the square
root w = /1/2 4 1/1/24, and 1/1/2 = 1/4/2, since both are non-negative and square
1

to 5. By Proposition 1.4.1 (b), u = w or v = —w, and Imu > 0 rules out —w. So

u = w.

Comparing real and imaginary parts turns these into values of cos and sin:

0 0 /6 /4 /3 /2 T

cos 6 1 V3/2 1/v/2 1/2 0 -1
sin 6 0 1/2 1/v/2 V3/2 1 0
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These are the familiar values, now proved from the five facts.

Two special cases of the rotation picture are worth isolating. Multiplying by i = ¢™/2 turns

the plane by a quarter turn, counterclockwise; two quarter turns make a half turn, and this

is the picture behind i2 = —1 = €. And multiplying by e~ = €¥® undoes the turn by 6
(Theorem 1.5.3 (b)).

Powers that are tedious to expand become one line in polar form.

Example. A Power via Polar Form

Compute (v/3 + )6.

Solution. We have /3 + i = 2(@ + 1) = 2¢7/6 by Example (Special Angles) (iv). By
Theorem 1.5.5 and Example (Special Angles) (i),

(V3 +0)F = 206775 _ 646" — 64

By hand: (v3+4)2 = 3+2v3i—1 = 24234 = 2(1++/34), and (1++/34)3 = (1+/34)(—2+
2/3i) = -2 — 6 = —8, so (V3 +14)8 = (2(1 + v34))® = 8- (—8) = —64 (Proposition 1.1.3
(b), (¢)), the same answer.

Quick check. Use polar form to compute (1 +4)®, and check the answer with (1 +4)? = 2i.

Solution. By Example (Special Angles) (v), 1 +1i = \@(% + %2) = 2¢e/4. By Theo-
rem 1.5.5, (1 + i)8 = (v/2)8¢"87/4 = 16¢2™ = 16, since (vV2)® = ((v2)?)" = 2* = 16 and

2™ = 1. Check: (1+1)8 = ((1+14)2)* = (2i)* = 16i* = 16, by Proposition 1.1.3 (b), (c).

Exercises

1.5.5.1 A. Check your understanding

Exercise. Al

(a) Give a polar form of —2 and of 3i.
(b) True or false: if e = €’?, then 6 = . Justify your answer.

(c¢) In Proposition 1.5.4, which of the borrowed facts (T1)-(T5) gives the existence of a
polar form, and which gives the uniqueness of the argument up to 2777

(d) Which results of Sections 1.1-1.5 use none of the borrowed facts? Is Proposition 1.5.1
among them?
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Solution.

(a) —2 = 2¢'™ and 3i = 3¢"™/2, by Example (Special Angles) (i) and (ii); the moduli 2 and
3 are positive, as a polar form requires. (Any 7 + 27k, respectively /2 + 27k, with
k € Z, is also an argument, by Proposition 1.5.4 (b).)

(b) False. e? = 1 = 2™ but 0 # 27 since 7 > 0. What is true is § — p € 277Z
(Proposition 1.5.4 (b)).

(c) Existence: (T4), which provides an angle for the point z/|z| of T. Uniqueness: (T3),
which turns cos(f — ¢) = 1 into 0 — ¢ € 27Z; (T1) is used alongside it, to see that
sin(f# — ¢) = 0 follows from cos(f — ¢) = 1, and (T2) enters through Theorem 1.5.3,
which turns ¢ = ¢ into =) = 1.

(d) Everything in Sections 1.1-1.4, and the part of this section before Axiom 1.5.2; after the
box, only Exercise C2, which is set up to avoid them. In particular Proposition 1.5.1
uses none of them: its proof uses only the modulus rules of Section 1.2, the field
properties of C, and order facts about R from Number Systems: From N to R.

1.5.5.2 B. Practice

Exercise. B1

Compute (1 —+/314)S.

Solution. We have 1 — /37 = 2(3 — @z) = 2¢im/3 = 2¢=""/3 by Example (Special Angles)
(iii) and Theorem 1.5.3 (b). By Theorem 1.5.5,

(1—V/34)8 = 20e76/3 = 647%™ = 64,

since —2m = 27 - (—1) € 27Z, so cos(—2m) = 1 and sin(—27) = 0 by (T3) and (T1), and
e 2 =1,

Exercise. B2: Symmetries of Cosine and Sine

Prove that for every 8 € R:

cos(—0) = cosf, sin(—0) = —sinf, cos(fd+ m) = —cosb,
sin(f + 7) = —sinf, cosf = sin(f + 7/2).

Hint: write each left side as a part of some €%, and compute that €V with Theorem 1.5.3.

Solution. By Theorem 1.5.3 (b), e~ = €i, that is, cos(—) + isin(—f) = cosf — isinb.
Comparing real and imaginary parts gives cos(—6) = cos and sin(—6) = —sin 6.

By Theorem 1.5.3 (a) and Example (Special Angles) (i), e'®+7) = ¢@eim = _¢#  that is,
cos(f + ) + isin(d + m) = —cos @ — isinf. Comparing parts gives the next two identities.

By Theorem 1.5.3 (a) and Example (Special Angles) (ii), e/®+™/2) = je® = jcos# — sin 6.
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Comparing imaginary parts gives sin(6 + 7/2) = cosf. (Comparing real parts gives, in
addition, cos( + 7/2) = —sin6.)

Exercise. B3

Let § € R. Show that |e? — 1|2 = 2 — 2cosf. Hence show again that ¢ = 1 if and only if
cosf = 1.

0

Solution. Let u := €%, so uti = |u|?> = 1. Squaring the modulus, by Theorem 1.2.2 (a)—(c),

lu—12=@w-1)u-1)=@u-1)(T-1)=ut— (u+7)+1=2—-2Reu,
and Reu = cosf. Hence |u — 1> = 2 — 2cos 6.

Now u = 1 if and only if |u — 1| = 0 (Theorem 1.2.2 (e)), if and only if |u — 1|> = 0 (a
real number is 0 exactly when its square is: 02> = 0 by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (b), and a non-zero square is positive by Number Systems: From
\(\nN\) to \(\nR)\), Proposition 2.3.5 (e)), if and only if 2 — 2cos# = 0, that is, cosf = 1.

1.5.5.3 C. Going deeper

Exercise. C1: Triple Angles and Negative Powers

(a) Prove that cos 36 = 4 cos® @ — 3 cos and sin 30 = 3sinf — 4sin® @ for every 0 € R.

(b) For z € C with z # 0 and n € N, put 2" := (2~ 1)" (a definition local to this exercise).
Show that (e)=" = =",

Solution.

(a) Write ¢ := cos@ and s := sinf. By Theorem 1.5.5, cos 30 + isin30 = (c + is)3. Now
(c+1is)? = (c® — %) + 2cs i, and

(c+1is)® = ((c® — %) + 2cs14) (c + is)

= (¢ — 3cs?) + (3c?s — s3)i.
Comparing real parts and using s = 1 — ¢? (T1), cos 30 = ¢3 — 3¢(1 — ¢?) = 4¢3 — 3c.
Comparing imaginary parts and using ¢? = 1 — s2, sin 30 = 3(1 — s%)s — 53 = 35 — 45°.

(b) By Theorem 1.5.3 (b), (¢?)~1 = ¢ = (=9 By Theorem 1.5.5 applied to —0,
(ew)fn — (ei(fe))n _ em(fe) — o—inf

Nothing in this chapter uses negative powers of complex numbers; the definition in (b) is for
practice only.

Exercise. C2: Points on the Circle without Angles



CHAPTER 1.5. THE UNIT CIRCLE AND POLAR FORM o7

For t € R put

(a)
(b)

()

1+t

U = —.

1—at
Show that u; is defined, that u; € T, and that us # —1.

Show that every u € T with v # —1 equals u; for exactly one t € R, namely
t =Imu/(1+ Reu).

Compute uy /5 in the form a + bi.

Use none of the borrowed facts (T1)—(T5).

Solution (Hint 1). For (b), on the unit circle the conjugate is the inverse: @w = 1/u.

Solution (Hint 2). Clearing the denominator, u = w; is equivalent to u — 1 = it(u + 1), and
u+1+#0, so t is determined; it remains to show that (u —1)/(i(u + 1)) is real.

Solution.

(a)

The real part of 1 —it is 1, so 1 —it # 0 and the quotient is defined. The numbers 1+ it
and 1 — it are conjugate, so they have the same modulus (Theorem 1.2.2 (d)), which is
non-zero. From u;(1—it) = 14t and Theorem 1.2.2 (d), |u||1 —idt| = |1 +3dt| = |1 —it],
and canceling the non-zero real number |1 — it| gives |u;| = 1. If uy = —1, then
1+it=—(1—1it) = —1+1it, so 1 = —1, which is false. So u; # —1.

Let v € T with u # —1, and let t € R. Since 1 — it # 0, the equation u = wu; is
equivalent to u(1 —it) = 1 4+ it, that is, to

u—1=7dt(u+1).

Since i(u 4 1) # 0, this holds if and only if ¢t = ¢, where ¢y :== (v — 1)/(i(u+ 1)) € C.
So at most one real ¢t has u; = u, and one does exactly when g is real. Using uu = 1,

(u—DE+1l)=wt+u—u—1=u—u=2iImu,

where u—u = 2i Im u by Definition 1.2.1 (with u = a+bi, (a+bi) — (a—bi) = 2bi); and
(u+1)(@+1) = |u+1]?> = 2+2Rewu, by Theorem 1.2.2 (a), (c). This is a positive real
number, since u 4+ 1 # 0. Multiplying numerator and denominator of (v — 1)/(u + 1)

byu+1l=u+1#0,
_1 2iImu Imu

to =~ - —
O~ Y 21X2Reu 1+ Reu’

a real number. So exactly one ¢t € R has u; = u, namely .

Multiplying numerator and denominator by the conjugate 1 + %2 of the denominator,

U2 =

(1+39)> 3+i 3
=4 =3

+ 5
= -+ =i
1+ 2 5

Check against (b): Imu/(1+ Reu) = %/% =1
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So the map ¢ — u; is a bijection from R onto T\ {—1}, and it was found with no angle. For
rational ¢, the point u; has rational coordinates: the computation in (c) with ¢ in place of %
gives uy = ((1 — %) +2ti)/(1 +¢%), and ¢ = 1/2 gives the point (3/5,4/5) behind the right
triangle with sides 3, 4, 5.

Marking scheme. (10 points) - 2: 1 — it # 0 with a reason, and |u;] = 1 from the equal
moduli of conjugates. - 1: u; # —1. - 2: u = u; rewritten as a linear equation in ¢, with
u 4+ 1 # 0 used to solve it uniquely. - 3: shows that the unique solution is real and equals
Imu/(1+ Reu), with 1 + Rew # 0 justified (for example by multiplying by u + 1 and using
wt = 1, with 2+ 2Reu > 0). - Second route (coordinates v = = + yi, x> +y> = 1): the
two lines above (5 points) become 2 for splitting v — 1 = it(u + 1) into x — 1 = —ty and
y = t(1 4+ z), showing = # —1 (otherwise u = —1) and so t = y/(1 + z) is forced; and 3 for
checking that this ¢ satisfies  — 1 = —ty, using 22 + y? = 1. - 2: (c) computed and checked.
Fatal errors (0 for the step): writing u = €? and using a half-angle formula (borrowed facts,
and values not derived here); dividing by 1 + Rew without showing it is non-zero.

1.6 Higher Roots, Roots of Unity, and a
Look Ahead

Section 1.4 solved 22 = ¢ with real square roots alone. Polar form turns the general equation
2" = cinto a question about lengths and angles: by De Moivre’s formula (Theorem 1.5.5), raising
to the n-th power raises the modulus to the n-th power and multiplies the argument by n. The
angle part is a linear equation for a real number, with the ambiguity 27Z of Proposition 1.5.4
attached. The length part is the real equation ™ = p with p > 0, and before anything else we
must know that it has exactly one positive solution. This section proves that, solves 2z = ¢,
counts the solutions, studies the case ¢ = 1, and ends with a look ahead at polynomial equations
in general.

Real n-th roots

For n = 2, Number Systems: From N to R, Chapter 6 built the square root by the move
construct a point as a supremum (Number Systems: From \(\nN\) to \(\nR)\), Proposi-
tion 6.1.4), and an exercise there ran the same move for cube roots (Number Systems: From
\(\nN\) to \(\nR\), Exercise (B2: Cube roots)). For a general exponent the move is the same;
only the estimate for (s + h)"™ needs a new tool, and Lemma 1.1.4 supplies it. Here n - 1g is
written n, and powers in R are those of Proposition 1.1.3 with R = R, the same recursion as
Number Systems: From \(\nN\) to \(\nR\), Definition 4.2.1 (b).

Lemma 1.6.1. Real n-th Roots

Let n € N with n > 1.

(a) If s,t € Rand 0 < s < t, then s" < t".

(b) For every a € R with a > 0 there is exactly one b € R with b > 0 and " = a. We
write {/a :=b. For n = 2 it is the square root y/a of Number Systems: From \(\nN\)
to \(\nR\), Proposition 6.1.4.
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Idea. Part (a) is the factorization t" — s = (t — s)(t" 1 +#""2s + ... 4+ s"71): both factors
are positive. For (b), let s be the supremum of the set S of non-negative y with y" < a, and
rule out s" < a and s" > a.

If s" < a, we want h > 0 with (s + h)" < a. Working backwards: for 0 < h < 1, the same
factorization writes (s + h)™ — s™ as h times a sum of n terms, each at most (s + 1)"~1. So
(s 4+ h)" —s" < h-n(s+1)""!, and it is enough that this be at most half the room a — s™.
That gives h := min{1, (a — s")/(2n(s + 1)""1)}.

If s" > a, we want h > 0 with (s — h)™ > a still, which makes s — h a smaller upper bound.
Now s" — (s —h)™® < h-ns""!, and it is enough that this equal the excess s" — a. That gives
h = (s" —a)/(ns""1).

Proof. Three facts are used throughout: a power of a non-negative real number is non-
negative and a power of a positive one is positive (induction on the exponent with Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (c)); if 0 < y < 1 then y* < y for
every k > 1, while if 5 > 1 then y* >y (induction: y**! = y*y, and Number Systems: From
\(\nN\) to \(\nR)\), Proposition 2.3.5 (c) or equality); and if 0 < z < 2/’ and 0 < y < ¢/,
then zy < 2’y < 2’y (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (c)
twice, or equality).

(a) By Lemma 1.1.4 in the commutative ring R,
n—1
t"—s"=(t—s) Z thgn—1=k,
k=0

Every term of the sum is > 0, and the term with k = n—11is¢"~! > 0, since t > s > 0.
So the sum is > "1 > 0. Also t — s > 0. Hence t" — s" > 0 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (c)).

(b) Uniqueness. If byc > 0 and b # ¢, say b < ¢, then b"™ < ¢™ by (a); so at most one
non-negative b has 0" = a.

Ezistence. If a = 0, then b := 0 works, since 0" =0""1.0=0. Let a > 0, and let
S={yeR:y>0and y" <a}.

Put m = min{l,a} > 0. Since 0 <m <1, m" <m < a, som € S. Put M := max{1,a}.
If y > M, theny > 1,s0y" >y > M > a and y ¢ S; hence M is an upper bound
of S. Since R is a complete ordered field (Number Systems: From \(\nN\) to \(\nR)),
Theorem 5.6.3, Number Systems: From \(\nN\) to \(\nR\), Definition 5.6.1), S has a
supremum; let s := supS. Then s > m > 0.

Case s" < a. Let N
. a—s
h = mln{l, W}
It depends only on a, n and s, and h > 0, since a — s” > 0 and 2n(s + 1)"~! > 0. By

Lemma 1.1.4,
n—1

(s+h)"—s"=h Z(s + h)ksn—17k,
k=0



CHAPTER 1.6. HIGHER ROOTS, ROOTS OF UNITY, AND A LOOK AHEAD 60

Since 0 < s < s+ h < s+ 1, each term satisfies (s 4+ h)Fs"717F < (s + 1)F(s + 1) 17F =
(s+1)""1 by (a) (or equality), the third fact, and Proposition 1.1.3 (a). A sum of n terms,
each at most (s + 1)"71, is at most n(s + 1)"~!. Hence

a— s"

(s+h)"<s"+h-n(s+1)" 1 <s"+ <a.

Sos+heS,and s+ h > s, against s being an upper bound of S.

Case s™ > a. Let .

ST —a

h = nsn—1’
which depends only on a, n and s, and is positive. Since a > 0, we have s — a < s" < ns",
so h < s"/(ns"!) = s/n < s; thus 0 < s — h < s. By Lemma 1.1.4 and the same bound,

with 0 < s — h < s, each of the n terms of Y775 s¥(s — h)" 17 is at most s~ !, so
s"—(s—h)"<h-ns"l=s"—uq,

that is, (s — h)™ > a. Now let y € S. If y > s — h, then (a) gives y” > (s — h)" > a, against
yeS. Soy <s—h,and s — h is an upper bound of S smaller than s, against s being the
least upper bound.

Both cases are impossible, so s” = a by trichotomy, and b := s > 0 works.

For n = 2, the number ¥a is non-negative and squares to a, so it is y/a, by the uniqueness
in Number Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4.

The constants were found backwards in the Idea and placed first in the proof, and each depends
on a, n and s only. Completeness was used once, to produce s. For a > 0 the root is positive,
since 0" = 0 # a. For instance /8 = 2 and v/4 = /2, since 23 = 8 and (v/2)* = ((\@)2)2 =4,
and both are non-negative. The symbol {/a is used only for non-negative real a; the next
theorem shows why it could not mean “the” n-th root of a complex number.

Solving the equation z to the n equals c

Now the main result. Every non-zero complex number has exactly n different n-th roots, and
polar form lists them.

Theorem 1.6.2. n-th Roots of a Complex Number

Let n € N with n > 1, and let ¢ € C with ¢ # 0. Let ¢ = pe'® be a polar form of c
(Proposition 1.5.4), and for k € Z put

2 = {L/ﬁ ei(a+27rk)/n.

(a) For z € C: 2" = ¢ if and only if z = z; for some k € Z.

(b) For k,l € Z: 2z, = z if and only if n | kK — [ (Sets and Functions, Definition 1.1.2).

(¢) The map {0,1,...,n—1} - {z € C: 2" =c¢}, k> 2z, is a bijection. So ¢ has exactly
n n-th roots (Sets and Functions, Definition 2.5.2).

In particular every non-zero complex number has an n-th root, and every u € T has one in
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T.

Idea.

Write the unknown in polar form, z = re*®. De Moivre turns 2" = ¢ into "™ = pe'®,

and the uniqueness half of polar form splits that into a real equation for the length, r"™ = p,
and an equation for the angle, nff € a + 27Z. The first has one solution, » = {/p. The
second has the solutions § = («a + 27k)/n, one for each integer k. Different k can give the
same point, and they do exactly when the angles differ by a whole number of turns, that is,
when n | k —[. So the k that matter are the remainders 0,...,n — 1.

Before reading on: where is the uniqueness half of the polar form used, and where the unique-
ness of the real n-th root?

Proof. Here p = |c| > 0 by Proposition 1.5.4 (a), so /p > 0 exists by Lemma 1.6.1 (b).

(a)

Let 2 € C. If 2 = 0, then 2™ = 0" 1.0 = 0 # ¢ (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (b)), and z is no 2, since every z;, has modulus {/p > 0.
So let z # 0, and fix a polar form z = re? (Proposition 1.5.4 (a)). By Theorem 1.5.5,

n ,ind

2™ =r"e"™ a polar form with ™ > 0. By Proposition 1.5.4 (b),
2"=c < r"=p and nh — o € 27Z.

Since r > 0, the uniqueness in Lemma 1.6.1 (b) gives " = p <= r = /p. And
nf — a = 27k holds for a given k € Z exactly when 0 = (a + 27k)/n.

(=) If 2" = ¢, then r = {/p and 6§ = (a + 27k)/n for some k € Z, so z = z.

(&) If 2 = 2, use the polar form r == {/p, 6 = (o + 27k)/n of z in the equivalence
above. Both conditions on the right hold, so z" = c.

The numbers z; and z; are given in polar form with the same modulus. By Proposi-
tion 1.5.4 (b), 2 = 2z if and only if
a+2rk  a+2nl  2n(k—1)
n no n

€ 217,

that is, if and only if 27(k — 1) /n = 2mm for some m € Z. Multiplying by n/(27), and
back, this says £ — [ = mn, an equation between integers. So z; = z; if and only if
n|k—I.

By (a), each zj is a solution, so the map is into the set of solutions. Injective: let
0<Il<k<n-—1 Then0< k—1<n. If 2 = 2, then n | k — [ by (b), and since
n > 0and k—1 > 0, Number Systems: From \(\nN)\) to \(\nR\), Proposition 3.1.1 (e)
gives n < k — [, a contradiction. So zj # z;. Surjective: let 2" = c. By (a), z = z for
some k € Z. Division with remainder (Number Systems: From \(\nN\) to \(\nR)),
Theorem 3.1.2 (a)) gives k = gn + j with g € Z and 0 < j <n—1. Thenn | k — j,
so z = 2 = z; by (b). Hence the map is a bijection. Composing it with the bijection
{1,...,n} = {0,...,n —1}, j — j — 1, shows that the set of solutions has n elements
(Sets and Functions, Definition 2.5.2).

Finally, zg is an n-th root of c. If |¢| = 1, then p = 1 and {/1 = 1, since 1 > 0 and 1" = 1;
so every zp has modulus 1 and lies in T.
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The answer to the prompt: the uniqueness half of the polar form, Proposition 1.5.4 (b), turns
the one complex equation 2z = ¢ into the two real conditions, and is used again in (b) to decide
when two of the z; coincide. The uniqueness of the real root forces the modulus, r = {/p. The
ambiguity 27Z in the angle is what produces n roots instead of one.

3 0

Warning. Dividing the angle equation by n too early loses roots. From 22 = 1, z = €%,
one might write €3 = ¢, “s0 30 = 0 and z = 1”. But €%’ = ¢ only gives 30 € 277Z
(Proposition 1.5.4 (b)), and the angles 27/3 and 47/3 give two more cube roots of 1. Only
the remainders 0,...,n — 1 of k matter, but all of them do.

Roots of unity

The most important case is ¢ = 1.

Example. Roots of Unity

Let n > 1 be an integer. Find all z € C with 2 = 1, and draw them for n = 6.

Solution. Apply Theorem 1.6.2 with ¢ =1 = 1-¢€? (Theorem 1.5.3 (b)): p =1, @ = 0, and
{/1 = 1. The solutions are '
o = T keZ.

Put w = >™/", By Theorem 1.5.5, zj, = (e*™/")k = ¥ for k € N. By Theorem 1.6.2 (c),
there are exactly n solutions,

1, w, w2, ..., WL
the n-th roots of unity. They lie on T, at the arguments 27k /n, equally spaced around
the circle: multiplying by w turns each one into the next (Theorem 1.5.3 (a)), and w™~! back
into w" = 2z, = zp = 1 (Theorem 1.6.2 (b)). For n > 3 they are the corners of a regular

polygon with n corners, one of them at 1; for n = 2 they are 1 and w = ™ = —1 (Example
(Special Angles) (i)); for n =1 only 1.
Forn=6w=¢e"3=1+ ?z (Example (Special Angles) (iii)), and w® = ™ = —1. Hence
w? = (% + @zf = % = % + @z = —% + @i, wt = —w and w® = —w?. The six roots are
1 V3 1 V3 - 1 V3 1 V3
]., 5"‘72, —§+72, —]., —5—771, 5—72.

Im

3

k+3 _ K

The six roots sum to 0: since w® = —1, we have w —w", so the roots cancel in the
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opposite pairs {1,w?}, {w,w?}, {w?,w®}. In the picture, the hexagon is symmetric about its
center 0. In general the sum is Proposition 1.6.3 below.

We write p1, = {z € C: 2" = 1} = {l,w,...,w" !} for the set of n-th roots of unity. It is a
subset of T, since each element is some 2, = >/ (Theorem 1.6.2 (a)). It contains 1, and it is
closed under products, since ((n)" = ("n"™ =1 for ¢,n € pu, (Proposition 1.1.3 (c)). It is closed
under inverses, since (- ("~ = (" =1 gives (7! = ("1, a product of elements of y, (for n =1,
¢ =1). Algebraic Preliminaries, Chapter 2 treats ju,, like T, as an example of a group.

The roots of unity also describe the roots of any ¢ # 0: the root 2z = {/p ¢'@/™ of Theorem 1.6.2
satisfies zp = zow” for k € N, by Theorem 1.5.3 (a) and Theorem 1.5.5, since (a + 27k)/n =
a/n + 2nk/n. So by Theorem 1.6.2 (c) the n-th roots of ¢ are zg, zow, . .., zow™ ': one of them
times the n-th roots of unity.

The six roots canceled in pairs. The same pairing works for every even n, since w2 = '™ = —1
(Theorem 1.5.5, Example (Special Angles) (i)) gives w®+™/2 = —w*; but for odd n there are no
opposite pairs: if ¢ and —( were both n-th roots of unity, then 1 = (—=({)" = (-1)"(" = —-1. A
different argument is needed. It is Lemma 1.1.4 once more.

Proposition 1.6.3. Sums of Roots of Unity

Let n € N with n > 2, and let w = €27/,

(a) For m € N: w™ =1 if and only if n | m. In particular w # 1.

n—1
(b) Z w* =0.
k=0
(c) For m € N,
n—1 .
f
Zwmk—{n if n | m,
k=0 0

otherwise.

Idea. Put ¢ :== w™. The sum in (c) is 1 + ¢+ --- + ("}, and Lemma 1.1.4 multiplies it by
¢ —1togive (" —1=0. If { # 1 we may cancel, and the sum is 0; if { = 1 it is n. Part (a)
decides which case occurs.

2mik/n

Proof. We use the notation of Example (Roots of Unity): z; = e are the roots of ¢ =1

in Theorem 1.6.2, and w™ = z,, for m € N (Theorem 1.5.5).

(a) Since 1 = zp, Theorem 1.6.2 (b) gives w™ =1 <= 2z, =29 <= n|m. For m = 1:
if n | 1, then n <1 by Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1
(e), against n > 2. So w # 1.

(b) Let ¢ := w™. By Proposition 1.1.3 (b), w™ = ¢* for each k, and (" = W™ = (W)™ =
1™ =1, since w" = z, = 29 = 1 by Theorem 1.6.2 (b).

Casen | m. Then ¢ = 1 by (a), and the sum is 7= 1 = n.
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Case ntm. Then ¢ # 1 by (a). By Lemma 1.1.4 with w =1,
n—1
0=¢"-1=(-1)> ¢"
k=0
Since ¢ —1 # 0 and C has no zero divisors (Theorem 1.2.4, Number Systems: From \(\nN\)

to \(\nR\), Lemma 4.1.1 (d)), the sum is 0.

(b) This is (c) with m = 1, since n{ 1 by (a).

Comparing real and imaginary parts in (b), with w* = cos(27k/n) + isin(2rk/n) (Theo-
rem 1.5.5), gives two real identities that are awkward to prove any other way: for n > 2,

Part (c) says more: the sum of the m-th powers of the roots of unity detects whether n divides
m.

Quick check. Write the three cube roots of unity in the form a + bi.

Solution. By Example (Roots of Unity) with n = 3, they are 1, w, w? with w = e2mi/3 =
CbE —3+ @z (Theorem 1.5.5, and the square computed for n = 6 above). Sincew € T
2=wd3=1Luw=wl=w=-1- @z (Proposition 1.5.1 (a)). So the cube roots of
unity are 1 and —% + @z Without angles: 23 —1 = (2 — 1)(2% + 2 + 1), and Corollary 1.4.2
applied to 224z +1 = 0, with d = v/3 a square root of 1 —4 = —3, gives z = (—1£+/314)/2.

and w-w

Polynomial equations, and a look ahead

An n-th root of ¢ solves 2" — ¢ = 0, a polynomial equation of degree n with only two non-zero
coefficients. The general question is whether every equation

anz"—|—an,12”_1—|—~--+alz—|—a0:O, aOv"')anEC) an#(h nZl,

has a solution in C. Here the left side is a polynomial expression » j_, aipz", a finite sum;
Algebraic Preliminaries, Chapter 3 makes polynomials objects in their own right. We built C
so that one such equation, z? + 1 = 0, has a solution, and Section 1.4 solved every equation of
degree 2. It turns out that nothing more ever needs to be added.

Remark (Looking ahead). Algebraic Preliminaries, Section 4.6 proves that every such equa-
tion has a solution in C: the Fundamental Theorem of Algebra. Its proof uses only the
square roots of Section 1.4 and the completeness of R, not polar form and not the borrowed
facts about cosine and sine. With division of polynomials, Algebraic Preliminaries, Chapter
4 deduces that every complex polynomial of degree n > 1 is a non-zero constant times a
product of n factors of the form z —z;. Nothing in this chapter or in Algebraic Preliminaries,
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Chapters 1-3 uses the theorem.

One companion fact needs no heavy machinery: when the coefficients are real, the solutions that
are not real come in conjugate pairs.

Proposition 1.6.4. Real Coefficients and Conjugate Roots

Let n € N, let ag,...,a, € R, and let z € C. Then
n n
Zakzk = Zakfk.
k=0 k=0

Hence, if 31 axz§ = 0 for some zp € C, then also 3.7_, arz* = 0.

Proof. First, zF = z* for every k € N, by Logic and Proof, Axiom4.2.1onk: 20 =1=1=z0,
since 1 is real (Proposition 1.2.1); and if z2F = z%, then 2F+1 = 2Fz = 2k z = z¥z = zF+1 by
Theorem 1.2.2 (b). Next, @, = ay, since ay, is real (Proposition 1.2.1), so apz* = a;z*, again
by Theorem 1.2.2 (b). Finally, the conjugate of a finite sum is the sum of the conjugates, by
induction on the number of terms along the recursion for finite sums, with Theorem 1.2.2

(a) in the step. This proves the identity. If 3" agz§ = 0, then 3" azZ* =0 = 0.

A solution zg that is not real gives a second solution: Zy # zg, since zg = = + yi with y # 0
has Zy = « — yi, and —y # y. For example, 22 — 22 + 5 = 0 has the solution 1 + 24, since
(1424)2 —2(1+2i) +5 = (=3 +4i) — (2+4i) +5 = 0; so it also has the solution 1— 2i. Algebraic
Preliminaries, Chapter 4 uses this to factor real polynomials into real factors of degree 1 and 2.

Exercises

1.6.5.1 A. Check your understanding

Exercise. Al

(a) Find all z € C with 2* = 1.
(b) In the proof of Theorem 1.6.2, where is the uniqueness half of Proposition 1.5.4 used?
(c) In the same proof, why is the modulus 7 of a solution forced to be {/p?

)

(d) True or false: 2% = 1 has exactly three solutions in C, and exactly one of them is real.
Justify your answer.

(e) State the idea of the proof of Theorem 1.6.2 in two sentences.

Solution.

(a) By Example (Roots of Unity) with n = 4, the solutions are w* for k = 0, 1,2, 3, where
w = e?™/* = ¢i™/2 — i (Example (Special Angles) (ii)): 1, i, —1, —i.
(b) Twice. In (a), to turn 7"e™ = pei® into the two conditions ™ = p and nf — o € 27Z.

In (b), to decide when z = z;.
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(c) Because r > 0 and r™ = p, and Lemma 1.6.1 (b) says that {/p is the only non-negative
real number with n-th power p.

(d) True. By Theorem 1.6.2 (c) there are exactly three. By the Check above they are 1
and —% = @i; the last two have imaginary part j:§ # 0, so only 1 is real.

(e) Polar form and De Moivre split 2" = ¢ into a real equation for the modulus, which has
exactly one positive solution, and an equation for the argument, which is solved up to
the ambiguity 277Z. That ambiguity, divided by n, produces n different roots, one for
each remainder modulo n.

1.6.5.2 B. Practice

Exercise. Bl

Find all z € C with 23 = —8i, in the form a + bi.

Solution. By Example (Special Angles) (ii) and Theorem 1.5.3 (b), e~¥"/2 = ¢in/2 =7 = —j,
so —8i = 8¢~™/2 ig a polar form, with p=8and a = —7/2. Also V/8 = 2. By Theorem 1.6.2,
the solutions are zj, = 2e!(~=7/2+2mk)/3 — 9¢i(=7/6+27k/3) for | = 0,1, 2, with arguments — /6,
7/2 and 7w /6:

20 =2e /0 = 9¢im/6 = \/3—j 2 =272 =2

o 1
29 = 26iTei™/6 = —2(? + 5@) = V34

by Example (Special Angles) (i), (ii), (iv) and Theorem 1.5.3. Check: (2i)? = 8 = —8i,
and (v3—14)2=2-2v34,50 (vV3—1)3 = (2—2V34) (V3 —i) = 2v/3 - 2i — 6i — 2\/3 = —8i.

Exercise. B2

Find all z € C with 2* = —4, in the form a + bi, and check one of them directly.

Solution. A polar form is —4 = 4e'™ (Example (Special Angles) (i)), and v4 = /2, since
V2 > 0 and (v2)* = 4. By Theorem 1.6.2, the solutions are z = V2 elmt2mk) /4 gor
k=0,1,2,3. First, zp = v/2e"™/* = 1 +i (Example (Special Angles) (v)). Next, (7 4 27 (k +
1))/4 = (7 + 27k)/4 + 7/2, 50 zpy1 = 2x€"™? = iz, (Theorem 1.5.3 (a), Example (Special
Angles) (ii)). Hence

zo=1+1, zn1=-141 2=-1—14, 23=1-—1,

that is, 2 = 4144 with all four choices of signs. Check: (1+1)? = 2i, so (1+1i)* = (2i)? = —4.

Exercise. B3

Let n > 1 and w := €2™/™_ Show that 1 € tn, that u, is closed under multiplication, that
for k =1,...,n — 1 the inverse of w* is w™ %, and that y, C T.
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Solution. 1" =1,s0 1 € py. If (" =n" =1, then ((n)"” = ("™ = 1 by Proposition 1.1.3 (c).
For 1 <k <n—1, wkw" ¥ = u" = 1 by Proposition 1.1.3 (a) and Proposition 1.6.3 (a) (or
Example (Roots of Unity)), so w™ ¥ is the inverse of w¥, and it lies in u,. Finally let ¢ € .
Then |¢|™ = |¢"| = |1] = 1, where the first equality is Theorem 1.2.2 (d) applied n times
(induction on n). Since |¢| > 0 and also 1 > 0 with 1™ = 1, the uniqueness in Lemma 1.6.1
(b) gives |¢| = 1. So ¢ € T. (This last argument uses no borrowed fact.)

1.6.5.3 C. Going deeper

Exercise. C1: Exit check: n-th roots

Let n > 1 and ¢ € C with ¢ # 0, and let ¢ = pe'® be a polar form. Prove parts (a) and (b) of
Theorem 1.6.2: the solutions of z™ = ¢ are exactly the numbers z; = {l/ﬁei(a+2”k)/”, ke,
and zp = z; if and only if n | k — [. Cite the polar form, De Moivre’s formula and the real
n-th root where you use them.

Solution. Here p = |¢| > 0 (Proposition 1.5.4 (a)). The number 0 is not a solution, since
0™ = 0 # ¢, and is no 2y, since |zx| = {/p > 0 (Lemma 1.6.1 (b)). For z # 0, fix a polar form
z = re with r > 0 (Proposition 1.5.4 (a)); then 2" = r"e™ (Theorem 1.5.5), a polar form
with 7™ > 0, and by the uniqueness of polar form (Proposition 1.5.4 (b)), 2™ = pe'® if and
only if 7" = p and nf — «a € 2wZ. The first condition is r = {/p, by existence and uniqueness
of the real n-th root (Lemma 1.6.1 (b)); the second is 0 = (« + 27k)/n for some k € Z. So
2" = c implies z = z; conversely, applied to the polar form r = {/p, 6 = (a + 27k)/n of
z = zj, the equivalence gives 2™ = ¢. For (b), zx and z; are given in polar form with the
same modulus, so the same uniqueness gives z, = z; if and only if 27(k —1)/n € 27Z, if and
only if k — I = mn for some m € Z, that is, n | k — [.

Marking scheme. (10 points) - 1: rules out z = 0, with the reason 0" = 0 # c¢. - 2:
writes z (and ¢) in polar form and applies De Moivre’s formula to get 2" = r"e™?. - 3:
splits 2™ = ¢ into "™ = p and nf — a € 27Z, citing the uniqueness of polar form, and states
both directions (every zj is a solution, every solution is some z). - 1: 7 = {/p, with both
existence and uniqueness of the real n-th root cited (the point is lost if either is assumed
without citation). - 3: (b), zx = 27 <= n | k — [, both directions. Fatal errors (0 for the
step): concluding nf = a, or § = a/n, from e™? = ¢ (dropping 277Z); writing {/c for a
complex c. Second route: find one root zp and show that z" = ¢ if and only if (2/29)" =1,
then solve w™ = 1 by polar form. The same points apply, with the 3 points of the third line
awarded for the roots of unity, and (b) replaced by the distinctness of 1,w, ..., w" ! and the

periodicity wFt" = wk.

Exercise. C2: Find the error
Here is an argument.
Claim. For n > 2, the n-th roots of unity sum to 0.

(1) Let w = €2™™and § == 14w+---+w" L. (2) Then wS = w+w?+---+uw" =
S, since w™ = 1. (3) So (w—1)S = 0. (4) Since w is an n-th root of unity,
w'=1,s0w #1. (5) Hence w — 1 # 0, and S = 0.
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Is the claim true? Does the argument prove it? If not, name the first line that fails, say
what is wrong with it, give a counterexample to the step, and repair the argument.

Solution. The claim is true: it is Proposition 1.6.3 (b).

The argument does not prove it. Lines (1)—(3) are correct: w™ = 1 by Example (Roots of
Unity), and (3) is (2) rearranged. Line (5) is correct given (4), since C has no zero divisors.
Line (4) fails. “w™ =1, so w # 17 cites a general “fact”, that an n-th root of unity is not
1, which is false: this is the error (N9) of Logic and Proof, Example (What is not allowed).
Counterexample to the step: 1 itself satisfies 1™ = 1, and 1 = 1. Being an n-th root of unity
gives no information that separates w from 1; the information is in the particular choice
w = 2™/ with n > 2.

Repair. If w = e*™/™ =1 = ¢, then 27 /n € 277 by Proposition 1.5.4 (b), so 1/n = m for
some m € Z, that is, 1 = mn and n | 1. Since n > 2 > 0, Number Systems: From \(\nN))
to \(\nR)\), Proposition 3.1.1 (e) gives n < 1, a contradiction. So w # 1, and lines (5) and
the conclusion stand. (This repair uses (T1)-(T3) of Axiom 1.5.2, through Proposition 1.5.4
(b), and no value of the cosine.)

1.6.5.4 R. Review

Exercise. R1

Let 0: C — C satisfy o(z + w) = o0(z) + o(w) and o(2w) = o(2)o(w) for all z,w € C,
o(1) =1, and o(a) € R for every a € R.
(a) Prove that either o(z) = z for every z € C, or o(z) = Z for every z € C.

(b) Show that conjugation z — Z satisfies all the hypotheses on o.

Solution.

(a) Since o maps R into R, it restricts to a map 7: R — R, 7(a) := o(a), which preserves
sums and products and sends 1 to 1. Since R is a complete ordered field (Number
Systems: From \(\nN\) to \(\nR)\), Theorem 5.6.3), Number Systems: From \(\nN\)
to \(\nR\), Theorem 6.3.4 gives 7 = idr: o(a) = a for every real a. In particular
o(—1) =—1, so

o) =0(i-i)=o0(-1) = —-1=i2

So (o(i) —i)(co(i) +4) = 0, and o(i) = ¢ or o(i) = —i (no zero divisors in C; or
Proposition 1.4.1 (b)). For z = a + bi with a,b € R,
o(z) =0(a)+o(b)o(i) =a+bo(i).

If 0(i) =i, then o(z) = z for every z; if 0(i) = —i, then o(z) = a — bi = Z for every z.
(b) Conjugation preserves sums and products by Theorem 1.2.2 (a), (b), and @ = a for

every real a (Proposition 1.2.1), so in particular T = 1 and real numbers go to real
numbers.

The comparison with Number Systems: From N to R, Chapter 6 (Number Systems: From
\(\nN\) to \(\nR\), Theorem 6.3.4) is the point: R has only the identity, while C has
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exactly two such maps. In R the order can be read off from the field operations (the non-
negative numbers are exactly the squares, Number Systems: From \(\nN\) to \(\nR\),
Proposition 6.1.4), and a map preserving + and - must preserve it. In C there is no order
(Proposition 1.4.3), and nothing written with +, - and real numbers alone tells ¢ from —i.

Exercise. R2

Let n > Show that [k] — e*™*/" is a well-defined bijection f: Z/nZ — pu,, and that

1.
F([K) + 1) = £([k]) £([1) for all k,1 € Z.

Solution. Write zj, = €2™*/" the roots of ¢ = 1 in Theorem 1.6.2 (with p =1, a = 0, as
in Example (Roots of Unity)). The classes of Number Systems: From \(\nN\) to \(\nR)),
Definition 3.4.2 are congruence classes: [k] = [I] if and only if n | £ —[. By Theorem 1.6.2
(b), n | k — 1 if and only if z; = 2. Reading this equivalence from left to right, f([k]) == 2
does not depend on the representative k of the class, so f is well defined; reading it from
right to left, f is injective. Each zj lies in p,, by Theorem 1.6.2 (a), and every element of iy,
is some 2z, again by (a); so f is surjective. Finally, [k] + [[] = [k + {], and by Theorem 1.5.3
(a),
F(R]+ ) = 2o = 7™ = p([k]) £([1)-

As a check on the count, both sets have n elements (Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.3 (b) and Theorem 1.6.2 (c)). In the language of Algebraic Preliminar-

ies, Chapter 2, f is an isomorphism from the additive structure of Z/nZ to the multiplicative
structure of fiy,.

Exercise. R3
Let F be an ordered field and z,y € F.

(a) Prove that |z + y| < |z] + |y| by comparing the squares of the two sides.

(b) The proof of the same inequality by “trapping” x between —|z| and |z|, and adding
the traps for z and y, works in every ordered field. Which step of it cannot be carried
out for complex x,y, and what replaces it in the complex triangle inequality?

Solution.

(a) Both sides are non-negative. By Number Systems: From \(\nN\) to \(\nR)), Propo-
sition 4.1.3 (b), |z|*> = 22, |y|*> = v?, |z + y|? = (x + y)? and |z||y| = |zy|. Hence

(lz| + )2 = |z + yI* = |z]> + 2z||y| + |y|> — 2° — 22y — y* = 2(|zy| — 2y) > 0,

since zy < |xy| (Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (c)).
So |z +y|> < (|| + |y)?. If |x +y| > |z| + |y|, then Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.5 (g), applied to these non-negative elements, would give
|z + 91> > (Jz] + [y)?; so |z +y| < || + [yl-

(b) The trapping proof (Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3
(e), proved from (c)) uses —|z| < z < |z|: it compares z itself with real numbers. For
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a complex z that is not real such a comparison means nothing, since no order on C
is compatible with its arithmetic (Proposition 1.4.3). The squaring proof of (a) is the
one that survives: in the complex triangle inequality (Theorem 1.3.2) the cross term
2 Re(zw) is bounded by a comparison between real numbers, Reu < |u| (Lemma 1.3.1),
which replaces zy < |zy| here.

Exercise. R4

Find all z € C with z = 22.

Solution. The tool: take moduli first. If Z = 22, then |2| = |Z] = |22| = |2|> (Theorem 1.2.2
(d)), so |z|(]z] = 1) =0 and |z| =0 or |z] = 1.

If |z| = 0, then z =0 (Theorem 1.2.2 (e)), and z = 0 is a solution.

If |z| = 1, multiply Z = 2% by 2: 1 = 2Z = 22 (Theorem 1.2.2 (c)). So z is a cube root of

unity: z=1or z = —5 £ %z (the Check above). Conversely, each cube root of unity ( lies
in T (Exercise B3), so ¢ = (~! (Proposition 1.5.1 (a)), and (7! = ¢? because ¢ -(? = (3 = 1.
So each is a solution.

‘l\.’m—t

The solutions are 0, 1, —5 + ‘[z and — 1 @z

Why the look-alike tools are worse. Comparing real and imaginary parts, with z = = + yi,
gives 22 — y?2 = 2 and 2zy = —y, which can be solved, but only with a case split by hand
(y=0orx= —%) “Divide Z = 22 by 2" silently loses the solution z = 0. Polar form works,
but it is not needed: the moduli settle |z|, and the cube roots of unity can be found without

angles, as in the Check.
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