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Preface

Number Systems: From N to R ended with the real numbers as a complete ordered field, and
with the integers modulo n as a commutative ring. This volume takes those two results and
builds the algebra that linear algebra and the algebra volumes assume on their first page. It
constructs the complex numbers, studies fields as objects of their own, introduces groups through
permutations, makes polynomials into formal objects, and proves that polynomials over a field
have the arithmetic of the integers. It ends with the Fundamental Theorem of Algebra: every
non-constant complex polynomial has a root.

Who it is for. The reader we have in mind has worked through Logic and Proof, Sets, Relations,
and Cardinality and the main line of Number Systems: From N to R, or has their habits from
elsewhere. That means running an induction, checking that an operation on classes is well
defined, and proving a statement about every element of a ring from the ring axioms alone. The
chapters point back to those volumes wherever they use a definition or a result, with a link, so
a reader who is unsure of a step can look it up. Much of the material is familiar in outline from
school or from a first linear algebra course; what is new is that every rule is proved, and that
nothing is used before it is proved.

What it covers.

Chapter Title What it does

1 Complex Numbers C as pairs of real numbers,
proved a field containing R;
conjugate, modulus and the
triangle inequality; square
roots and the quadratic
formula; why C has no order;
polar form, De Moivre’s
formula and the roots of unity

2 Fields The field axioms and their
consequences; the finite fields
[Fp; subfields and the subfield
test; field homomorphisms;
the characteristic and the
prime subfield; the binomial
theorem, the Frobenius map
and Fermat’s little theorem
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Chapter Title What it does
3 Groups, Subgroups, and Groups, products of many
Homomorphisms factors and integer powers;

subgroups and the subgroups
of Z; homomorphisms, kernels
and isomorphisms;
permutations, cycle notation
and the disjoint cycle
decomposition; transpositions
generate the symmetric group

4 Formal Polynomials A polynomial as a sequence
of coefficients; the ring R|[x]
over a commutative ring;
degree and integral domains;
evaluation and substitution
as ring homomorphisms, and
why a polynomial is not its
function; the formal
derivative

) Polynomials over a Field Division with remainder, the
greatest common divisor and
the Euclidean algorithm in
F[z]; irreducible polynomials
and unique factorization;
roots, multiplicity and
repeated roots; interpolation,
the rings F[x]|/(m) and the
Chinese remainder theorem;
the Fundamental Theorem of
Algebra and the factorization
of real polynomials

Chapter 1 gives the volume its most important example, and Chapter 2 names what that example
has in common with Q, R and Z/pZ. Chapter 3 uses Chapters 1 and 2 only in examples, remarks
and one review exercise. Chapters 4 and 5 form a pair. Chapter 4 builds polynomials over
any commutative ring and asks only what can be done without dividing; Chapter 5 takes the
coefficients in a field and runs again, with the degree in place of size, the arithmetic that Number
Systems, Chapter 3 ran in Z.

How to read it. Read the chapters in order; each uses the ones before it. Every section has
Quick checks with folded answers; answer each one before you unfold it. The exercises of a
section come in three groups, A to check understanding, B for practice and C to go deeper, and
the last section of each chapter adds R items that reach back to earlier chapters. A chapter’s
opening page lists what it needs, with links, and the time it takes. Second-reading folds hold
edge cases and longer justifications. They can stay closed on a first reading, but they are not
optional, since later proofs may use what they contain.

One borrowed fact. This volume does not define cosine, sine or 7: defining them needs limits
and power series, which belong to analysis. Section 1.5 states five facts about them, numbered
(T1)—(T5), as an assumption, and Analysis on the Real Line, Chapter 10 proves them. They
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are used only for polar form and for the roots of complex numbers in Sections 1.5 and 1.6, and
each proof that uses one names it. Nothing else in the volume depends on Analysis on the Real
Line. In particular, Chapter 5 proves the Fundamental Theorem of Algebra from the square
roots of Section 1.4 and the completeness of R alone, without the borrowed facts.

Time. The chapter openings add up to about 130 hours on the core track and about 190 hours
for everything.

What comes next. The linear algebra volumes, beginning with Spaces and Maps, take their
scalars from a field and use the complex numbers, polynomials and their roots throughout:
Chapter 2’s fields and subfields, Chapter 4’s evaluation of a polynomial, Chapter 5’s division
with remainder and the Fundamental Theorem of Algebra, and Chapter 3’s permutations, which
Determinants and the Structure of Operators needs for the determinant. The algebra volumes
start where this one stops. Groups continues Chapter 3 with cyclic groups, the sign of a per-
mutation, cosets and Lagrange’s theorem; Rings and Fields continues Chapters 2, 4 and 5 with
fraction fields, polynomials over the integers, Gauss’s lemma and field extensions. Many of their
first definitions are the ones proved here, under the same names.



Chapter 1

Chapter 1

Complex Numbers

No real number squares to —1: in an ordered field a non-zero square is positive (Number Systems:
From \(\nN\) to \(\nR)\), Proposition 2.3.5 (e)), so 2% + 1 = 0 has no solution in R. The usual
remedy, “invent a symbol i with 2 = —1”, leaves open why such a symbol is safe when “a number
z with 0 -z = 1”7 is not. This chapter does not invent anything. It takes pairs of real numbers,
objects the reader already trusts, adds them coordinate by coordinate, and multiplies them by
the one formula that i> = —1 would force. Then it checks, law by law, that nothing breaks: the
complex numbers C form a field in the sense of Number Systems: From N to R, Chapter 2, and
they contain R as the pairs (a,0). Every later volume that computes with complex numbers,
from inner products in linear algebra to roots of unity in algebra, starts from this field.

Two habits of R do not survive the passage. No order on C is compatible with its arithmetic,
and no choice of “the” square root of each complex number keeps the rule \/z,/y = \/zy. One
new habit takes the place of order: measure a complex number by its modulus, a non-negative
real, and compute with |u|?> = wa, which is algebra. The first four sections need nothing but
the real numbers, and they reach far: division, the triangle inequality, and square roots and the
quadratic formula without a single angle. The picture of multiplication as a turn and a stretch
does need angles, and angles need cosine and sine, which belong to analysis. The chapter
borrows exactly five facts about them, says so in one place, and derives everything else from
those five: the familiar special values, De Moivre’s formula, the n different n-th roots of every
non-zero complex number, and the roots of unity. It ends with a look ahead at the Fundamental
Theorem of Algebra, which Chapter 5 proves without the borrowed facts.

What you need. Number Systems: From N to R above all, and in it chiefly Chapters 2, 4
and 6. From its Chapter 5: the real numbers as a complete ordered field (Number Systems:
From \(\nN\) to \(\nR\), Theorem 5.6.3, Number Systems: From \(\nN\) to \(\nR\), Def-
inition 5.6.1), the standing setting of the whole chapter. From its Chapter 6: square roots of
non-negative reals, existing and unique (Number Systems: From \(\nN\) to \(\nR)\), Proposi-
tion 6.1.4), which define the modulus in Section 1.2 and build complex square roots in Section
1.4; the uniqueness of the complete ordered field (Number Systems: From \(\nN\) to \(\nR)),
Theorem 6.3.1), which lets Section 1.5 carry the borrowed facts over to our R; the automorphism
theorem (Number Systems: From \(\nN\) to \(\nR)\), Theorem 6.3.4), used in the solution of
review exercise R1 and compared there with the two such maps of C; and the cube roots of
its Exercise B2 of Section 6.2 (Number Systems: From \(\nN\) to \(\nR\), Exercise (B2:
Cube roots)), whose method Section 1.6 runs for every exponent. From its Chapter 2: the
axioms of a field and of an ordered field and their rules (Number Systems: From \(\nN\) to
\(\nR\), Definition 2.3.1, Number Systems: From \(\nN\) to \(\nR)\), Definition 2.3.2, Num-
ber Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2, Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5), used on nearly every page; the finite ring that cannot be ordered
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(Number Systems: From \(\nN\) to \(\nR)\), Example (A field with two elements that can-
not be ordered)), compared with in Section 1.4; and the gap at v/2 in Q (Number Systems:
From \(\nN\) to \(\nR\), Theorem 2.6.1), which shows in Section 1.2 why the modulus needs
completeness. From its Chapter 4: the rules for fractions in a field (Number Systems: From
\(\nN\) to \(\nR\), Lemma 4.1.1), the absolute value of an ordered field (Number Systems:
From \(\nN\) to \(\nR\), Definition 4.1.1, Number Systems: From \(\nN\) to \(\nR\), Propo-
sition 4.1.3), which the modulus extends and whose triangle inequality Section 1.3 reproves by
a new route, and the natural numbers and powers in an ordered field (Number Systems: From
\(\nN\) to \(\nR\), Definition 4.2.1); a remark of Section 1.4 recalls its exercise on fields with
a square root of —1 (Number Systems: From \(\nN\) to \(\nR)\), Exercise (C1: A field that
cannot be ordered)). From its Chapter 3: division with remainder, divisibility and parity in Z
(Number Systems: From \(\nN\) to \(\nR\), Theorem 3.1.2, Number Systems: From \(\nN\)
to \(\nR\), Proposition 3.1.1, Number Systems: From \(\nN\) to \(\nR\), Corollary 3.1.3),
in Exercise B1 of Section 1.1 and in Sections 1.5 and 1.6; and the rings Z/nZ (Number Sys-
tems: From \(\nN\) to \(\nR\), Definition 3.4.2, Number Systems: From \(\nN\) to \(\nR\),
Theorem 3.4.3), in a remark and Exercise C2 of Section 1.4 and in review exercise R2. From
its Chapter 1: the citing rule by which induction and recursion apply to N (Number Systems:
From \(\nN\) to \(\nR\), Corollary 1.7.3), and the laws of powers in N (Number Systems:
From \(\nN\) to \(\nR\), Proposition 1.6.4), compared with in Section 1.1. From Sets, Rela-
tions, and Cardinality: ordered pairs, Cartesian products and injective maps, Chapter 1 (Sets,
Relations, and Cardinality, Definition 1.3.1, Sets, Relations, and Cardinality, Definition 1.3.2,
Sets, Relations, and Cardinality, Definition 1.4.3); divisibility, Section 2.2 (Sets, Relations, and
Cardinality, Definition 2.2.1); the recursion theorem, powers and finite sums, Section 2.3 (Sets,
Relations, and Cardinality, Theorem 2.3.1, Sets, Relations, and Cardinality, Definition 2.3.2,
Sets, Relations, and Cardinality, Proposition 2.3.4, Sets, Relations, and Cardinality, Defini-
tion 2.3.1), whose recursions Section 1.1 reuses in any commutative ring; and finite sets, Section
3.1 (Sets, Relations, and Cardinality, Definition 3.1.2), for counting n-th roots. From Logic
and Proof: induction, Chapter 3 (Logic and Proof, Axiom 4.2.1); the contrapositive, Chap-
ter 2 (Logic and Proof, Proposition 2.3.2), in Exercise B3 of Section 1.1; and the catalogue of
what a proof may not do, Chapter 5 (Logic and Proof, Example (What is not allowed)), in the
proof-ordering and find-the-error exercises of Sections 1.4 and 1.6. Section 1.4 also proves the
complex square roots that Logic and Proof, Section 4.11 took as a school fact. Nothing from
linear algebra is used, and nothing from analysis before the box of borrowed facts in Section 1.5.

Which real numbers. The chapter builds C on the real numbers of Number Systems: From N
to R, Chapter 5, whose elements are classes of Cauchy sequences of rationals (Number Systems:
From \(\nN\) to \(\nR\), Definition 5.2.1). No proof looks inside a real number: every step uses
only that R is a complete ordered field. By the uniqueness theorem of that volume’s Chapter 6
(Number Systems: From \(\nN\) to \(\nR\), Theorem 6.3.1), any complete ordered field would
give the same C, up to the one isomorphism between the two fields.

What this chapter borrows. Everything in Sections 1.1-1.4, and in Section 1.5 up to its
box of borrowed facts, is proved from the real numbers. From that box on, five facts (T1)-(T5)
about cos, sin and 7 are used without proof: the circle identity, the addition formulas, where
the cosine equals 1, that every point of the unit circle is reached, and the sign of the sine on the
first half turn. Analysis on the Real Line, Chapter 10 defines the two functions and the number
and proves the five facts. No other fact about cosine and sine is used, and the results that rest
on the five say so in their dependency ledgers.

Time. About 25 hours on the core track (all of A, one B and one C per section, the exit checks);
about 35 hours for everything.
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Roadmap

The Complex Numbers as Pairs of Reals. C defined as R x R with the product that
i> = —1 would force; the real numbers inside C as the pairs (a,0), which makes a + bi
honest notation and i> = —1 a computation; a product with one sign changed, which has
zero divisors; the laws of arithmetic, which make C a commutative ring with 1 # 0; powers
and their laws in any commutative ring; and the factorization of z" — w™.

Conjugate, Modulus, and Division. The conjugate and the modulus, a non-negative
real square root and the place where the completeness of R enters; the modulus as an
extension of the absolute value of R; the rules for conjugate and modulus, with |zw| = |z||w]
proved by squaring; the inverse z/|z|? of a non-zero z; the theorem that C is a field in which
R is closed under the field operations; and division by the conjugate of the denominator.
The Triangle Inequality. Why the trapping proof for ordered fields cannot run in C;
comparing squares of non-negative reals; real and imaginary parts at most the modulus;
the triangle inequality, by expanding |z +w|? and recognizing the cross term as a real part;
and three variants: the reverse inequality, the inequality for n terms, and a lower bound
for the modulus of a sum.

Square Roots, Quadratic Equations, and the Missing Order. An explicit formula
for a square root of a complex number, built from two real square roots, and the count of
exactly two square roots of every non-zero number; the quadratic formula with complex
coeflicients; the proof that no order makes C an ordered field; and why no choice of square
roots keeps the product rule /zy/w = \/zw.

The Unit Circle and Polar Form. The unit circle T, closed under products and
inverses, and every non-zero number as a length times a direction in exactly one way, all
without angles; the five borrowed facts about cosine and sine; e
cos f + i sin 0, multiplication as “multiply moduli, add angles”, and polar form, unique up
to a multiple of 27 in the argument; De Moivre’s formula; and the values of cosine and
sine at 7/6, w/4, w/3, 7/2 and =, derived from the five facts.

Higher Roots, Roots of Unity, and a Look Ahead. The unique non-negative n-th
root of a non-negative real, constructed as a supremum; exactly n solutions of 2z = ¢ for
every non-zero ¢, listed by polar form; the roots of unity, the set u,, and the sums of their
powers; a look ahead at the Fundamental Theorem of Algebra; the conjugate of a solution
of an equation with real coefficients as a second solution; and review exercises on the maps
of C to itself that respect sums, products and 1 and send R into R, on Z/nZ and pu,, on

the triangle inequality of an ordered field, and on the equation z = 22.

as an abbreviation for

Named moves

Compare real and imaginary parts. One equation between complex numbers is two
equations between real numbers: for real a,b,c,d, a + bi = ¢+ di if and only if a = ¢ and
b = d. It is named in Section 1.1, where it proves the laws of arithmetic; Section 1.4 uses
it to turn w? = z into two real equations, and Section 1.5 to turn e? = 1 into cos@ = 1
and sin # = 0. The warning of Section 1.1 marks the hypothesis it needs: the four numbers
must be real. Exercise C1 of Section 1.1 proves the same uniqueness of parts in any field
that contains R and a square root of —1.

Square the modulus. The modulus is a square root, and square roots do not expand;
its square |u|?> = ua is a product, and products do. So square, expand with conjugates,
bound or compare the real numbers that appear, and take the non-negative square root
back, which is legitimate because non-negative reals compare as their squares do. Section
1.2 uses it first, for |zw| = |z||w|; Section 1.3 names it and runs it in full for the triangle
inequality. Exercise B2 of Section 1.3 leaves the last step to you, and Exercise C2 of
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Section 1.3 the last half.

e Multiply moduli, add angles. In polar form a product is the product of the moduli
and the sum of the arguments, so an equation z™ = ¢ splits into a real equation r"™ = p
for the length and an angle condition nf € a + 27Z. It is named in Section 1.5, after the
multiplication theorem, and gives De Moivre’s formula there; Section 1.6 uses it to solve
2™ = ¢ and to count the solutions. The warning of Section 1.6 shows what goes wrong
when the angle condition is read as an equation nf = a: all roots but one are lost.

1.1 The Complex Numbers as Pairs of
Reals

The equation 22 4+ 1 = 0 has no real solution. In an ordered field every square is non-negative
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e) for a non-zero element, and
02 = 0 by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)), so 2% + 1 >
0+ 1=1> 0 for every real x (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5
(b), (e)). For most of school mathematics this gap is harmless. Later volumes cannot live with
it: the linear-algebra volumes meet real matrices, such as a rotation of the plane, whose most
useful data are not real numbers. This section builds the complex numbers, the number system
that closes the gap, and proves that they obey the familiar laws of arithmetic.

Standing setting. Throughout the chapter, R is the complete ordered field built in Number
Systems: From N to R, Chapter 5 (Number Systems: From \(\nN\) to \(\nR\ ), Theorem 5.6.3).
In particular R is a field in the sense of Number Systems: From \(\nN\) to \(\nR\), Defini-
tion 2.3.1, and every rule that book proved for ordered fields holds in it. No proof below looks
inside a real number. Letters a, b, c,d, e, f, z,y stand for real numbers, and z, w, u, v for complex
numbers, unless we say otherwise.

Building the new numbers

The quick way to introduce complex numbers is to say “invent a symbol i with i> = —1 and
compute as usual”. That raises a fair worry. How do we know that such a symbol does not lead
to a contradiction, the way “invent a number z with 0z = 1” does? The answer is to build the
new numbers out of objects we already trust: pairs of real numbers.

Here is the recurring expression that suggests the definition. If we pretend i> = —1 and expand,
we get
(a + bi)(c + di) = ac + adi + bei + bdi% = (ac — bd) + (ad + be)i.

So a “number a+bi” is really the pair (a, b), and the product should be the pair (ac—bd, ad+bc).
We take this formula as the definition, so nothing is pretended.

A complex number is a pair of real numbers, multiplied as if i> = —1.

Definition 1.1.1. Complex Numbers

The set of complex numbers is
C=R?>=RxR={(a,b):a,beR]},

the Cartesian product of Sets, Relations, and Cardinality, Definition 1.3.2, with addition
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and multiplication defined for all (a,b), (¢,d) € C by

(a,b) + (¢,d) = (a+e¢, b+d),
(a,b)(e,d) = (ac — bd, ad + bc).

We write i := (0,1). For z = (a,b) € C, the real part of z is Re z := a and the imaginary
part of z is Im z == b.

In words: addition is coordinate by coordinate, as for points of the plane. Multiplication is the
formula found by expanding. Both right-hand sides are pairs of real numbers, computed with
the operations of R, so both operations are functions C x C — C. The point ¢ is the point one
unit up the vertical axis. The real part and the imaginary part of z are its two coordinates, and
both are real numbers.

There is nothing to check for well-definedness: a pair determines its coordinates, by the charac-
teristic property of ordered pairs (Sets, Relations, and Cardinality, Definition 1.3.1),

(a,b) = (¢,d) <= a=cand b=d.

In the language of the definition: two complex numbers z and w are equal if and only if Re z =
Rew and Imz = Imw. So one equation between complex numbers is two equations between
real numbers. This is the first named move of the chapter, compare real and imaginary
parts, and the proofs of Proposition 1.1.1 and Proposition 1.1.2 below rest on it.

The equation that motivated everything is now a computation:
i-i=(0,1)(0,1)=(0-0—-1-1,0-1+1-0) = (-1,0).

To read the right-hand side as “—1”, we have to see the real numbers inside C.

The real numbers inside the complex
numbers

The real number a should be the point (a,0) on the horizontal axis. Before we write a for (a,0),
we check that nothing is lost: different real numbers stay different, and adding or multiplying
two real numbers gives the same answer in C as in R.

Proposition 1.1.1. The Real Numbers inside the Complex Numbers

Let t: R — C be the map «(a) := (a,0). Then ¢ is injective (Sets, Relations, and Cardinality,
Definition 1.4.3), and for all a,c € R,

t(a+c) =(a)+ (c), t(ac) = 1(a)t(c), (1) = (1,0).

Moreover (a,b) = t(a) + ¢(b)i for all a,b € R, and ¢ - i = ¢(—1).

Idea. Each claim is one application of the definitions: write both sides as pairs and compare
coordinates. The facts about R needed are that 0 is neutral for addition (so subtracting 0
changes nothing), that 1 is neutral for multiplication, and that a product with 0 is 0, which
kills the extra terms of the multiplication formula.



CHAPTER 1.1. THE COMPLEX NUMBERS AS PAIRS OF REALS 16

Proof. Let a,c € R. If «(a) = ¢(c), then (a,0) = (¢,0), so a = ¢ by Sets, Relations, and
Cardinality, Definition 1.3.1; hence ¢ is injective. By Definition 1.1.1,

v(a)+(c)=(a+¢, 0+0)=(a+c 0)=1tla+c),

and, since a-0 = 0-¢ =0-0 = 0 in R (Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.2 (b)),

va)i(c)=(ac—=0-0, a-040-c) = (ac, 0) = t(ac).
The equation ¢(1) = (1,0) is the definition of ¢. Next, for a,b € R,
t(b)i=(b,0)(0,1)=(b-0-0-1,b-140-0) =(0,b),

so t(a) + ¢(b)i = (a,0) + (0,b) = (a,b). Finally i-i = (—1,0) = ¢(—1) by the computation
before the proposition.

Identification. From now on we write a for ¢(a) and regard R as a subset of C. In particular
0 = (0,0) and 1 = (1,0). This is a convenient abuse of notation made honest by the injective
embedding, exactly as Number Systems: From N to R, Section 2.2 wrote n for the integer ¢(n):
because ¢ is injective, different real numbers stay different, and because it preserves + and -, a
sum or product of real numbers is the same whether computed in R or in C.

With this convention the proposition reads
(a,b) =a+bi forall a,be R, i2=i-i=—1.

So the notation a + bi is honest: it is a computation with the definitions, not a new symbol.
Comparing real and imaginary parts now reads: for a,b,c,d € R,

a+bi=c+di < a=cand b=4d.

For z = a + bi with a,b € R we have Rez = a and Imz = b. A real number a = a + 07 is a
complex number whose imaginary part is 0, and 0 = 0 + 07 is the only complex number with
both parts 0. The point ¢ = 0 + 17 has real part 0 and imaginary part 1.

Warning. The rule “a+bi = c+di gives a = c and b = d” needs a, b, ¢, d to be real. Without
that it fails: 04+1-7 =4+ 0-14, yet 0 # i. Before comparing parts, write each side as a + bi
with ¢ and b known to be real.

Example. First Computations in C

Compute (2 + 3i¢)(1 — i), the products ¢ - i, (i -4) - i and ((¢ - ¢) - 4) - i, and the product
(a + bi)(a — bi) for real a,b.

Solution. Here 1 —1i is 1+ (—1)i. By the multiplication rule witha =2,6=3,c=1,d = —1,

2+3i)(1—i)=(2-1—=3-(=1)) + (2- (-1) +3-1)i =5+1.
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We already know i -7 = —1 = (—1,0). Then
(i-4)-i=(=1,0)(0,1) = (0— 0, —1+0) = (0,—1) = —i,
writing —i for 0 + (—1)¢, and
((i-4)-1)-i=(0,-1)(0,1) = (0= (1), 0+ 0) = (1,0) = 1.
Finally, with a — bi = a + (—b)i,

(a+bi)(a —bi) = (a® — b(=b)) + (a(=b) + ba)i = a* + b?,

where a2 = aa and b> = bb are computed in R. This product is a real number, and it

is non-negative, since a> > 0 and b*> > 0 (Number Systems: From \(\nN\) to \(\nR)\),
Proposition 2.3.5 (e) for a non-zero real, and 0> = 0 by Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.2 (b)), so a® + b* > 0 by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5 (b). We meet it again in Section 1.2, as the square of the length
of a + bi.

The last product is the first hint of how division will work: multiplying a 4 bi by a — bi lands in
the real numbers, where division is familiar.

Quick check. Compute (1 +1)(1+ ). Is Im(3 — 44) equal to —44?

Solution. By the multiplication rule, (1+4)(1+4)=(1-1—-1-1)4+(1-1+1-1)i = 2i. No:
3—4i =3+ (—4)i with 3,-4 € R, so Im(3 — 4i) = —4, a real number. The number —4i is
not real, since its imaginary part is —4 # 0.

A non-example by minimal change. Change one sign in the multiplication rule: define
(a,b) % (¢c,d) == (ac+ bd, ad + bc),

which is what expanding gives if we pretend j? = +1 instead. Addition is unchanged. This
product is still commutative, by commutativity in R, and (1,0) is still an identity element:
(a,b) * (1,0) = (a+ 0, 04+ b) = (a,b). But

(1,1)%(1,-1)=(1—-1, =1+ 1) = (0,0),

so two non-zero elements multiply to zero. Division breaks down too: (1,1)*(c,d) = (c+d, d+c)
can never equal the identity element (1,0), because that would need c+d =1 and d+ ¢ =0 at
once. So the non-zero element (1,1) has no inverse. The single sign in ac — bd is what makes
division possible, as Section 1.2 will show. Exercise B3 finds every element that goes wrong in
this way.

Why this definition. We could have tried to postulate a number i with i> = —1, but a postu-
late is only as safe as the consistency of what it asserts. Pairs of reals are sets we already have,
so C exists as soon as R does, and every law we want must now be proved. The multiplication
formula is not a free choice either: Exercise C1 shows that in any field K containing R, whose
sum and product agree with those of R on real numbers, and containing a square root j of —1,
the product of a+bj and ¢+ dj is forced to be (ac—bd) + (ad + bc)j. The minimal change above
shows that a different formula really does give a different, and worse, system.



CHAPTER 1.1. THE COMPLEX NUMBERS AS PAIRS OF REALS 18

The laws of arithmetic

Before computing freely, we should confirm that rearranging, regrouping and expanding brackets
are legal in C. The definition does not promise this; it has to be checked.

Proposition 1.1.2. Arithmetic Laws in C

For all z,w,u € C:

(a) z4+w=w+ 2z and 2w = wz;

(b) (z+w)+u=z2+ (w+u) and (zw)u = z(wu);

(€) z2(w+u) = zw + zu;

(d) 2+40=2,2-1=2,and z + (—z) = 0, where —(a + bi) :

(—a) + (=b)i for a,b € R.

Idea. Every law reduces to the corresponding law for real numbers once both sides are written
as pairs and compared part by part. Addition is coordinate by coordinate, so its laws are
immediate. For multiplication the only real work is associativity: expand both sides and see
that they produce the same four terms in each coordinate.

Proof. Let z = a+bi, w = c+di and u = e+ fi with a, b, ¢,d, e, f € R. In each part we compute
both sides with Definition 1.1.1 and compare real and imaginary parts, using the field laws of
R (Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1) and the algebra of Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2. Since addition acts coordinate by
coordinate, the laws for addition in (a), (b) and (d) are the same laws in R, applied to each
coordinate; for (d), z4+0 = (a+0)+ (b+0)i = z and z+ (—2) = (a+(—a)) + (b+(=b))i = 0.

(a) By definition zw = (ac — bd) + (ad + be)i and wz = (ca — db) + (¢b + da)i. These are
equal because real multiplication and addition are commutative.

(b) Expanding with the definition twice gives

(zw)u = ((ac — bd)e — (ad + be) f)
+ ((ac — bd) f + (ad + be)e)i
and
z(wu) = (a(ce — df) — b(cf + de))
+ (alef + de) + b(ce — df))i.
Multiplying out with the distributive law of R, both real parts equal ace—adf —bcf —bde,
and both imaginary parts equal acf + ade + bce — bdf. Hence (zw)u = z(wu).
(¢) We have w+u = (c+e) + (d+ f)i, so

2(w+u) = (alc+e) = bd+ f)) + (ald + f) + b(c + ¢))i
= ((ac — bd) + (ae — bf)) + ((ad + bc) + (af + be))i,
which is zw + zu by the definitions of the product and the sum.

(d) With1=1+0i,weget z-1=(a-1—b-0)+(a-0+b-1)i = a+bi = z. The equations
for addition were shown above. This proves the proposition.
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In the language of Number Systems: From N to R, Section 2.3, the proposition checks the axioms
of a commutative ring (Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1): (a) is
(F1) and (F6), (b) is (F2) and (F5), (c) is (F9), and (d) is (F3), (F7) and (F4). Moreover 1 # 0
in C, since (1,0) # (0,0) by Sets, Relations, and Cardinality, Definition 1.3.1, as 1 # 0 in R.

Remark. So C, with the operations of Definition 1.1.1, is a commutative ring with 1 # 0.
Every result proved for commutative rings therefore holds in C without a new proof. From
Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2: 0, 1 and negatives are unique,
—(=2)=2,2-0=0, (—2)w = —(2w), (—2)(—w) = 2w, and (2 +w)? = 2% + 22w +w?, where
2?2 := zz. The remaining field axiom (F8), inverses of non-zero elements, is the subject of

Section 1.2.

From now on we compute in C exactly as in R: expand brackets, collect terms, and replace i?

by —1. The proposition is what makes that habit legitimate. For instance, (a + bi)(a — bi) =
a® — abi + abi — b%*i? = a® + b? agrees with Example (First Computations in C).

Powers and a factorization

Powers in C are defined exactly as powers in an ordered field were, and that definition never
used the order. We state it, and the laws of powers, for an arbitrary commutative ring, because
the same proofs serve every commutative ring and later chapters need them in that generality.

Powers. Let R be a commutative ring and z € R. The powers 2", for n € N, are given by
Sets, Relations, and Cardinality, Theorem 2.3.1, read on N = w through Number Systems: From
\(\nN\) to \(\nR\), Corollary 1.7.3 (b), with X = R, starting value 1 and step (k,y) — yz:

2z =1, 2= 2"z for every n € N.

This is the recursion of Sets, Relations, and Cardinality, Section 2.3 (Sets, Relations, and Car-
dinality, Definition 2.3.2), stated there for real numbers, and the same recursion as Number
Systems: From \(\nN\) to \(\nR\), Definition 4.2.1 (b). In particular z* = 1.2z = z and
2?2 = 2z'2 = 2z, matching the 2% of Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.2 (d).

Proposition 1.1.3. Laws of Powers in a Commutative Ring

Let R be a commutative ring (Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1),
let z,w € R, and let m,n € N.

(a) Mt = 2M",
(b

(c
(d

m TL

) 2
) (M) =

) (zw)™ = 2"w"
) Ilesaﬁeldandz;é() then 2™ # 0.

Idea. The definition of 2™ is a recursion on n, so every law is proved by induction on n,
peeling off the last factor with 2”1 = 2z"z. Each inductive step rests on one ingredient:

associativity (F5) for (a), the law (a) for (b), associativity and commutativity (F5), (F6) for
(c), and the absence of zero divisors in a field for (d).
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Proof. Each part is proved by Logic and Proof, Axiom 4.2.1 (through Number Systems:
From \(\nN\) to \(\nR\), Corollary 1.7.3 (b)) on n, with z, w and m fixed.

(a) For n = 0: ™0 = 2™ = 2™ . 1 = 220, by (F7). If 2™*" = 2™2", then

m n+1

Zm+(n+1) (m+n) min, (Zmzn)z — Zm(znz) — M,

:Z

by the recursion, the hypothesis and associativity (F5).
(b) For n = 0: (2™)% =1 = 20 = 2™0. If (2™)" = 2™", then (2™)" = (2™)"2™ =
mnym — gmntm — m(ntl) by the recursion, the hypothesis and (a).

2MnM = 2 =
(c) Forn=0: (zw)? =1=1-1=2%0°. If (zw)" = 2"w", then

)n—l—l n—l—lwn—o—l’

(zw (zw)"(zw) = (2"w")(zw) = (2"2)(W"w) = 2z

where the third equality regroups and reorders the four factors by (F5) and (F6).

(d) Let R be a field and z # 0. For n = 0: 20 = 1 # 0, by the definition of a field. If
2™ £ 0, then 2"t = 22 is a product of two non-zero elements, so it is non-zero, since
a field has no zero divisors (Number Systems: From \(\nN)\) to \(\nR)\), Lemma 4.1.1

(d))-
m

Parts (a)—(c) are the laws of Sets, Relations, and Cardinality, Section 2.3 (Sets, Relations, and
Cardinality, Proposition 2.3.4 (a)—(c)), proved there for real numbers; on N = w, which is not
a ring, law (a) is Number Systems: From \(\nN\) to \(\nR\), Proposition 1.6.4 (a), proved
by the same induction. The proofs above are the same inductions, and they use only the ring
axioms.

For a real number a, the power a™ is the same whether computed in R or in C. Indeed t(a") =
(1) = 1, and if 1(a") = 1(a)", then t(a"t!) = 1(a™a) = 1(a™) t(a) = t(a)" !, by Proposition 1.1.1;
induction (Logic and Proof, Axiom 4.2.1) does the rest. So the identification of R with a subset
of C is safe for powers too.

In the notation of powers, Example (First Computations in C) computed i2 = —1, i3 = —i
and i* = 1; by (a), (b), every multiple of 4 gives i*? = ()7 = 19 = 1, since 197! = 19.1 and
induction give 19 = 1. Exercise B1 turns this into a rule for every power of 7.

Quick check. Compute i'® and (1 + i)*, citing the parts of Proposition 1.1.3 you use.

Solution. By (a) and ( ), it 82 = (i")%? = 1?-(-1) = —1. By (b), (1+i)* = ((1+i)2)2 =
(2i)2, and by (c), (2i)? = 2% 4 (—1) = —4, using (1+14)? = 2i from the first Quick check.

Finite sums. One identity about powers is used repeatedly in this chapter and later, and it
needs sums of several terms. For elements ag, a1, ao, . .. of a commutative ring R and n € N, the
sum »_p_gay is defined by the recursion of Sets, Relations, and Cardinality, Definition 2.3.1,
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with R as the set of values and the index starting at 0: the empty sum 212:10 ar is 0, and

n—1
Zak —Zak—i-an for every n € N.
k=0 k=0

So the recursion appends the last term. We also write ag+aj +- - -+ a,, for this sum. Multiplying
a sum by ¢ € R multiplies each term: (>)_ax)c = >7_( axc, by induction on n, since 0-¢ = 0
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)) and the step is one use of
the distributive law (F9).

Lemma 1.1.4. Difference of Powers

Let R be a commutative ring, let z,w € R, and let n € N with n > 1. Then
n—1
2" —w" = (z —w) Z 2Rk,
k=0

In particular 2” — 1= (2 — 1) (1 + 2+ 22 +--- + 2" 1).

Idea. For n = 2 this is 22 — w? = (2 — w)(w + 2), and for n = 3 it is 23 — w3 = (z -
w)(w? + 2w + 22). To pass from n to n + 1, split 2" — w"*! so that the case n appears:
2t = (2" — w™)w + 2"(z — w). The first piece is (z — w) times the old sum times
w, and the second supplies the one new term z", which the recursion appends at the end.

Proof. For n > 1 write S,, = Y170 2w~ 17k, We prove z™+! — w™*t! = (2 — w)S,, 41 for
every m € N, by Logic and Proof Axiom 4.2.1 (through Number Systems: From \(\nN\) to
\(\nR\), Corollary 1.7.3 (b)) on m.

0 1 1

Form=0: S; = 2%4% =1,50 (z —w)S1 = 2 —w = 2! —wl.

Let n :=m+1 > 1 and suppose 2" — w" = (z — w)S,. Expanding with (F9) and Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (c),

n+1

n+1_w 7

" —wMw+2"(z—w) =2"w—ww+ 2"z - 2w ==z
by the recursion for powers. By the hypothesis and the rule for multiplying a sum by w,

n—1
(z” _ wn)w = (Z = w)Snw = (z — 'LU) Z Zk,wnfk’

since w" 1 7Fw = w" ¥ for k < n —1 (Proposition 1.1.3 (a)). Since 2™ = z"w’, the recursion
for sums gives

n—1
ol _ g ntl (z — w)<z SRk +ano)

sz "k — (2 — w)Spy1.

This completes the induction. The particular case is w = 1, since 17 = 1 for every j € N.



CHAPTER 1.1. THE COMPLEX NUMBERS AS PAIRS OF REALS 22

The lemma is the algebra behind the formula for a finite geometric sum: if z — 1 has an inverse,
then 1+ 2+ -+ 2" 1 = (2" —1)(2 — 1)~L. Section 1.6 uses it again, for real numbers, to show
that 0 < s <t gives s < t". Here we need only the identity.

Exercises

1.1.5.1 A. Check your understanding

Exercise. Al

(a) Compute (2 —7)(3 + 4i), and the real and imaginary parts of i(1 + 7).
(b) True or false, with a reason: the equation (a,b) = a + bi, for a,b € R, needs a proof.

(¢) Which laws in Proposition 1.1.2 need a genuine computation, and which follow coor-
dinate by coordinate from the same laws in R?

(d) True or false, with a reason: if z € C and 22 = 0, then z = 0. Prove it by comparing
real and imaginary parts, without using that C is a field.

Solution.

(a) (2—19)(34+4i) =648 —3i—4i* =6+4+5i=10+5i. And i(1+i) =i+i®> = -1+,
so Re(i(1 +4)) = —1 and Im(i(1 +¢)) = 1.

(b) True. The symbols a, b and i denote the pairs (a,0), (b,0), (0,1), and a + bi is a sum
and a product of pairs. That it equals (a,b) is a computation with Definition 1.1.1; it
is part of Proposition 1.1.1.

(c) The laws for addition, in (a), (b) and (d), hold coordinate by coordinate. Commuta-
tivity of multiplication, distributivity and z-1 = z are one-line computations. Associa-
tivity of multiplication is the one law that needs a genuine expansion: both sides have
four terms in each part, and they agree only after multiplying out.

(d) True. Let z = a + bi. Then 2% = (a® — b?) + 2abi, so 22 = 0 gives a®> — b*> = 0 and
2ab = 0, by comparing parts. Since 2 # 0 in R and R has no zero divisors (Number
Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d)), a =0 or b = 0. If a = 0, then
—b%2 =0, so b> = 0 and b = 0 by the same rule; if b = 0, then a> = 0 and a = 0. So
z = 0. (Once Section 1.2 has shown that C is a field, this follows at once from Number
Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d) in C.)

1.1.5.2 B. Practice

Exercise. B1: Powers of ¢

Let n € N, and let r be the remainder of n on division by 4. Prove that " = i".

compute 52026,

Hence

Solution. By division with remainder (Number Systems: From \(\nN\) to \(\nR\), The-
orem 3.1.2, with n € N C Z and divisor 4) there are integers ¢,r with n = 4¢ + r and
0<r<4. Alsoq>0:if ¢ < —1, then n < —4 +r < 0, which is false. So ¢,r € N. By
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Proposition 1.1.3 (a) and (b), and i* = 1 (Example (First Computations in C)),
i =197 = (Y9 =197 =47,
where 19 = 1 by induction on ¢ (197! = 19-1). So " is 1,4, —1, —i according as r = 0, 1,2, 3.

Hence, since 2026 = 4 - 506 + 2, 2026 = 2 = —1.

Exercise. B2

(a) Use Lemma 1.1.4 to factor 22 — 1 and z* — 1 in C, and check the second factorization

at z = 1.
(b) Verify (1 +14)* = —4 using (1 + 4)? = 2i and Proposition 1.1.3. Hence show that, for
every z € C,
A rd=(z2—1+4) (2> + 1 +14)22 + 2z + (=2 + 2i)).
Solution.

(a) With n =3 and n =4,
2 —1=(z—1)(1+z+ 2%, 2 —1=(z— 1)1+ 2+ 2%+ 2.

At z = i: the left side is i* — 1 = 0, and on the right 1 +i 4+ +¥ =14+i—1—1i =0,
so both sides are 0.

(b) By (b) of the proposition with m = n = 2, and then (c),
(1+i)* = (1+4)?)? = (20)% = 2%% = -4,
Let w := 1 +i. Then w? = 2i and w?® = w?w = 2i(1 + i) = —2 + 2i. By Lemma 1.1.4
with n = 4, whose sum is w? + zw? + 22w + 23,

2 —wt = (2 — w) (2 + w2? + we + wd).

Since w? = —4, the left side is 2* + 4, and substituting w, w?, w? gives the displayed
factorization. In particular 1+ i is a root of z* + 4.

Exercise. B3: The zero divisors of the minimal change

Let * be the product (a,b) * (¢,d) == (ac + bd, ad + bc) on R? of the non-example in this
section. Call a non-zero p € R? a zero divisor if p * ¢ = (0,0) for some non-zero ¢ € R2.
Prove that a non-zero (a, b) is a zero divisor if and only if a? = b2, that such an (a, b) has no
inverse (no ¢ gives (a,b) * ¢ = (1,0)), and that if a® # b2, then (a,b) * (ta, —tb) = (1,0) for
t = (a®—b*)"L

Solution. First, for any real ¢,

(a,b) * (ta, —tb) = (ta® — th?, —tab + tab) = (t(a® — b?), 0).
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If a® # b%, then a? — b? # 0 has an inverse in R, and ¢ := (a? — b?)~! gives (1,0).

(<) Let (a,b) # (0,0) with a®> = b*>. Then (a — b)(a +b) = a®> —b> = 0, s0 b = a or
b = —a (Number Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d) in R). If b = a, then
(a,a) % (1,-1) = (a —a, —a+a) = (0,0); if b = —a, then (a,—a) *(1,1) =(a —a, a —a) =
(0,0). In both cases the second factor is non-zero, so (a,b) is a zero divisor. Such an
element also has no inverse: (a,a) * (¢,d) = (a(c + d), a(c + d)) has equal coordinates and
(a,—a) * (¢,d) = (a(c — d), —a(c — d)) has opposite coordinates, while (1,0) has neither,
since 1 #0 and 1 # —0 = 0.

(=) We prove the contrapositive (Logic and Proof, Proposition 2.3.2). Let a® # b, and
suppose (a,b)*(c,d) = (0,0), that is, ac+bd = 0 and ad+bc = 0. Multiply the first equation
by a and the second by b, and subtract: ac 4+ abd — abd — b*c = 0, that is, (a® — b?)c = 0.
Multiply the first by b and the second by a, and subtract: (b? — a?)d = 0. Since a® — b? # 0
and R has no zero divisors, ¢ = 0 and d = 0. So the only ¢ with (a,b)*q = (0,0) is ¢ = (0,0),
and (a,b) is not a zero divisor. No associativity of * was needed.

For example, (1,1) is a zero divisor, as in the text, and (2,1) is not: (2,1) % (2/3,—1/3) =
(4/3-1/3, —2/3+2/3) = (1,0).

1.1.5.3 C. Going deeper

Exercise. C1: There is only one way to adjoin a square root of minus one

Let K be a field (Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1) with R C K,
such that the sum and the product of K, applied to two real numbers, are their sum and
product in R. Let j € K with j2 = —1.

(a) Show that 0, 1, negatives and inverses of non-zero real numbers are the same in K as
in R.

(b) Show that if a + bj = ¢+ dj with a,b,¢,d € R, then a = ¢ and b = d.

(c) Let p: C — K, p(a+bi) == a-+0bj for a,b € R. Show that ¢ is injective, (1) = 1, and
oz +w) = p(2) + p(w), p(zw) = p(z)p(w) for all z,w € C.

Solution (Hint 1). For (a), start from 0 +0=0and 1-1 =1 in R and cancel in K: add the
negative of Og; for 1, multiply by the inverse of 1g, which exists because 1g # Or = Og. For
—a and a~!, use that each is the only element with its property (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (a), Number Systems: From \(\nN\) to \(\nR)\),
Lemma 4.1.1 (a)). For (b), ask what happens if b # d.

Solution (Hint 2). For (b): suppose b # d. Then (d —b)j = a — ¢, and d — b is a non-zero
real number.

Solution.

(a) In R, Or + Og = Og; the same equation holds in K, since the sum of K on reals
is that of R. Adding —Ogr (the negative in K) to both sides gives Og = 0. Next,
lg - Ig = 1g in K, and 1g # Ogr = Og; multiplying by the inverse of 1g in K gives
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1g = 1. For a € R, the real negative —a satisfies a + (—a) = Og = Ox in K, so it is
the negative of a in K, by uniqueness of negatives (Number Systems: From \(\nN)\)
to \(\nR\), Proposition 2.3.2 (a)). Likewise, for real a # 0, the real inverse satisfies
aa~! = 1g = 1k in K, so it is the inverse of a in K (Number Systems: From \(\nN\)
to \(\nR\), Lemma 4.1.1 (a)). So sums, products, differences and quotients of real
numbers computed in K are real numbers.

(b) Suppose a+bj = c+dj, and suppose, for contradiction, that b # d. Then (d—b)j
with d — b a non-zero real number, so j = (a — ¢)(d — b)~!, which is real by (a). Then
42 is the square of a real number, computed in R. Here j # 0, since 0> = 0 # —1
(Number Systems: From \(\nN\) to \(\nR)), Proposition 2.3.2 (b)), so j2 > 0 in R
(Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5 (e)). But j2 = —1 <0
in R (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e), (a)), and
0 < j2 < 0 contradicts (O1). Hence b = d, and then a = ¢ by adding —bj to both sides.

(c) The map is a function, since a + bi determines a and b (Proposition 1.1.1). It is
injective by (b): a+bj = ¢+ dj gives a = cand b = d, so a + bi = ¢+ di. Also
©(1) =p(14+0i) =1+0j =1. For z=a+ bi and w = ¢+ di, the field laws of K give

=a—c,

p(2) + p(w) = (a+c) + (b+d)j = (2 + w),
and, with j2 = —1,

©(2)p(w) = ac + adj + bej + bdj>
= (ac — bd) + (ad + be)j = p(2w),

by Definition 1.1.1. This proves (c).

So any field that contains R and a square root j of —1 contains an exact copy of C, namely
{a +bj : a,b € R}, and its arithmetic is forced to be the arithmetic of Definition 1.1.1.
Chapter 2 meets more fields of this shape, built from a smaller field and one new element,
such as {a + bi : a,b € Q}.

Marking scheme. (10 points) - 2: (a) identifies 0 and 1 of R in K by cancellation, and
negatives and inverses of reals by uniqueness. - 3: (b) shows that b # d would make j real,
with the division justified by d — b # 0. - 2: (b) derives the contradiction from j2 > 0 in R
(with j # 0) and —1 < 0, naming the ordered-field rule. - Second route for (b): squaring
(b—d)j = ¢c—a with j2 = —1, and noting by (a) that the result is an equation between real
numbers, earns the 3 points; concluding from (¢ — a)? + (b — d)? = 0 that a = c and b = d,
from squares > 0 in R, naming the ordered-field rule, earns the 2 points. - 1: (c) injectivity,
from (b). - 2: (c) the sum and the product, expanding with j2 = —1 and comparing with
Definition 1.1.1. Fatal errors (0 for the step): treating j as ¢ (the point is that K is any
field); claiming j2 > 0 in K (there is no order on K).

1.2 Conjugate, Modulus, and Division

Section 1.1 built C and showed that it is a commutative ring with 1 # 0 (Proposition 1.1.2).
One field axiom is still missing: (F8), which asks for an inverse of every non-zero element. To
divide by 3+ 44, we want a number to multiply by that lands in the real numbers, where division
is familiar. The product (a + bi)(a — bi) = a® + b? of Example (First Computations in C) shows
which number does the job. This section gives its two ingredients names, the conjugate and the
modulus, proves the rules they obey, and concludes that C is a field.
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Conjugate and modulus

A complex number z = a + bi is a point (a,b) of the plane. Two pieces of plane geometry turn
out to be algebra in disguise: the mirror image of z in the horizontal axis, and the distance of
z from 0. The mirror image changes the sign of b. The distance, by Pythagoras, is the square
root of a? + b2, the very number that appeared in Example (First Computations in C). Square
roots of non-negative real numbers exist and are unique in every complete ordered field (Number
Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4), so we may use them in R: for z € R
with > 0, \/z is the unique y € R with y > 0 and y? = .

Conjugating reflects a point in the real axis; the modulus is its distance from the origin.

Definition 1.2.1. Conjugate and Modulus

Let z = a + bi € C with a,b € R. The complex conjugate of z is

Z:=a— bi.
The modulus (or absolute value) of z is the real number
2| = Va2 + b2,

the non-negative square root of Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 6.1.4 in R.

In words: the conjugate keeps the real part and flips the sign of the imaginary part, ReZ = Re z
and ImZ = —Im z. The modulus is a real number, never negative, and its square is a? + b> =
(Re 2)? + (Im 2)2.

Well-definedness. Since z determines a and b (compare real and imaginary parts, Section
1.1), the right-hand sides depend only on z. The square root exists because its argument is non-
negative: a2 > 0 and > > 0 (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5
(e), with 02 = 0 when the number is 0), so a? + b%> > 0 (Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.5 (b)). And R is complete (Number Systems: From \(\nN\) to
\(\nR\), Theorem 5.6.3), which is the hypothesis of Number Systems: From \(\nN\) to \(\nR)),
Proposition 6.1.4. This is where the completeness of R enters the chapter. Over Q alone the
definition would break down at once: |1 + i| would have to be a rational number whose square
is 2, and there is none (Number Systems: From \(\nN\) to \(\nR\), Theorem 2.6.1).

Examples.

A point with integer distance. For z = 3+4i: Z = 3—4i, and |z| = v/9 + 16 = /25 = 5. The last
step is the uniqueness clause of Number Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4:
5> 0 and 5% = 25, so 5 is the non-negative square root of 25.

The uniti. i=0+1i=0—1i = —i, and |i| = /0 + 1 =1, since 1 > 0 and 1> = 1.

The degenerate case z = 0. 0 = 0 and |0] = v/0 = 0. We show below that 0 is the only complex
number with modulus 0; that one fact is what makes division possible.

A real number. For a € R, @ = a and |a|] = Va?. The symbol |a| already had a meaning for
real a: the absolute value of an ordered field (Number Systems: From \(\nN\) to \(\nR\),
Definition 4.1.1). The next proposition shows the two meanings agree, so the notation does not
clash.
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Proposition 1.2.1. The Modulus Extends the Absolute Value

Let a € R C C. Then @ = a, and the modulus va? + 02 of a equals the absolute value of a
in the ordered field R (Number Systems: From \(\nN\) to \(\nR)\), Definition 4.1.1).

Proof. Write a = a + 0i. Then @ =a —0i = a, since 0-¢ =7-0 = 0 by (F6) and Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b), and —0 = 0 because 0 +0 = 0
and negatives are unique (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2
(a)), all in the commutative ring C. The modulus of a is Va2 + 02 = Va2, the unique
non-negative real number whose square is a?. The absolute value |a| of the ordered field
R is non-negative and satisfies |a|?> = a? (Number Systems: From \(\nN\) to \(\nR)\),
Proposition 4.1.3 (a), (b)). By the uniqueness clause of Number Systems: From \(\nN\) to
\(\nR\), Proposition 6.1.4, the two are equal.

So the modulus extends the absolute value: on R C C it is the old |-|, and every result about
|z| for real x stays true with the new reading. For instance |—3| = 3, whichever definition we
use.

Quick check. Find z and |z| for z = —2i and for z = 1 — 4. For which of the two is z = 27

Solution. For z = —2i =0+ (-2)i: 2=0—(—2)i =2 and |2| = v/0+4 =2, since 2 > 0
and 22 = 4. For2=1—14: z =1+ and lz| = V1+1 = V2. In neither case is z = z:
comparing imaginary parts, Z = z needs Im z = —Im 2, that is Im z = 0, and both numbers
have non-zero imaginary part.

Why this definition. The square root is what makes the modulus a length. Without it, the
simpler quantity N(z) := a? + b? would do some of the same jobs: it is 2Z, and it vanishes only
at 0. But on real numbers it is N(a) = a?, not |al, so it does not extend the absolute value:
N(2) = 4. And it is not a sensible distance: N(1+ 1) = 4, while N (1) + N(1) = 2, so the “side”
from 0 to 2 would be longer than the two sides through 1. The modulus keeps the convenient
algebra of N, since |z|?> = N(z), and adds the right size. Section 1.3 exploits exactly this square.

Warning. The modulus squared is 2%, not zz. In general |z|? # 22: for z = i, |i|> = 1 but
i> = —1. The two agree only when z is real. For z = a + bi, 22 = (a®? — b?) + 2abi and
|z|? = a® + b?; if they are equal, comparing real parts gives a? — b?> = a? + b?, so 2b* = 0.
Since 2 > 0 in R (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5 (h)), 2 # 0,

so b2 = 0 by part (f), and b = 0 by part (e). Conversely, for real z = a, |a|?> = a® + 0% = a?.

Rules for conjugate and modulus

The following rules are used constantly, in this chapter and much later for complex inner prod-
ucts. They say that conjugation respects both operations, and that the modulus respects prod-
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ucts.

Theorem 1.2.2. Properties of Conjugation and Modulus

For all z,w € C:

) z+w=Z+wWand Z =z

) ZW = Z w;

(c) 2Z=|2|> and z + Z=2Rez;
) [zw] = [z [w] and |2] = |z];
) |

z| = 0 if and only if z = 0.

Idea. Parts (a)—(c) and (e) are direct computations with real and imaginary parts. For (d),
expanding |zw| directly is legitimate but messy, since a square root of a long sum appears.
It is cleaner to square: by (c) a squared modulus is a product with a conjugate, and (b) lets
the conjugate split across the product. Two non-negative real numbers with the same square
are equal, and that brings us back from squares to moduli.

Proof. Let z =a 4+ bi and w = ¢+ di with a,b,¢,d € R.

(a) Wehave z + w = (a+c)—(b+d)i = (a—bi)+(c—di) = Z+w, since —(b+d) = (—b)+(—d):
(b+d)+ ((—=b) +(—d)) = 0, and negatives are unique (Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.2 (a) in R). And Z = a+(—b)i,s0 z = a—(—b)i = a+bi = z,
by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (a) in R.
(b) Since zw = (ac—bd)+ (ad+bc)i, we get Zw = (ac—bd) — (ad+bc)i. On the other hand,
by Definition 1.1.1 and Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.2
(¢) in R,
Zw = (a+ (—b)i) (c + (—d)i)
— (ac = (=b)(=d)) + (a(~d) + (~b)d)i
= (ac — bd) — (ad + bc)i.

(c) By Example (First Computations in C), 2Z = a? + b?, and a® + b? = |z|? because |z is
a square root of a® +b2. Also z+ % = (a+a) + (b —b)i = 2a = 2Re 2.
(d) By (c), then (b), then Proposition 1.1.2 to regroup and reorder the four factors,

|zw|? = (zw) 70 = 2wZ T = (22)(ww) = |z||w|?.

In R, |z2|w|? = (|Z||w|)2 (Proposition 1.1.3 (c)), and |z||w| > 0: it is O if one factor
is 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)), and positive
otherwise, since a product of two positive elements of an ordered field is positive ((O4)
of Number Systems: From \(\nN\) to \(\nR)), Definition 2.3.2). So |zw| and |z||w]| are
both non-negative real numbers whose square is |z|?|w|?. By the uniqueness clause of
Number Systems: From \(\nN\) to \(\nR)), Proposition 6.1.4 they are equal. Finally
Izl = VaZ+ (=b)?2 = Va2 +b? = |z|, since (—b)?> = b?> (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (c)).

(e) If z = 0, then |z| = /0 = 0. Conversely, let |2| = 0, so a® + b> = [2|> = 0. If a # 0,
then a? > 0 (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5 (e)) and
b2 >0, so a® + b?> > 0 (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5
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(b)), a contradiction; hence a = 0. Then b? = 0, and the same rule gives b = 0. So
z = 0. This proves the theorem.

The proof of (d) is our first use of a move that runs through the whole chapter: a statement
about a modulus |u| becomes a statement about |u|? = u@, which is algebra; we compute there,
and come back by taking non-negative square roots. Section 1.3 names it, square the modulus,
and uses it to prove the triangle inequality.

Two remarks on what the theorem says. First, (a) and (b) say that conjugation respects sums
and products, and it fixes 1. Not every reflection does: the reflection in the vertical axis, z — —Z,
respects sums, but it sends 1 to —1, and 1-1 = 1 to —1, while the product of the images is
(—=1)(—1) = 1. Second, (d) says that the size of a product is the product of the sizes. In the
plane picture, multiplying by w stretches every length by |w|; Section 1.5 completes this picture
with angles.

Division

The first payoff is division. If z # 0, then |2| # 0 by (e), so |z|? is a strictly positive real
number, and we may divide by it in R.

Proposition 1.2.3. Inverse of a Complex Number

Let z € C with z # 0. Then
1 _
’IU::W,Z

1
Lor = for this w.

z

satisfies zw = 1. We write z~

Proof. Since z # 0, |z| # 0 by Theorem 1.2.2 (e), so |z|*> > 0 by Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (e). In particular |z|? # 0, so it has an inverse 1/|z|?
in the field R. By Proposition 1.1.2 and Theorem 1.2.2 (c),
1,1,
Zw:W(ZZ):W|Z| =1,
where the last product is computed in R, which gives the same result as in C (Proposi-
tion 1.1.1). This proves the proposition.

The hypothesis z # 0 is used exactly once, to make |z|? non-zero, so that 1/|z|? exists. For
z = 0 there is nothing to rescue: 0-w = 0 # 1 for every w (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (b)). The proposition gives one inverse; that it is the only one is a

fact about all fields, which we can cite as soon as we know that C is one.

Theorem 1.2.4. The Complex Numbers Form a Field

The set C, with the operations of Definition 1.1.1, is a field in the sense of Number Systems:
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From \(\nN\) to \(\nR\), Definition 2.3.1. Moreover R C C (Proposition 1.1.1) is closed
under the field operations of C: for a,c € R, the sum a + ¢, the product ac, the negative —a
and, if a # 0, the inverse a~!, computed in C, are the real numbers computed in R.

Proof. By Proposition 1.1.2 and the remark after it, C satisfies (F1)—(F7) and (F9), and
1 # 0 in C. By Proposition 1.2.3, every non-zero z € C has an element z~! with 227! = 1,

which is (F8). So C is a field.

For a,c € R, the sum and product are those of R by Proposition 1.1.1. The real negative
—a satisfies a + (—a) = 0 in R, hence in C, so it is the negative of a in C, by uniqueness of
negatives (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (a)). If a # 0, the
real inverse a~! satisfies aa~! = 1 in R, hence in C; and a # 0 in C, since ¢ is injective. So
a~!is the inverse of a in C, by uniqueness of inverses in the field C (Number Systems: From
\(\nN\) to \(\nR)\), Lemma 4.1.1 (a)).

Everything proved for an arbitrary field now holds in C, without a new proof. From Number
Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1: the inverse 2! is the only y with 2y = 1,
and (zw)~! = z7tw™! for non-zero z,w; fractions z/w = zw~! add and multiply by the usual
rules; and C has no zero divisors: zw = 0 forces z = 0 or w = 0. By Proposition 1.1.3 (d),
2™ # 0 whenever z # 0. These are the facts that the rest of the chapter uses when it cancels a
non-zero factor.

Remark. Chapter 2 collects fields as a notion with many examples, finite and infinite. This
theorem is the one it cites for C, and R C C, with the closure just proved, is one of its
examples of one field inside another.

In practice, a quotient is computed by “multiplying top and bottom by the conjugate”. For
w # 0, Proposition 1.2.3 gives B

z 4z

i ek
which is the fraction z/w multiplied by w/@w = 1 (here w # 0, since [w| = |w| # 0 by Theo-
rem 1.2.2 (d), (e)) and simplified with the product rule for fractions (Number Systems: From
\(\nN\) to \(\nR\), Lemma 4.1.1 (b)): the new denominator ww = |w|? is real.

Example. Dividing Complex Numbers

5+1
1—1

1
Write - and in the form a + bi with a,b € R.
7

3+4

Solution. For the first, |3 4 4i|?> = 25 and 3 + 45 = 3 — 44, so by Proposition 1.2.3
1 3—4i 3 4

344 25 25 25

Check: (34 44)(3 —4i) =9+ 16 = 25, so the product with 3 4 47 is 25/25 = 1.
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For the second, |1 —i|>=2and T—i=1+1, so

5+i (5+9)(1+4) 5+5+i+i® 4+6i

=243
—s 2 2 2 +3

This agrees with (2 + 37)(1 — i) = 5 4 ¢ from Example (First Computations in C): since
1 —1i # 0, the quotient is the only u with u(1 —4) = 5+ i. Indeed, if u(1 — i) =5 + i, then
u=u-1=u((l-49)1-9)"1) = (ul-19))1-49)"=((+14)(1-14i)"L by (F7), (F8) and
(F5) in the field C (Theorem 1.2.4).

Quick check. Compute |(1+4)(1—1)| in two ways: by multiplying first, and by Theorem 1.2.2
(d). Then compute 1/i.

Solution. Multiplying first, (1+4)(1 —i) = 1+ 1 = 2, so the modulus is |2| = 2. By (d), it is
11+4| |1 —i| = vV2-v2 =2, since vV2v2 = (v/2)2 =2. And 1/i =i/|i|*> = —i/1 = —i; check:
i(—i) = —i2 = 1.

Exercises

1.2.4.1 A. Check your understanding

Exercise. Al

(a) Define the complex conjugate z and the modulus |z| of z = a + bi, where a,b € R.
Which earlier result guarantees that |z| exists?

(b) True or false, with a reason: zZ is a non-negative real number for every z € C.
(c) Where exactly is the hypothesis z # 0 used in the proof of Proposition 1.2.37
(d) Write 1/(1 4 2¢) in the form a + bi with a,b € R.

Solution.

(a) Z == a — bi and |z| == Va?® + b2, the non-negative square root. It exists by Number
Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4, since R is a complete ordered
field and a? + b2 > 0.

(b) True. By Theorem 1.2.2 (c), 2Z = |z|?, the square of a real number, and squares of
real numbers are non-negative (Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.5 (e) when |z| # 0, and 0% = 0 by Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.2 (b) when |z| = 0).

(c) Tt gives |z| # 0 by Theorem 1.2.2 (e), hence |z|> > 0, so that 1/|z|? exists in R. Nowhere
else.

(d) [1+2i>=1+4=5and T+2i=1-2is01/(1+2i)=(1-2i)/5=1 — 2i. Check:
(14 23)(1 — 2i) = 5.
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1.2.4.2 B. Practice

Exercise. B1: Arithmetic

Write each of the following in the form a + bi with a,b € R, or as a real number where
indicated.

(a) (3—2i)(4+1).
1+ 2@
b
(b) 5=
() |3+ )(5 — 124)|, without expanding the product.
1 1
d) R d Im —.
(d) 25 and Tm o=
Solution.

(a) (3 —2i)(4+14) =12+ 3i — 8 — 22 = 14 — 5i.
(b) By Proposition 1.2.3, multiply by 2 — i = 2 + i and divide by |2 —i|? =

1420 (1+2)(2+4) 2+i+4i+2 50
2—i 5 N 5 5

Check: (2 — i) = 2i —i% = 1 + 2i.
(c) By Theorem 1.2.2 (d), |(3 + 44)(5 — 12i)| = |3 + 44||5 — 12i] = 5- 13 = 65, since
|5 — 12i| = /25 + 144 = /169 = 13 (13 > 0 and 13% = 169).
1 1—-43 1

1
(d) Ti- 2 ~—3° 51’, so the real part is 1/2 and the imaginary part is —1/2.
i

Exercise. B2

Let z € C. Prove:

c and Im z =

(a) Rez =
(b) z € Rif and only if Z = z;

o

(¢c) Rez =0 if and only if Z = —=.

Solution. Write z = a + bi with a,b € R.

(a) By Theorem 1.2.2 (¢), 2+ Z = 2a, and 2 # 0, so (2 +%)/2 = a = Rez. Also
z—%z = (a—a)+ (b+b)i = 2bi, and 2i # 0, so (z — 2)/(2i) = (b(20))(2i)"! =
b((2§)(2i)7!) = b = Imz, using 2bi = b - (2i) and (F5), (F8), (F7) in the field C
(Theorem 1.2.4).

(b) Z =z means a — bi = a + bi, which by comparing imaginary parts holds if and only if
—b =0, that is 2b = 0, that is b= 0 (as 2 # 0 in R). And b = 0 means z = a € R.

()

Z = —z means a — bi = —a — bi, which by comparing parts holds if and only if a = —a
(the imaginary parts agree), that is 2a = 0, that is a = 0 (as in (b)).
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Exercise. B3
Let z,w € C with w # 0. Prove that z/w = Z/w and |z/w| = |z|/|w].

Hint: start from w - (z/w) = z.

Solution. Let q :== z/w = zw™ !, so wq = 2. By Theorem 1.2.2 (b), wq = z. Here w # 0:

[w| = |w| # 0 by Theorem 1.2.2 (d), (e). Multiplying by w ! gives § = z/w.

Likewise, by Theorem 1.2.2 (d), |w| |¢q| = |z|, with |w]| # 0 by (e). Dividing by |w]| in R gives
gl = [2]/]wl-

1.2.4.3 C. Going deeper

Exercise. C1: Exit check: the complex numbers form a field

Prove Theorem 1.2.2 (b) and (d) and Proposition 1.2.3, and conclude that C satisfies (F8).
You may use Definition 1.1.1, Proposition 1.1.2, Proposition 1.1.1, Theorem 1.2.2 (¢) and (e),
and the rules of the ordered field R, including Number Systems: From \(\nN\) to \(\nR)\),
Proposition 6.1.4.

Solution. (b). Let z = a+bi, w = c+di. Then zw = (ac—bd)+ (ad+bc)i, so zw = (ac—bd) —
(ad+be)i. And zw = (a—bi)(c—di) = (ac— (=b)(—d)) + (—ad —be)i = (ac—bd) — (ad+ be)i.
The two agree.

(d). By (c), (b), and commutativity and associativity of multiplication (Proposition 1.1.2

(a), (b)),

|2w]? = (2w)F@ = (2w)(ZD) = (22)(wD) = |22|w]® = (|2|jw])”
Both |zw| and |z||w| are non-negative (|z||w| is 0 if a factor is 0, by Number Systems: From
\(\nN\) to \(\nR)\), Proposition 2.3.2 (b), and positive by (O4) of Number Systems: From
\(\nN\) to \(\nR\), Definition 2.3.2 otherwise), so both are the non-negative square root of
|2|2|w|?, and they are equal by the uniqueness clause of Number Systems: From \(\nN\) to

\(\nR\), Proposition 6.1.4. Also |Z| = \/a? + (—b)2 = Va2 + b2 = |z|.

Inverse. Let z # 0. By (e), |2] # 0, so |z|2 > 0 (Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.5 (e)), and r := 1/|z|? exists in R. With w = rZ, Proposition 1.1.2 and (c)
give zw = r(2Z) = r|z|> = 1, where the last product is computed in R, which agrees with
the product in C (Proposition 1.1.1).

(F8). Every non-zero z € C has an element w with zw = 1, which is (F8) of Number
Systems: From \(\nN\) to \(\nR\), Definition 2.3.1.

Marking scheme. (10 points) - 2: (b) by expanding both sides in real and imaginary parts
and comparing. - 3: (d) via |zw|?> = (2w)Zw and (b), with commutativity named for the
reordering. - 1: equal non-negative squares give equal numbers, with a reason (uniqueness
of the non-negative square root, or Number Systems: From \(\nN\) to \(\nR)\), Proposi-
tion 2.3.5 (g) with trichotomy). - 2: |2|? > 0 for z # 0, with a reason. - 2: zw = 1 for
w = (1/]2|?)Z, and the conclusion stated as (F8). Fatal errors (0 for the step): dividing by
z or by |z| before showing it is non-zero; “|zw| = |z||w| because the modulus is a length
and multiplication scales lengths” (circular: the scaling picture is a consequence of (d)). A
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second route to (d), expanding (ac — bd)? + (ad + bc)? = (a? + b?)(c? + d?) and then taking
square roots, earns the 3 points of the (d) step in full.

Exercise. C2: Gaussian rationals

Let Q(¢) == {a+bi : a,b € Q} C C, where Q C R as in Number Systems: From N to
R, Chapter 5 (Number Systems: From \(\nN\) to \(\nR\), Theorem 5.6.3). Prove that
Q(i) is closed under addition, negatives, multiplication, inverses of non-zero elements, and
conjugation.

Solution. Under the identification of ¢ with k(q), x sends sums, products, negatives and
inverses of non-zero rationals to the same operations in R (Number Systems: From \(\nN\)
to \(\nR\), Theorem 5.4.1 (a), (c)), so the copy of Q in R is closed under +, -, negatives
and inverses of non-zero elements.

Let z = a+ bi and w = ¢+ di with a,b,¢,d € Q. Then z +w = (a + ¢) + (b + d)i,
-2z = (—a) + (=b)i and zw = (ac — bd) + (ad + bc)i have rational parts, and so does
Z=a+ (—=b)i. If z # 0, then a? + b% = |2|? # 0 by Theorem 1.2.2 (e), and a® + b*> € Q. By
Proposition 1.2.3,
-1 _ a —b .
R R
whose parts are quotients of rational numbers by a non-zero rational number, hence rational.

So all five operations stay in Q(i). For example, (1+2i)~1 = 1 — 2i € Q(i).

Chapter 2 calls a subset of a field a subfield when it contains 0 and 1 and has these closure
properties. Q(¢) contains 0 = 0+ 0i and 1 = 1 + 0i, and it is one of the examples there.

Marking scheme. (10 points) - 2: the copy of Q in R is closed under +, -, negatives and
inverses of non-zero elements, with a reason (Number Systems: From \(\nN\) to \(\nR)\),
Theorem 5.4.1 (a), (c)). - 2: z 4+ w, —z and z have rational real and imaginary parts. - 2:
2w = (ac—bd)+(ad+bc)i has rational parts. - 3: for z # 0, a>+b? is non-zero (Theorem 1.2.2
(e)) and rational, and the formula of Proposition 1.2.3 then gives rational parts. - 1: the
conclusion that all five operations stay in Q(¢). Fatal errors (0 for the step): dividing by
a® + b? without first using z # 0 to show it is non-zero; assuming without a reason that
Q C R is closed under the operations.

1.3 The Triangle Inequality

The modulus of Section 1.2 measures a complex number by a real one. Picture z = a + bi as
the point (a, b) of the plane: by Pythagoras, |z| = va? + b? is its distance from the origin, and
|z — w| is the distance between the points z and w. In a triangle, one side is never longer than
the other two together. This section proves the algebraic form of that fact, |z + w| < |z| + |w],
from the definitions alone. The picture motivates it; no step of the proof uses it.

Why the old proof does not transfer

For an ordered field, Number Systems: From N to R, Chapter 4 proved |z + y| < |z| + |y| by
trapping (Number Systems: From \(\nN\) to \(\nR)\), Proposition 4.1.3 (e)). Each of z and y
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lies between =+ its absolute value, —|z| < x < |z| (part (c) there); adding the two traps traps
x +y between £(|z| + |y|), and part (d) reads that as the inequality.

That route needs = < |z|: a comparison between z itself and a number. For a complex z,
“z < |z|” compares a complex number with a real one, and C has been given no order in which
to make the comparison. Section 1.4 shows that no order compatible with the arithmetic of C
exists (Proposition 1.4.3). So the proof must compare real numbers only.

Two kinds of real number are at hand. Moduli are real, and so are real parts. The device that
connects them to the arithmetic of C is the identity |u|? = uw@ of Theorem 1.2.2 (c). A modulus
is a square root, and square roots do not add well; its square is a product, and products expand.
So we will compare squares and then come back.

Comparing squares. Coming back from squares to the numbers needs one rule about the real
numbers. Let p,q € R with p > 0 and ¢ > 0. Then

p<q = p* <, p=q = p’ =g,

and likewise with < on both sides. The strict form is Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5 (g). For the first equivalence: if p < ¢, then p? < ¢* by (g), and if
p = ¢ the squares agree. Conversely, if p? < ¢ and yet g < p, then (g) gives ¢> < p?, which
contradicts p? < ¢? by trichotomy (O1); so p < ¢. The second equivalence follows from the first,
applied in both directions, and trichotomy. In words: for non-negative reals, squaring neither
creates nor destroys a comparison. Both hypotheses p > 0 and ¢ > 0 matter: (—2)? > 12, and
yet —2 < 1.

The real part is at most the modulus

The single estimate the proof needs is that a real part never exceeds the modulus. It comes
with two companions, which say that the modulus and the “taxicab size” |Rewu| + [Imu| are
comparable.

Lemma 1.3.1. Real and Imaginary Parts against the Modulus

For every u € C,
Reu| < |uf,  [Imu|<l|ul,  |u] <|Reu[+ [Imul.

In particular Rew < |u.

Here |Reu| is the absolute value of a real number. By Proposition 1.2.1 it is the same whether
it is read as the absolute value of the ordered field R from Number Systems: From N to R,
Chapter 4 (Number Systems: From \(\nN\) to \(\nR)\), Definition 4.1.1) or as the modulus of
a complex number that happens to be real, so the lemma has only one reading.

Idea. Every quantity in the lemma is a non-negative real, so compare squares. The square of
lu| is 2% + y2, and the squares of |z| and |y| are 22 and y?, each at most the sum; the square
of |z| + |y| is the sum plus the non-negative cross term 2|z||y|.
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Proof. Write u = x + yi with x,y € R. By Definition 1.2.1 and the defining property of the
square root (Number Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4), |u| > 0 and
Ju]? = 2% + ¢,

Since 42 > 0 (Number Systems: From \(\nN\) to \(\nR)), Proposition 2.3.5 (e) if y # 0;
02 = 0 otherwise), adding 22 gives 72 < z% + y? by Number Systems: From \(\nN\) to
\(\nR)\), Proposition 2.3.5 (b). Also |z|> = 22 and |z| > 0 (Number Systems: From \(\nN\)
to \(\nR\), Proposition 4.1.3 (a), (b)). Hence |z|*> < |u|?, with both |z| and |u| non-
negative, and comparing squares gives |z| < |u|. The same argument with the roles of z and

y exchanged gives |y| < |u|. Then Reu = x < |z| by Number Systems: From \(\nN\) to
\(\nR)\), Proposition 4.1.3 (c), so Reu < |u].

For the last inequality, expand with Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.2 (d):
(Il + lo)* = laf? + 2lzlly] + lyf?
= +y° +2allyl > 2° +47 = ul?,
where the inequality holds because |z||y| > 0 as a product of non-negative reals, so 2|z||y| > 0,

and Number Systems: From \(\nN\) to \(\nR)), Proposition 2.3.5 (b) adds it. Both |z|+ |y]
and |u| are non-negative, so comparing squares gives |u| < |z| 4 |y|. This proves the lemma.

For u = 3 — 44 the three inequalities read 3 < 5,4 < 5 and 5 < 7. For u = 2 they read 2 < 2,
0 <2 and 2 < 2: areal u makes the first and third equalities. The inequality Reu < |u] is strict
for u = —1, where it reads —1 < 1; the absolute value inside the first inequality is what makes
it sharp for real u of either sign.

Quick check. Find a non-zero u € C with Reu = 0. What do the three inequalities of
Lemma 1.3.1 say for it?

Solution. For example v = 2i, with Reu = 0, Imu = 2 and |u| = v/0+4 = 2. The
inequalities read 0 < 2,2 < 2 and 2 < 0+ 2. Any u = yi with y # 0 works the same way:
|u| = |y|, so the second and third inequalities are equalities.

The triangle inequality

We can now state the theorem. Its proof is the first full run of the move this chapter is built
around.

Theorem 1.3.2. Triangle Inequality for Complex Numbers
For all z,w € C,
|2+ w| < [z] + [w].

Try it first (ten minutes): show |z + w|? < (|z] + |w|)? by expanding both sides with |u|* = v,
and note which term you cannot yet bound.
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Idea. Expanding the left side with |u|? = u@ and conjugation of sums gives |z|? + 2 + Zw +
|w|?; the right side is |2|% 4 2|z||w|+|w|?. Everything matches except the cross term 27 -+ Zw,
and an attempt usually stops there: it looks like a complex number, and complex numbers
cannot be compared with 2|z||w|. The way out is to notice that Zw is the conjugate of zw,
so the cross term is u + 7 = 2 Rew with v = 2w: a real number after all. A real part is at
most the modulus, and |zw| = |z||w|. Squares compare, so the moduli do.

Before reading on: where is Reu < |u| used, and why may we compare squares?

Proof. Let z,w € C. By Theorem 1.2.2 (c), then (a), then Proposition 1.1.2 (c) together
with (a) and (b) (distributivity, commutativity, associativity),

By Theorem 1.2.2 (b) and (a), 2w = Zw = Zw. So with u = 2w, the two middle terms are
u +u = 2Rewu, by Theorem 1.2.2 (¢). Using (c) once more for 2z and ww,

|z + w|? = |2)? + 2Re(z@) + |w|?.

Every term here is real, and sums and products of real numbers are the same in C as
in R (Proposition 1.1.1), so the inequalities below take place in the ordered field R. By
Lemma 1.3.1, Re(zw) < |zw|, and by Theorem 1.2.2 (d), |zw| = |z||w| = |z| |w|. Adding
this inequality to itself (2a = (1 + 1)a = a + a by distributivity) and then adding |z|? 4 |w|?
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (b) twice), and expanding
the square with Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (d),

|2+ w]? < |21 + 2|2 [w] + [w]? = (|2] + [w])*.

Both |z+w| and |z|+ |w| are non-negative real numbers, so comparing squares gives |z +w| <
|z| + |w]|. This proves the triangle inequality.

The proof answers its prompt in two lines. Reu < |u| is used once, to bound the cross term
2 Re(zw) by 2|zw|. Comparing squares is legitimate because the two quantities being compared,
|z + w| and |z| + |w|, are both non-negative; without that, a smaller square would say nothing
about the numbers.

This route has a name in this chapter: square the modulus. The modulus is a square root,
and square roots are hard to handle; its square |u|?> = wa is a product, so square, expand with
conjugates, bound or compare the real numbers you get, and take the non-negative square root
back. Section 1.2 used the same move once already, for |zw| = |z||w| (Theorem 1.2.2 (d)). The
linear algebra volumes take the same route, square, expand, bound the cross term, for the length
of a vector in an inner product space.

Warning. The square of the modulus is v, not u?. Expanding |z + w|? as (z + w)? =

22 +2z2w+w? gives nonsense: for z = w = i, (z+w)? = (2i)? = —4, while |z+w|? = |2i|? =
The cross term of the correct expansion is 2w + Zw, and only that form is real.
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Remark. The inequality can be strict: for z =1 and w = —1, the left side is |0] = 0 and the
right side is 2. For real z,w, every modulus in the statement is the absolute value of Number
Systems: From N to R, Chapter 4 (Proposition 1.2.1), and the theorem is Number Systems:
From \(\nN\) to \(\nR\), Proposition 4.1.3 (e), reached by a different route.

Quick check. Compute |3 + 4i| 4+ |—3 + 4i| and |(3 +4i) + (—3 + 44)|, and check them against
the triangle inequality.

Solution. |3+ 4i] = /9416 =5 and |—3 + 4i| = /9 + 16 = 5, so the right side is 10. The
sum is 8, and |8i| = /0 + 64 = 8. Indeed 8 < 10. In the picture, the two points and 8i are
three corners of a parallelogram with the origin as the fourth, and the diagonal 8 is shorter
than the two sides 5 + 5.

Three variants

Three consequences are used often enough to be stated once: a lower bound for the modulus of
a difference, the inequality for any finite number of terms, and a lower bound for the modulus
of a sum.

Corollary 1.3.3. Variants of the Triangle Inequality

Let z,w € C.

(a) (Reverse triangle inequality.) ||z] — |w|| < |z — w.

n n
sz‘ <>zl

k=1 k=1

(b) For every n € N with n > 1 and all zy,...,2, € C,

(©) |z = |w| < [z + w|.

In (a), the outer bars are the absolute value of the real number |z| — |w|. In words: (a) says
that two points at distance |z — w| from each other have distances from the origin that differ by
at most that much; (b) says that a path of n steps is at least as long as the straight line from
start to end; (c) says that adding w can lower the modulus by at most |w|.

Idea. For (a), split z as (z — w) + w and apply the theorem; that bounds |z| — |w| from
above, and swapping z and w bounds it from below. For (b), add one term at a time. For
(c), apply (a) to z and —w.

Proof.

(a) Since z = (2 — w) + w, Theorem 1.3.2 gives |z| < |z — w| + |w], so |z| — |w| < |z —w|.
Exchanging z and w gives |w| — |z| < |w — z|. Moreover w — z = (—=1)(z — w), so by
Theorem 1.2.2 (d), lw—z| = |-1||z—w| = |z —w|, where |—1| = 1 by Proposition 1.2.1.
Let t == |z| — |w| € R. We have shown ¢t < |z — w| and —t < |z — w|, that is,
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—|z—w| <t < |z—wl|: if —t < |z—w|, then —|z—w| < —(—t) = ¢t by Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (a) and Number Systems: From \(\nN)\)
to \(\nR\), Proposition 2.3.2 (a), and if —t = |z — w|, then —|z —w| = —(—t) =t. By
Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (d), |t| < |z — w|.

By induction on n > 1 (Logic and Proof, Axiom 4.2.1, through Number Systems:
From \(\nN\) to \(\nR\), Corollary 1.7.3 (b), applied to the statement for n = m+1,
m € N), with the sums defined by appending the last term, as for real sums (Sets,
Relations, and Cardinality, Definition 2.3.1). For n = 1, both sides are |z1|. Suppose
the inequality holds for n, and let z1,..., z,+1 € C. Then

n+1 n n
‘sz’ = ‘Z 2k +Zn+1‘ < ‘Z Zk‘ + |2n41]
k=1 k=1 k=1

n n+1
<D |zl + lznaa] = Y lal,
k=1 k=1

by Theorem 1.3.2, then the induction hypothesis with Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.5 (b).

Apply (a) to z and —w. Since z — (—w) = z + w (Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.2 (a)) and |-w| = |—1||w| = |w]| as in (a), it reads ||z| —
|w|| < |z + w|. By Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (c),
|z| — |lw| < ||z] — |w]||. This proves the corollary.

Part (b) with n = 2 is the theorem itself, so the corollary contains it. Chapter 5 uses (b) and (c)
to show that a polynomial expression of degree at least 1 is large in modulus when |z| is large,
a step towards the Fundamental Theorem of Algebra.

Quick check. Take z = 5 and w = 3i. Compute both sides of (a) and of (c).

Solution. |z| = 5 and |w| = 3, so |z| — |w| = 2. For (a): |z —w| = |5 — 3i] = v/34, and
2 < /34 because 22 = 4 < 34 (comparing squares). For (c): |z + w| = |5 + 3i| = v/34 too,
and again 2 < +/34. Both bounds are far from sharp here; (a) is an equality when w = 0, for
instance.

Exercises

1.3.5.1 A. Check your understanding

Exercise. Al

These questions are about the proof of Theorem 1.3.2.

(2)
(b)
(c)

Where in the proof is Reu < |u| used, and for which u?
Why may the proof pass from |z +w|? < (|z| + |w|)? back to |z +w| < |z| + |w]|?

Run the proof on z = 3 and w = 4i: compute the cross term 2 Re(zw), then both sides
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of the squared inequality.
(d) State the idea of the proof in two sentences.

(e) True or false: |z +w| = |z| + |w| for all z,w € C. Justify your answer.

Solution.

(a) Once, to bound the cross term: with v = 2w, 2 Re(zw) < 2|zw|.

(b) Both |z4+w| and |z| 4 |w| are non-negative reals, and for non-negative reals p < ¢ if and
only if p? < ¢? (comparing squares, from Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.5 (g) and trichotomy).

(¢) w = —4i, so zw = 3 - (—4i) = —12i, with real part 0: the cross term is 0. Then
lz+w? =9+0+16 = 25 and (|2 + |w])? = (3 +4)? = 49, and 25 < 49. So
13+ 4i|=5<7.

(d) Square both sides and expand with |u|? = wu: everything matches except the cross
term, which is 2 Re(2w). A real part is at most the modulus, and |2w| = |z||w], so the
squares compare, and so do the non-negative moduli.

(e) False. For z =1 and w = —1, |z + w| = 0, but |z| 4+ |w| = 2.

1.3.5.2 B. Practice

Exercise. B1: The equality case

Let z,w € C. Prove that |z + w| = |z| + |w| if and only if 2w is a non-negative real number,
that is, Im(zw) = 0 and Re(zw) > 0.

Hint: trace the proof of the triangle inequality and ask where an inequality could be strict.

Solution. Let u := zw = z + yi with x,y € R. By the proof of Theorem 1.3.2,

2+ w? = |2]* + 22 + |w/?,
(12 + |w])® = |2% + 2u| + [w]?,

the second because |z||lw| = |u| (Theorem 1.2.2 (d)). Both moduli are non-negative, so
(comparing squares) |z + w| = |z| + |w| holds if and only if the squares are equal, that is, if
and only if 2 = 2|u|, that is, z = |u|.

It remains to show that = = |u| holds exactly when y =0 and = > 0. If z = |u/, then z > 0,
and squaring gives 2 = 22 + y2, so y> = 0 and y = 0 (Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.5 (e): a non-zero square is positive). Conversely, if y = 0 and
x > 0, then |u| = Va2 =z, since z > 0 and 22 = 2° (uniqueness in Number Systems: From
\(\nN\) to \(\nR\), Proposition 6.1.4). Hence |z + w| = |2| + |w| if and only if 2w is a
non-negative real number.

For instance z = 1+4, w = 2+2i: 2w = (1+14)(2—2i) = 4 > 0, and indeed |3+ 3i| = /18 =
3v2 = V2 +2v2 = |1+i| + |2+ 2i|. In the picture: equality holds exactly when one of z, w
is 0 or they point in the same direction from the origin. The linear algebra volumes prove
the version for n terms.
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Exercise. B2: A distance that does not change

Let z € C with |z| = 1. Prove that |z — w| = |1 — Zw| for every w € C. The first two steps

are done:
|z —w|? = |2|? — 2w — Zw + |w|?,

11 —zw|? =1 - 2w — Zw + |2|*|w|?,

both by expanding uw with Theorem 1.2.2. Name the mowve, then complete it.

Solution. The move is square the modulus: compare the squares, which are algebra, and
take the non-negative square roots back.

Substitute |z|?> = 1 into both lines. The first becomes 1 — 2w — Zw + |w|?, and so does the
second, since |z|?|w|? = |w|?®. So |z — w|?> = |1 — Zw|?. Both |z — w| and |1 — Zw| are non-
negative, and non-negative reals with equal squares are equal (comparing squares). Hence
|z —w| = |1 —Zw|.

(For the record, the given lines. Conjugation respects differences: —v = (—1)v = —1v = -7
by Theorem 1.2.2 (b), Proposition 1.2.1 and Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.2 (c), so with (a), u—v = w —v; and 1 = 1 by Proposition 1.2.1. Then
(z—w)zZ—w) = 22— 20— wz +ww, and 1 —zw = 1 — 2w, so (1 — zw)(l — 2w) =
1 — 2w — zZw + (2Z)(ww).)

Exercise. B3

Prove that |z| < [Re z|+|Im z| < v/2 2| for every z € C, and, for each of the two inequalities,
find a non-zero z for which it is an equality.

Solution. The first inequality is the last part of Lemma 1.3.1. For the second, write z =
x +yi. Both sides are non-negative (v/2 > 0 by Number Systems: From \(\nN\) to \(\nR)\),
Proposition 6.1.4), so it suffices to compare squares. The right side squared is (v/2)2|z]? =
2(x? + y?), and the left side squared is 2% + 2|z||y| + y?, using |z|?> = 22 (Number Systems:
From \(\nN\) to \(\nR\), Proposition 4.1.3 (b)). Their difference is
2(2” +y?) — (2 + 2lallyl +y?) = |al® — 2Jzlly| + |y|*
2

= (lz] = y)” = 0,
a square in the ordered field R (Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.5 (e)). So (|| + |y)? < 2|2|%, and |z| + |y| < V2]z|.

Equality: z = 1 gives 1 = 140 in the first; z = 1 +4 gives 1 +1 = 2 = /2-1/2 in the second.

1.3.5.3 C. Going deeper

Exercise. C1: Exit check: the triangle inequality

State and prove the triangle inequality for complex numbers. Your proof must include a
proof that Reu < |u| for every u € C.
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Solution. Statement. For all z,w € C, |z + w| < |2| + |w|.

The estimate. Let u = x + yi with z,y € R. Then |u|? = 2% + y? > 22 = |z|2, since y* > 0.
Both |z| and |u| are non-negative, so |z| < |u| by comparing squares (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (g) with trichotomy). Hence Reu = = < |z| < |u]
(Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (c)).

The inequality. Let z,w € C. By Theorem 1.2.2 (a)—(c),

|2+ w|* = (z + w)(Z+ @) = |2|* + (2@ + zw) + |w|?
= |22 + 2Re(z@) + |w|?.

By the estimate and Theorem 1.2.2 (d), 2 Re(2w) < 2|2w| = 2|z||w|. Hence |z +w|? < (|z| +
|w|)2. Both |z+w| and |z|+|w| are non-negative, so comparing squares gives |z+w| < |z|+|w|.

Marking scheme. (10 points) - 2: proves Reu < |ul|, with a reason for passing from squares
to moduli. - 3: expands |z + w|? with conjugates and identifies the cross term as 2 Re(2w),
a real number. - 2: bounds the cross term by 2|z||w|, citing |zw| = |z||w|. - 1: concludes
|z+w|? < (2| +|wl|)?. - 2: takes square roots, justified by the non-negativity of both sides. A
second route, with coordinates z = a+bi, w = c+di: expanding (a+c)?+(b+d)? and isolating
the cross term 2(ac + bd) earns the 3 points of the second line; proving ac + bd < |z||w|, for
instance from (ac + bd)? < (a? + b%)(c?® + d?), which follows from (ad — bc)? > 0, earns the
2 points of the third line if proved, not if quoted; the last two lines are marked as above.
The 2 points for Reu < |u| are still owed on that route, since the problem asks for it. Fatal
errors (0 for the step): writing z < |z| or any inequality between non-real complex numbers;

dropping the conjugate, as in |u|? = u?.

Exercise. C2: Inside the unit disc

Let z,w € C with |z| < 1 and |w| < 1. Prove that |z — w| < |1 — Zw|. Here is the start of a
proof: square both sides and expand. Name the move, then complete it.

Solution. The move is square the modulus. Both sides are non-negative, so it is enough to
show |z — w|? < |1 — Zw|? (comparing squares, strict form: Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.5 (g)). Expanding each as uu, exactly as in Exercise (B2: A
distance that does not change),

|z —w|? = |2)? — 2w — Zw + |w|?,
11 —zw? =1 - 2w — Zw + |2|?|w|2.
The non-real terms cancel in the difference:
11 —zw|® — |z —w]® =1— |2 — |w]® + |2[*Jw|?

= (1= 1) (1 = [wl?).

Since 0 < |z| < 1, comparing squares gives |z|> < 12 = 1, s0 1—|2|? > 0; likewise 1— |w|? > 0.
A product of two positive reals is positive ((O4)). So the difference is positive, |z — w|? <
|1 —zw|?, and |z — w| < |1 — Zw|.
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In particular 1 —Zw # 0. Since |1 —Zw| = |1 — zw| (a modulus is unchanged by conjugation,
Theorem 1.2.2 (d)), the inequality says that |z — w|/|1 — wz| < 1 for all z,w in the open
unit disc: the map z — (z —w)/(1 —wz) sends the open unit disc into itself, a fact complex
analysis builds on.

Marking scheme. (10 points) - 2: reduces to the squared inequality, with the non-negativity
of both sides as the reason. - 3: expands both squares with conjugates. - 3: factors the
difference as (1 — |2]?)(1 — |w|?). - 2: shows both factors positive, from |z|,|w| < 1, and
concludes strictly. Fatal errors (0 for the step): expanding |z — w|? as (z — w)?; comparing
2w with a real number.

1.4 Square Roots, Quadratic Equations,
and the Missing Order

Logic and Proof, Section 4.11 needed, in one of its checks, the fact that every complex number
has a complex square root, and took it there as a school fact about polar form. This section
proves it, with no angles at all: a square root of a complex number is built from two square
roots of non-negative reals, which Number Systems: From N to R, Chapter 6 provides (Number
Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4). The quadratic formula follows, for
complex coefficients. Then we see what C has lost on the way from R: it has no order compatible
with its arithmetic, and the rule \/z,/y = /Zy has no complex version.

Square roots from real square roots

The question is: given z = a + bi, find w = z + yi with w? = 2. Since w? = (22 — y?) + 2zyi,
comparing real and imaginary parts turns the question into two real equations,

22—y’ =a, 2zy = b.

The answer is an explicit formula in a, b and |z|.

Proposition 1.4.1. Square Roots of Complex Numbers

Let z=a+bi € C with a,b € Rand z # 0, and let r == |z]|. Put s:=1ifb>0and s == —1

if b <0, and
r+a ) r—a

T = 7 Yy:i=S 5 w = x + Y.
Then:
(a) w? = z;
(b) for u € C, u? = 2 if and only if u = w or u = —w;
(c) w# —w.

For z = 0: u? = 0 if and only if u = 0.

In words: every non-zero complexr number has exactly two square roots, w and —w, and the
formula finds one of them; 0 has exactly one.

Try it first (ten minutes): find w with w? = 3+ 4i by writing w = x + yi. What do you do with
the two equations you get?



CHAPTER 1.4. SQUARE ROOTS, QUADRATIC EQUATIONS, AND THE MISSING
ORDER 44

Idea. For 3 + 4i the two equations are 22 — y?> = 3 and 22y = 4. The natural attempt
eliminates y = 2/z and arrives at z* — 322 — 4 = 0, a quartic; it can be solved, but it hides
what is going on, and in general it needs the quadratic formula before we have it. The missing
piece is a third equation, and it comes from the modulus. If w? = z, then |w|? = |w?| = |2|
by Theorem 1.2.2 (d), that is, 22 + y? = r. Now the first equation and the third give x>
and y? by adding and subtracting: 22 = (r +a)/2, y> = (r — a)/2. That fixes x and y up
to sign, and the second equation 2xy = b says which signs go together: zy has the sign of b.
For 34+ 4i: r=5,22=4,9y>=1, zy > 0, s0 w = £(2 +1).

The proof runs this forward: define z and y by the formulas, check w? = z, and get “only
Fw” from the field axioms.

Before reading on: why does the sign of b decide whether x and y have the same sign?

The proof uses one small rule about real square roots: for p,q € R with p,q > 0,

VP Ve = Vb

Both sides are non-negative (a product of non-negative reals is non-negative), and the square of
the left side is (,/p)*(\/q)* = pg, by commutativity; so the left side is the non-negative number
whose square is pg, which is the right side by the uniqueness in Number Systems: From \(\nN\)
to \(\nR)\), Proposition 6.1.4. The rule is about non-negative reals only; the last part of this
section shows that it has no complex version.

Proof. The roots exist. By Lemma 1.3.1, |a|] = |Rez| < r, so —r < a < r (Number
Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (d)). Hence r+a >0 and r —a > 0
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (a), (b)). Halving keeps
this: for p > 0, either p > 0 and then p/2 > 0 (Number Systems: From \(\nN\) to \(\nR\),
Proposition 4.1.2 (b), with € = p), or p = 0 and then p/2 =0-(1/2) = 0 (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)). So (r+a)/2 > 0 and (r —a)/2 > 0. So
the two square roots in the definition of z and y exist (Number Systems: From \(\nN\) to
\(\nR\), Proposition 6.1.4).

(a) Since s? = 1,
r+a oTT—a T+a T—a
s - _
2 2 2 2
For the imaginary part, the rule for real square roots gives

r+a [r—a r2 —q?
Ty s/ 5 \/ > s\ / 7

= 5vr2 —a? = sVb? = s|b| = b.

Here the third equality is 21/t/4 = /4\/t/4 = \/t, by the same rule and V4 = 2;
the fourth uses 72 = a? + b?> (Definition 1.2.1); the fifth holds because |b| > 0 and
|b|> = b? (Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (a), (b)),
with uniqueness in Number Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4;
and the last because s|b| = b by the definitions of s and of |b| (Number Systems: From
\(\nN\) to \(\nR\), Definition 4.1.1), in each of the two cases b > 0 and b < 0. Hence
w? = (22 — y?) + 22yi = a + bi = z, by the multiplication rule of Definition 1.1.1.

(b) Let u € C. Since C is a commutative ring, (u—w)(u+w) = u? —w? (Proposition 1.1.2,

Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (c)). If u?> = z, then

m2—y2: =a.
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u? —w? = z—2=0by (a), so (u—w)(u+w) = 0. Since C is a field (Theorem 1.2.4), it
has no zero divisors (Number Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d)),
sou—w=0oru+w=0, that is, u = w or u = —w. Conversely w? = z by (a), and
(—w)? = w? = z by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2
©F

(c) First w # 0, since w? = z # 0 and 0% = 0. Suppose w = —w. Then 2w = w + w = 0.
But 2 =141 # 0 in C: it is the real number 2, which is positive in R (Number
Systems: From \(\nN\) to \(\nR)), Proposition 2.3.5 (h)), and R C C by the injective
embedding of Proposition 1.1.1. So 2w = 0 with 2 # 0 and w # 0 contradicts the
absence of zero divisors. Hence w # —w.

Finally, for z = 0: 0> = 0, and if u? = u-u = 0, then v = 0 by Number Systems: From
\(\nN\) to \(\nR\), Lemma 4.1.1 (d). This proves the proposition.

The answer to the prompt: x is non-negative by construction, and y is s times a non-negative
number, so zy is s times a non-negative number, and 2zy must equal b. If b > 0, then z and y
must both be non-zero with the same sign; if b < 0, opposite signs. When b = 0 the choice of s
does not matter, because then one of z,y is 0.

The proposition proves what Logic and Proof, Section 4.11 assumed, and it is stronger: it counts
the roots. It uses only the field C, its modulus, and square roots of non-negative reals; no angle,
cosine or sine appears. That matters later: Chapter 5 proves the Fundamental Theorem of
Algebra using square roots in exactly this form.

Example. Square Roots of 5 — 12

Find all w € C with w? =5 — 12.

Solution. Write w = x + yi with z,y € R. Comparing real and imaginary parts in (22 —

y?) + 2zyi = 5 — 12i gives
2 —y?=5 and zy = —6.

Taking moduli, by Theorem 1.2.2 (d), 2% + y? = |w|?> = |5 — 12i| = /25 + 144 = 13. Adding
and subtracting, 22 = 9 and y? = 4, so x = +3 and y = +2. Since zy = —6 < 0, 2 and y have
opposite signs. Hence w = 3 — 2 or w = —3 + 2i. Check: (3 —2i)? =9 —12i + 442 = 5 — 124,
and (-3 + 2i)% = (3 — 2i)%

The formula of Proposition 1.4.1 gives the same root: a =5, b= —-12 < 0,s0 s = —1;r =13,
x =4/18/2 =3 and y = —/8/2 = —2. By part (b) there are no other roots.

Quick check. Find the square roots of —4 and of 2i.

Solution. For —4: a = —4,b=0,r=4,s0x =0 =0and y = V/8/2 = 2; the roots are
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+2i, and indeed (2i)? = —4. For 2i: a =0,b=2,7r =2,s0 x = /1 = 1 and y = 1; the roots
are £(1414), and (1+4)2=1+42i — 1= 2.

The quadratic formula

With square roots in hand, a quadratic equation with complex coefficients is solved exactly as
in school: complete the square. The only difference is that we never need to ask whether the
discriminant is negative.

Corollary 1.4.2. Quadratic Formula over the Complex Numbers

Let a,b,c € C with a # 0, and let d € C be a square root of b> — 4ac (one exists by
Proposition 1.4.1). Then for z € C,

—b+d —-b—d

az?+bz4+c=0 < z=
2a 2a

The two solutions coincide if and only if b — 4ac = 0.

Here a,b,c are complex numbers, in a departure from the chapter’s habit of reserving these
letters for reals; the statement is the school formula, and keeps its letters. The choice of d does
not matter: the other square root is —d (Proposition 1.4.1 (b)), which swaps the two solutions.

Idea. Complete the square, as in school: after multiplying by 4a, the equation says that
2az + b is a square root of b*> — 4ac. The square roots of b?> — 4ac are exactly d and —d, and
solving the two linear equations 2az + b = £d gives the formula.

Proof. Multiply by 4a and complete the square. By the ring laws (Proposition 1.1.2) and
Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (d),

4a(az® + bz + ¢) = 4a22% + 4abz + dac = (2az + b)? — (b* — 4ac).

Now 4a # 0, since 4 # 0 in C (as for 2 in the proof of Proposition 1.4.1 (¢)) and a # 0,
and C has no zero divisors (Theorem 1.2.4, Number Systems: From \(\nN\) to \(\nR\),
Lemma 4.1.1 (d)). So az?+bz+c = 0 if and only if (2az+b)? = d?, that is, (2a2+b—d)(2az+
b+d) = 0, as in the proof of Proposition 1.4.1 (b). By the absence of zero divisors again, this
holds if and only if 2az + b = d or 2az + b = —d. Since 2a # 0, these say z = (—b+ d)/(2a)
or z=(=b—d)/(2a).

The two solutions coincide if and only if d = —d, that is, 2d = 0, that is, d = 0 (as 2 # 0).
And d = 0 if and only if d> = 0 (no zero divisors), that is, b> — 4ac = 0. This proves the
corollary.

Example. Solve 22 — (3 +14)z + (2 + 2i) = 0. Here a = 1, and the discriminant is
(34+4)% — 4(2 +2i) = (8 4 66) — (8 + 8i) = —2i.

The formula of Proposition 1.4.1, applied to —2i (real part 0, imaginary part —2 < 0, modulus
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2), gives x = \/2/2=1and y = —/2/2 = —1,s0d = 1 — i; indeed (1 —4)?> =1—2i — 1 = —2i.
The solutions are
(B3+1i)+(1—1) B3+1i)—(1—1)

z 5 an z 5 +1

Check: their sum is 3 + ¢ and their product is 2 + 2i, the negative of the middle coefficient and
the constant term, as they should be for (z — 2)(z — (1 +1)).

No order on the complex numbers

In R, and in every ordered field, a non-zero square is positive (Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.5 (e)). In C, 7 is non-zero and its square is —1. If C carried an order
of the kind R has, —1 would have to be positive, and so would 1. That is already the proof.

Proposition 1.4.3. The Complex Numbers Cannot Be Ordered

There is no relation < on C with which (C, +, -, <) is an ordered field in the sense of Number
Systems: From \(\nN\) to \(\nR\), Definition 2.3.2.

Proof. Suppose < is a relation on C with which C is an ordered field. Since i = (0,1) #
(0,0) = 0, Number Systems: From \(\nN\) to \(\nR)), Proposition 2.3.5 (e) gives i?> > 0,
that is, —1 > 0 (Proposition 1.1.1: i-7 = —1). Since 1 # 0 in the field C, the same part (e)
gives 1 > 0. Adding, by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (b),
0=1+4+(-1)>0+0=0. But 0 < 0 is impossible: (O1), with both elements equal to 0,
says that exactly one of 0 < 0 and 0 = 0 holds, and 0 = 0 does. So no such relation exists.

The proof never asks whether i > 0 or i < 0: part (e) covers both at once. It also never assumes
that the hypothetical order agrees with the order of R on real numbers. It concludes 1 > 0 and
—1 > 0 in whatever order is supposed, and that is the contradiction.

Remark. Number Systems: From N to R, Chapter 4 showed, in an exercise (Number Systems:
From \(\nN\) to \(\nR\), Exercise (Cl: A field that cannot be ordered)), that a field
containing a square root of —1 cannot be ordered, and named the complex numbers as
such a field; the proposition proves that fact for C on its own. Compare Number Systems:
From \(\nN\) to \(\nR\), Example (A field with two elements that cannot be ordered) and
Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (e): there the obstacle to an
order is n - 1 = 0 for some n > 1. That obstacle is absent here, since n-1 in C is ¢(n - 1),
the image of the real number n -1 > 0 of R (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.5 (h)), which is non-zero as ¢ is injective. (The identity n-1 = ¢(n - 1) is
proved by Logic and Proof, Axiom 4.2.1 on n, as for powers in Section 1.1: 0-1 =0 = ¢(0),
and if n-1=1¢(n-1),then (n+1)-1=¢(n-1)+¢(1) =¢((n+1)-1) by Proposition 1.1.1.)
The obstacle in C is 2 = —1 instead.

Warning. An inequality z < w between complex numbers means nothing: by Proposi-
tion 1.4.3 no order on C is compatible with its arithmetic. Apart from arguments that
suppose an order on C in order to reach a contradiction (the proof above and Exercises B2
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and C2), every inequality in this chapter compares real numbers in the order of R: moduli,
real parts, imaginary parts, or quantities proved to be real, as 2 Re(2w) was in Section 1.3.
Writing ¢ > 0 leads, by the proof above, to 0 > 0; so does writing ¢ < 0.

Quick check. Is the following a proof that C cannot be ordered? “Every real square is > 0,
and 72 = —1 < 0. So 7 is not a square of anything, a contradiction.”

Solution. No. The argument proves nothing about orders on C. “—1 < 0” is a statement in R’s
order, and a hypothetical order on C need not agree with it on the reals; the argument never
even introduces the hypothetical order. And “i is not a square” is false: i = (&(1+14)/v/2)? by
Proposition 1.4.1. The correct proof works inside the supposed order, where i2 > 0 because

i #0.

The square-root rule does not survive

In R, z/y = \/zy for x,y > 0: that is the rule for real square roots used above. A non-zero
complex number has two square roots and no preferred one, and no way of preferring one keeps
the rule alive.

Warning. No choice of “the” square root /z of each complex z can satisfy v/z\/w = /zw for
all z,w € C Whatever is chosen for /—1 1t is ¢ or —i (Proposition 1.4.1 (b)), and in both

cases v/—1-+v/—1 = (£i)? = —1. But /(- = /1, and the rule itself forces v/1 = 1:
since v/'1 is a square root of 1, 1 = /1 - f \/ -1 =+/1. So the rule would give —1 = 1,

which is false in C (the real parts —1 < 1 differ). So in this volume the symbol /" is applied

only to non-negative reals; for any other z, say “a square root of z” and solve w? = z.

Exercises

1.4.5.1 A. Check your understanding

Exercise. Al

(a) True or false: if z,w € C and 2?2 = w?, then z = w. Justify your answer, and state
what is true.

(b) Run the formula of Proposition 1.4.1 on z = —4: compute a, b, r, s, z, y and both square
roots.

(c) Where in the proof of Proposition 1.4.1 is r > |a| used?
(d) State the idea of the proof of Proposition 1.4.1 in two sentences.

Solution.

(a) False: z =1, w = —1 have 22 = w? = 1 and z # w. What is true: 2? = w? implies
z=wor z = —w, since (z — w)(z + w) = 22 — w? = 0 and C has no zero divisors (this
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is the argument of Proposition 1.4.1 (b)).

(b)) a=—-4,b=0,r=|-4=4,s=1(asb>0),z2=/(4—-4)/2=0,y=+/(4+4)/2=
2. So w = 24, and the square roots are +2i.

(c) To take the square roots at all: © > |a| gives r +a > 0 and r —a > 0, so /(r +a)/2

and +/(r — a)/2 exist.

(d) Comparing parts gives 22 — y? = a and 2zy = b; taking moduli gives a third equation
22 4+ y? = r, and the first and third give 2% and y? by adding and subtracting. The
signs are then fixed by 2zy = b, and the absence of zero divisors shows that +w are
the only roots.

2

1.4.5.2 B. Practice

Exercise. Bl

(a) Find all w € C with w? = —3 + 4i.
(b) Hence solve 22 + 2z +4 — 4i = 0.

Solution.

(a) Write w = = + yi. Comparing parts, 2> — y> = —3 and 2y = 2. Taking moduli
(Theorem 1.2.2 (d)), #2+y? = |—3+4i| = v/9 + 16 = 5. Adding and subtracting, 2% = 1
and y? = 4. Since zy = 2 > 0, = and y have the same sign, so w = 1+2i or w = —1—2i,
and by Proposition 1.4.1 (b) there are no others. Check: (1+2i)? = 1+4i—4 = —3+4i.

(b) By Corollary 1.4.2 with a = 1, b = 2, ¢ = 4 — 4i: the discriminant is 4 — 4(4 — 4i) =
—12 + 16i = 4(—3 + 4i), with square root d = 2(1 + 2i) = 2 + 4i by (a), since
(2(1 + 24))% = 4(1 + 2i)%. So

—24+ (2442 —2—-(2+4
z—+(2+z)—2z or z—(2+z)——2—2i.

Equivalently, completing the square, z? + 2z +4 — 4i = (2 + 1) — (=3 + 4i), so
z+1=4(1 +2i). Check: (2i)2+2(20) +4—4i=—4+4i+4—4i=0.

Exercise. B2: Put the proof in order

The nine lines below include the seven lines of a proof of Proposition 1.4.3, shuffled, and two
lines that do not belong. Write the seven lines in an order that makes a proof, and say what
is wrong with each of the other two.

(i) i = —1,s0 —1 > 0.
(ii) Since ¢ # 0, we have i > 0.

(iii) Suppose < is a relation on C that makes C an ordered field.

(v) So i? > 0, because non-zero squares are positive in an ordered field.
(vi) 1#0,s01=1%2>0.
(vii) i2 = —1 < 0, because —1 < 0 in R.

)
)
)
(iv) 0 < 0 is impossible by (O1), so no such relation exists.
)
)
)
(viii) 4 # 0, since ¢ = (0,1) # (0,0).
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(ix) Adding, 0 =1+ (—=1)>0+40=0.

Solution. An admissible order is (iii), (viii), (v), (i), (vi), (ix), (iv). The constraints are what
each line uses: (v), (vi), (i), (ix) and (iv) work in the supposed order, so they come after
(iii); (v) also uses (viii); (i) uses (v); (ix) uses (i) and (vi); (iv) uses (ix). Line (viii) is a fact
about C and uses no order, so it may stand anywhere before (v), even before (iii); line (vi)
may stand anywhere after (iii) and before (ix). For instance (iii), (vi), (viii), (v), (i), (ix),
(iv) and (viii), (iii), (v), (i), (vi), (ix), (iv) are also admissible. The admissible orders are
exactly those that respect these constraints.

Line (ii) drops a case: from i # 0, trichotomy (O1) gives ¢ > 0 or i < 0, and the line keeps
only the first. That is (N7) of Logic and Proof, Example (What is not allowed), a missing
case. Line (v) needs neither case, which is why the proof does not split.

Line (vii) cites a reason that is not available: the supposed order on C is arbitrary, and
nothing says that it agrees with the order of R on the real numbers. The proposition is
about every relation on C, and (vii) quietly replaces “every” by “one that extends R’s
order”. (The inequality —1 < 0 does hold in any ordered field, by Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (a) applied to 1 > 0, so the line could be repaired by
citing that; as written its reason is (N9) of Logic and Proof, Example (What is not allowed),
a fact that is not available.)

Exercise. B3

Let a,b,c € R with a # 0 and b — 4ac < 0. Prove that the equation az? + bz 4+ ¢ = 0 has
exactly the two solutions

—b+iv4dac — b? —b —iv4dac — b?

z = and 7=
2a 2a

in C, and that they are conjugate to each other.

Solution. Since 4ac —b*> > 0 (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5
(a)), q = V4ac — b? exists, ¢ > 0, and d := iq satisfies d> = i?¢> = —(4ac — b*) = b*> — 4ac.
So Corollary 1.4.2 with this d gives exactly the two solutions displayed, and they are distinct
since b> — 4ac # 0. Since a, b, ¢ are real and 2a # 0, the two solutions are

b q . q b q .

———+ =1 an - — 1

2a  2a 2a  2a ’
with the same real part and opposite imaginary parts: each is the conjugate of the other
(Definition 1.2.1). For instance z? — 2z +5 = 0 has b?> — 4ac = —16, ¢ = 4, and the solutions
14 2i.

1.4.5.3 C. Going deeper

Exercise. C1: Find the error

Here is an argument.
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Claim. For z,w € C, if 22 = w?, then z = w or z = —w.

Proof. If w = 0, then 22> = 0, so 2z = 0 = w, since C has no zero divisors. If
w # 0, put u := z/w, which exists because C is a field; then u? = 22/w? = 1.
Taking square roots, v = vVu2 = /1 = 1. In particular, v = 1 or u = —1.
Multiplying by w, z = w or z = —w.

Is the claim true? Does the argument prove it? If not, name the line that fails and the
reason, give a counterexample to that line, and repair the argument.

Solution. The claim is true: it is the argument of Proposition 1.4.1 (b), and it also follows
directly from (z — w)(z +w) = 22 — w? = 0 and the absence of zero divisors in C.

The argument does not prove it. The failing line is “u = vVu2 = v/1 = 1”. Tt uses the rule
“u = Vu? whenever 4?2 is a non-negative real”, which is neither proved nor true: it is a general
“fact” of the kind (N9) of Logic and Proof, Example (What is not allowed) forbids. The
symbol 1/ is defined only on non-negative reals, and u is a complex number; even for real u,
Vu? = |u|, not u. Counterexample to the step: u = —1 has u? = 1, but Viz =/1=1 # .

The next line, “u =1 or u = —1”, is a valid weakening of u = 1 (a disjunction follows from
either part), so it is not itself an error; it only papers over the loss of the root —1 one line
earlier. The rest of the argument (the case w = 0, the division, and multiplying back by w)
is correct.

Repair: replace the two middle lines by “Then (u — 1)(u + 1) = u?> — 1 = 0, and C has no
zero divisors, sou=1or u=—1.

Marking scheme. (10 points) - 2: says the claim is true, with a reason. - 3: names the line
uw=Vu2 =+/1=1 as the failing one, and its illegal rule u = Vu2. - 2: a counterexample to
that step (u = —1, or any v with u? = 1, u # 1). - 3: a correct repair, by factoring u? — 1
and using no zero divisors (or by Proposition 1.4.1 (b) applied to z = 1). Fatal errors (0 for
the step): declaring the claim false; naming the “In particular” line instead of the y/ line
as the failing one, since it is a valid weakening.

Exercise. C2: A second proof that there is no order

(a) Use Proposition 1.4.1 to give a second proof of Proposition 1.4.3 in which the element
1 is never mentioned.

(b) Say why the argument in (a) does not need the special element i.

(c) Is the converse of the principle behind (a) true? That is: if a commutative ring with
1 # 0 admits no order, must —1 be a square in it? Test the ring Z/3Z.

Solution (Hint 1). In an ordered field, which elements can be squares? For (c), list the
squares of the three classes.

Solution.

(a) Suppose < makes C an ordered field. Every square is then > 0: a non-zero square
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is positive by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e), and
02 = 0. First, —1 # 0, since otherwise 1 = —(—1) = —0 = 0 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (a)), against 1 # 0 in the field C (Theorem 1.2.4).
By Proposition 1.4.1 (a), applied to the non-zero number —1, some d € C has d? = —1.
So —1=d?>>0,and as —1 # 0, —1 > 0. By part (e) again, 1 > 0. Adding (Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (b)), 0 = 1 + (—1) > 0, which
(O1) forbids. This is the argument of Number Systems: From \(\nN\) to \(\nR)),
Exercise (C1: A field that cannot be ordered), with the square root of —1 supplied by
a formula.

(b) The argument uses only that —1 is a square in C, and that is a property of the field,
not of any named element. It does not matter that the formula of Proposition 1.4.1,
applied to —1, happens to produce i (a = =1, b=0,r =1: =0, y = 1). The same
argument shows that no field in which —1 is a square can be ordered; in particular no
field in which every element is a square.

(c) No. The ring Z/3Z is a commutative ring with [1] # [0] (Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.3 (a), (c)), and no relation makes it an ordered
commutative ring (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (e)).
Its three elements are [0],[1],[2] (part (b) there), with squares [0]2 = [0], [1]? = [1],
[2]2 = [4] = [1]. So the squares are [0] and [1], while —[1] = [2]. Hence —1 is not a
square in Z/3Z, and yet the ring cannot be ordered: the obstacle there is 3 - [1] = [0],
not a square root of —1.

1.5 The Unit Circle and Polar Form

Addition in C is addition of arrows in the plane: (a,b) + (¢,d) = (a + ¢, b+ d) puts the second
arrow at the tip of the first. Multiplication has a picture too, and Section 1.2 already holds half
of it: the modulus of a product is the product of the moduli (Theorem 1.2.2 (d)). The other
half is about angles, and angles need the functions cosine and sine, which this volume does not
construct. This section first proves everything about directions that needs no angle at all, then
states exactly five facts about cosine and sine that it borrows, and from those five builds the
polar form of a complex number and the rule “multiply the lengths, add the angles”.

Length and direction

Every non-zero complex number should be a length times a direction. The length is the modulus.
The directions are the complex numbers of length 1, and they deserve a name.

The unit circle is the set of complex numbers at distance 1 from 0.

We write
T={ueC:|u =1}

for the unit circle. For v = = + yi with z,y € R, the condition |u| = 1 says 22 +y? = 1,
that is, 22 + y% = 1: both sides of the first equation are non-negative, so it holds exactly when
the squares agree (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (g)). So T is
the circle of radius 1 about 0 in the plane. It contains 1, —1, ¢ and —¢, and also % + %i, since

% + % = 1. Tt does not contain 1 + i, whose modulus is v/2 # 1.

The next proposition collects what the multiplication of C does on T. None of it uses an angle.
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Proposition 1.5.1. The Unit Circle

(a) 1€T. Ifu,v €T, thenuv € T. fu €T, thenu#0and u~! =ueT.

(b) For every z € C with z # 0 there is exactly one pair (r,u) with r e R, r >0, u € T
and z = ru, namely r = |z| and u = z/|z].

(c) For z € C with z # 0: 1/z = Z if and only if |z| = 1.

Idea. Every part is a statement about moduli, so each follows from the rules of Section 1.2:
moduli multiply, w@ = |u|?, and only 0 has modulus 0. For (b), divide z by its length; for
the uniqueness, take moduli of z = ru.

Proof.

(a) By Proposition 1.2.1, the modulus of the real number 1 is its absolute value, which is 1;
sol e T. If |u| = |v| =1, then |uv| = |u||v| = 1 by Theorem 1.2.2 (d). Let uw € T. Then
u # 0, since |0] = 0 # 1 (Theorem 1.2.2 (e)). By Theorem 1.2.2 (c), v = |u|? = 1, so
W satisfies the defining equation of u~!. Since C is a field (Theorem 1.2.4), inverses are
unique (Number Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (a)), and v~ = 7.
Finally |u| = |u| =1 by Theorem 1.2.2 (d).

(b) Ezistence. Let r := |z|. Then r > 0, and r # 0 because z # 0 (Theorem 1.2.2 (e)); so
r > 0, and its inverse r~! is a positive real number (Number Systems: From \(\nN)\)
to \(\nR\), Proposition 2.5.2 (a)). By Theorem 1.2.4 the inverse of r in C is this
real number, so u = z/|z| = 771z is defined, and z = ru. By Theorem 1.2.2 (d) and
Proposition 1.2.1, |u| = |[r~Y|z] = r~!r = 1, where |r~!| = r~! because the absolute
value of a positive real number is the number itself (Number Systems: From \(\nN\)
to \(\nR\), Definition 4.1.1). So u € T.

Uniqueness. Let z = ru with r > 0 and v € T. Taking moduli, |z| = |r|ju| =7-1=r,
again by Theorem 1.2.2 (d) and Proposition 1.2.1. Then u = 7~z = z/|z|. So the pair
is the one named in the statement.

(c) Since inverses are unique, 1/z = Z holds if and only if 2Z = 1, that is, by Theorem 1.2.2
(c), if and only if |2|?> = 1 = 12. Both |z| and 1 are non-negative, so by Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (g) neither can be strictly smaller than
the other, and |2|? = 1 holds if and only if |z| = 1.

Part (b) is the picture we wanted: z = |z| - u, a length times a direction, and both factors
are forced. Part (a) says that the directions are closed under multiplication and inversion and
contain 1; Chapter 3 calls a set with these properties, under an associative product, a group,
and T is one of its first examples. Part (c) is a practical test: on the unit circle, and only there,
dividing by z is the same as conjugating.

Quick check. Write z = 3 + 44 as ru with 7 > 0 and v € T. What is 1/u?
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Solution. By Proposition 1.5.1 (b), r = [3+4i| =5 and u = 2+ 2i. By (a), l/u=u = 2 2i.

5.1 (
Check: (3+30)(3 - 3i) =% + 55 =1

[SAIE

So far a direction is a point u of T, and multiplying two directions gives a third. What we cannot
yet say is how much a direction turns the plane. For that we need to measure positions on the
circle by a real number, an angle, so that multiplying directions adds angles. That is a job for
cosine and sine.

What this volume borrows about cosine and
sine

An angle should be a real number 6 that walks around the circle: a point (cosé,sinf) on T,
moving as 6 moves, returning to its start after a full turn of length 27. Defining such functions
needs limits of functions, by power series or by integrals. This volume develops no limits of
functions, so it does not define cosine and sine. Analysis on the Real Line, Chapter 10 does:
there cos and sin are defined by power series, 7 is defined as twice the least positive zero of cos,
and the facts below are proved. Its R is a complete ordered field, so by Number Systems: From
\(\nN\) to \(\nR\), Theorem 6.3.1 it is our R, up to the one order-preserving field isomorphism;
the functions and the number carry over along it.

We write 277 = {27k : k € Z}, the integer multiples of 27 in R.

Axiom 1.5.2. What This Volume Borrows about Cosine and Sine

There are functions cos,sin: R — R and a real number 7= > 0 with the following properties.
They are assumed here and proved in Analysis on the Real Line, Chapter 10.

(T1) cos?6 +sin?0 = 1 for every § € R.

(T2) For all §,¢p € R,
cos(f + ¢) = cos f cos ¢ — sin @ sin p,

sin(f + ¢) = sin 0 cos ¢ + cos 0 sin .

(T3) For 6 € R: cosf =1 if and only if § € 27Z.
(T4) For every (z,y) € R? with 22 + y? = 1 there is § € R with cos = x and sin = y.
(T5) sin® > 0 whenever 0 < 6 < 7.

In words: (T1) puts the point (cos 6, sin #) on the unit circle; (T2) is the pair of addition formulas;
(T3) says that the cosine reaches 1 exactly at the multiples of a full turn; (T4) says that every
point of the circle is reached; (T5) says that during the first half turn the point stays in the
upper half plane.

This box is where the chapter borrows. Like Logic and Proof, Axiom 4.2.1, which Logic and
Proof assumed and Number Systems: From N to R, Chapter 1 proved, it is a statement assumed
in one volume and proved in another. Nothing in Sections 1.1-1.4, and nothing in this section
above the box, uses it. From here on we use these five facts about cos, sin and 7 and no others:
no value such as cos(m/3) = %, no periodicity, no picture of a graph. Whatever else we need,
we derive, and each proof that uses one of the facts names it by its number. Two consequences
come at once.
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e cos0 =1, by (T3), since 0 = 27-0 € 27Z. Then (T1) gives sin?0 =1—1 =0, so sin0 = 0,
because a non-zero real number has a positive square (Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.5 (e)).

o cos(2mk) =1 and sin(27k) = 0 for every k € Z, by (T3) and then (T1) in the same way.

Warning. The five facts are about cos, sin and 7 only. A school fact such as sin(7/6) = %
is not among them, and a proof in this volume may not quote it: Example (Special Angles)
below derives the few values we use. Nor do the facts say that cos and sin are “periodic with
period 277 as functions; that is true, and derivable from (T2) and (T3), but no proof here
needs it.

Polar form

With angles available, we can name the point of T at angle 6.

e is the point of the unit circle at angle 6.

Definition 1.5.1. Polar Form

For 6 € R we write
e = cosf + isin 6.
Let z € C with z # 0. A polar form of z is an expression z = re? with »r € R, r > 0, and

f € R. Then 0 is an argument of z.

In words: the first line is an abbreviation, not an exponential. This volume has no exponential
function, the letter e on its own means nothing here, and the only rule of exponents we will
use for e? is the one proved below (Theorem 1.5.3 (a)). Analysis on the Real Line, Chapter
10 shows that €? is indeed the value of the complex exponential function at i6; the notation
anticipates that, and the linear algebra volumes write their roots of unity with it. The exponent
may be written in any form equal to i@ with @ real, and the symbol then means e?: for example
e~ = ¢i(=0)  g2mi i2m ginf — oi(n9) and =27 = ¢(=27)  This is unambiguous, because the
real number 6 is determined by 46 (it is its imaginary part). The second part asks for a positive
real 7 and allows any real 6.

=€

The point € lies on T. Indeed |e?| = v/cos? 0 + sin?f = /1 = 1, by Definition 1.2.1 and (T1).
So re? is a length r times a direction, as in Proposition 1.5.1 (b), and that proposition gives
r = |z| for every polar form of z.

Examples.

e €0 =cos0+isin0 = 1, by the consequences of the box. So 1 = 1-¢* and 5 = 5¢¥ are
polar forms.

e €¥™ = cos 21 + isin 27 = 1, by the second consequence with k = 1. So 1 = 1-e?™ as well:
0 and 27 are both arguments of 1, and they differ, since = > 0.

« The number 0 has no polar form, since |re?’| =r > 0.

A non-example by minimal change. Allow 7 < 0: then —1 = (—1) - € looks like a polar
form of —1 with argument 0. The clause that fails is » > 0, and it matters: with negative r
allowed, the length could no longer be read off as |z|, and 1 = 1- € and —1 = (—1)e® would
share the argument 0. We will see in Example (Special Angles) that —1 = 1 - ¢'™ is a genuine
polar form.
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The examples already show why the definition says an argument: 1 = e = ¢2™. How much

freedom there is, exactly, is part (b) of Proposition 1.5.4 below. First, the reason for the notation:
these numbers multiply the way exponentials do.

Theorem 1.5.3. Multiplication in Polar Form

(a) efei? = 09 for all 0, € R.
(b) € =1, and ()1 = e = ¢ for every 6 € R.

(c) If r,s € R with r, s > 0 and 6, ¢ € R, then (re?)(se?) = rse'®*%) and this is a polar
form of the product.

Idea. Multiply out (cos@ + isinf)(cos ¢ + isin ) with the rule of Definition 1.1.1: the real
and imaginary parts that appear are exactly the right-hand sides of the addition formulas
(T2). The rest is bookkeeping with inverses and moduli.

Proof.

(a) By the multiplication rule of Definition 1.1.1,

e?e' = (cos B cos ¢ — sin 0 sin @) + (cos @ sin ¢ + sin 0 cos )i
= cos(0 + ) +isin(0 + ¢),

where the second equality is (T2), with the two products in the imaginary part re-
ordered by commutativity in R. The right-hand side is e?(®+%).

(b) € =1 was shown in the first example above. By (a) with ¢ = —0, e = €0 = 1,
so e~ is the inverse of €, by uniqueness of inverses in the field C (Theorem 1.2.4,
Number Systems: From \(\nN\) to \(\nR)\), Lemma 4.1.1 (a)). Since e € T, its
inverse is also its conjugate (Proposition 1.5.1 (a)).

(c) By Proposition 1.1.2 (commutativity and associativity of -), (re?)(se’?) = (rs)(ee’®?),
and (a) turns this into rse!®*%). Here rs > 0 by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5 (¢) (multiply 0 < r by s > 0), so this is a polar form.

In words: to multiply two complex numbers, multiply their moduli and add their
arguments. This is the chapter’s third named move, multiply moduli, add angles. Multi-
plying by a fixed w = se’¥ therefore turns the plane about 0 by the angle ¢ and stretches it by
the factor s. The picture shows z, w and zw for |z| = 1.5, |w| = 1.2, and arguments of 20° and
50° (a full turn being 360°, that is, 27).
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The arrow for zw has length 1.5 x 1.2 = 1.8 and makes the angle 20°450° = 70° with the positive
real axis: it is the arrow for z, turned by the argument of w and stretched by the modulus of
w. The small arc marks the argument of z, the large arc the extra turn by the argument of w,
and the dashed arc is part of the unit circle, where the numbers e live.

Now the freedom in the argument. Every non-zero number has a polar form, and its arguments
are determined up to a whole number of full turns.

Proposition 1.5.4. Existence and Uniqueness of Polar Form

(a) Every z € C with z # 0 has a polar form, and every polar form z = re has r = |2|.
(b) For r,s € R with ;s > 0 and 0, ¢ € R,

re?? = se’ «—= r=sand 0 — ¢ € 27Z.

Proof.

(a) By Proposition 1.5.1 (b), z = |2| - u with u = 2 + yi € T, so 22 + y?> = 1. By (T4)
there is § € R with cosf = z and sinf = y, that is, u = €. Hence z = |z|e?, with
|z| > 0. Conversely, if z = 7 is a polar form, then ¢ € T, and the uniqueness in
Proposition 1.5.1 (b) gives r = |z|.

(b) Suppose first that re?® = se’?. The number re? is non-zero: r # 0, ¢ € T is non-zero

(Proposition 1.5.1 (a)), and a product of non-zero elements of the field C is non-zero
(Theorem 1.2.4, Number Systems: From \(\nN\) to \(\nR\), Lemma 4.1.1 (d)). So
both sides are polar forms of the same non-zero number, and r = s by (a). Multiplying
by 1 gives € = €'?. In the other direction, if r = s, the two sides are equal exactly
when e = €. So it remains to show that e’ = ¢ if and only if § — ¢ € 277Z.

Multiplying by e~*, and back by e, shows that e’ = ¢? holds if and only if e~ =
€*?e~™ that is, by Theorem 1.5.3 (a) and (b), if and only if €/®=¥) = 1. Comparing real
and imaginary parts, this says cos(f — ¢) = 1 and sin(@ — ¢) = 0. The second condition
follows from the first: by (T1), cos(§ — ) = 1 gives sin?(f — ¢) = 0, hence sin(f — ¢) = 0
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e)). So e = ¢ if and
only if cos(6 — ¢) = 1, and by (T3) that holds if and only if § — ¢ € 27Z.

Existence came from (T4), and uniqueness from (T3), with (T1) helping and (T2) entering
through Theorem 1.5.3. “Comparing arguments” therefore always means comparing them up to
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a multiple of 27, and the next warning is the trap this sets.

Warning. From e = ¢ one may not conclude 6 = ¢: € = ¢?™ = 1, and 0 # 2. Only

0 — ¢ € 2nZ follows (Proposition 1.5.4 (b)). Forgetting this loses solutions as soon as an
equation is solved for an angle; Section 1.6 meets an equation where it would lose all but one
of them.

Powers

Repeating Theorem 1.5.3 gives powers. The powers z" are those of the recursion 2" = 1,
2"t = 2"z (Proposition 1.1.3).

Theorem 1.5.5. De Moivre’s Formula

For every 6 € R and every n € N,
(ew)n =" that is, (cosf 4 isinB)" = cosnb + i sin nf.

Consequently (rew)” = r"e" for every real r > 0, and this is a polar form.

Idea. A power is a repeated product, and each new factor ¢ adds # to the argument, by
Theorem 1.5.3 (a). So induction on n, along the recursion z"*1 = 2"2.

Proof. We use Logic and Proof, Axiom 4.2.1 on n, read on N = w through Number Systems:
From \(\nN\) to \(\nR\), Corollary 1.7.3 (b); here nf is the product in R of n - Iz and 0
(Number Systems: From \(\nN\) to \(\nR\), Definition 4.2.1 (a)). For n = 0, the left side
is (€)% = 1 by the recursion, and the right side is e = 1 by Theorem 1.5.3 (b). Suppose
(€)™ = e for some n € N. Then

(eie)nﬂ _ (ew)"ezﬂ — i gif _ i(nf+0) _ i(n+1)0

by the recursion, the induction hypothesis, Theorem 1.5.3 (a), and (n+1)-1g =n-1g + 1g
(Number Systems: From \(\nN\) to \(\nR\), Definition 4.2.1 (a)) with distributivity in R.
This proves the formula for every n € N.

For the consequence, Proposition 1.1.3 (c) gives (re?)? = ()" = r"ei™. The power r"
is the same whether it is computed in R or in C, by the remark after Proposition 1.1.3 in
Section 1.1, and 7™ > 0 because a product of positive reals is positive (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (c); induction on n, with r® =1 > 0).

For a negative exponent, Exercise C1 below defines 2~ locally and proves the matching formula;
nothing in the text uses it.

The five borrowed facts give no particular value of cos or sin except at multiples of 27. Every
other value this chapter uses is derived next, from (T1)—(T5) and the algebra of Sections 1.1-1.4.
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Example. Special Angles
Show, using only (T1)-(T5) and the results proved so far, that
+ Y3

el — —1, e171’/2 =i, eZ7T/3 _ 34,

N[ =

em/6 — § + %Z, em/4 i

+

S
Sl

Solution. Each value is found the same way: a power of the unknown point is a point we
already know, and (T5) chooses between the candidates. Since 7w > 0, each of 7/2, 7/3, 7/4,
7/6 lies strictly between 0 and 7, so (T5) gives Ime? = sin# > 0 for each of them.

(i) ™ = —1. Let u := €'™. By Theorem 1.5.5, u* = 2™ = 1,50 (u—1)(u+1) = u?—1 =0,
and since C has no zero divisors (Theorem 1.2.4, Number Systems: From \(\nN\) to
\(\nR\), Lemma 4.1.1 (d)), v = 1 or v = —1. Suppose v = 1. Then cosm = 1, so
m = 2rk for some k € Z by (T3); dividing by m # 0 gives 1 = 2k in R, an equation
between images of integers. The embedding of Z into R, through Q (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.4.4) and x (Number Systems: From \(\nN\)
to \(\nR)\), Theorem 5.6.3), is injective and preserves + and -, so 1 = 2k holds in Z.
But 1 =2-0+ 1 is odd, and an odd integer is not of the form 2k (Number Systems:
From \(\nN\) to \(\nR\), Corollary 3.1.3 (a)). So u # 1, and ™ = —1.

(ii) /2 =4. Let u := €/™/2, By Theorem 1.5.3 (a), u? = €™ = —1 = 42, so (u—1)(u-+i) = 0
and v = £i. Since Imwu > 0 and Im(—i) = -1 < 0, u = 1.

(iii) /3 = % + @z Let u := €™/3. By Theorem 1.5.5, u® = €™ = —1. Multiplying out
shows (u+1)(u?—u+1) = u?+1 = 0. Now u # —1, since Imu > 0; so u>~u+1 = 0. By
Corollary 1.4.2 witha =1, b= —1, ¢ = 1, and d := /31, a square root of b> —4ac = —3
(indeed (v/314)? = 3i% = —3),

1++/3i 1—+/3i
UZT or UZT.

Since Imu > 0, u = % + @z

(iv) ei™/6 = @ + 3i. Since 7/6 = 7/2 + (—/3), Theorem 1.5.3 (a) and (b) give

4 : 4 —= /1 3 V3 1
im/6 _ im/2 —im/3 _ - in/3 (= _ V2 _ V2 -
e e %e i-e z<2 5 2) i,
by (ii) and (iii).
(v) e/t = % + %z Let u := ¢/%. By Theorem 1.5.3 (a) and (ii), u> = ¢"™/2 = i. The
formula of Proposition 1.4.1 for z =4 (so a =0, b = 1, r = |i| = 1) gives the square
root w = /1/2 4 1/1/24, and 1/1/2 = 1/4/2, since both are non-negative and square
1

to 5. By Proposition 1.4.1 (b), u = w or v = —w, and Imu > 0 rules out —w. So

u = w.

Comparing real and imaginary parts turns these into values of cos and sin:

0 0 /6 /4 /3 /2 T

cos 6 1 V3/2 1/v/2 1/2 0 -1
sin 6 0 1/2 1/v/2 V3/2 1 0
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These are the familiar values, now proved from the five facts.

Two special cases of the rotation picture are worth isolating. Multiplying by i = ¢™/2 turns

the plane by a quarter turn, counterclockwise; two quarter turns make a half turn, and this

is the picture behind i2 = —1 = €. And multiplying by e~ = €¥® undoes the turn by 6
(Theorem 1.5.3 (b)).

Powers that are tedious to expand become one line in polar form.

Example. A Power via Polar Form

Compute (v/3 + )6.

Solution. We have /3 + i = 2(@ + 1) = 2¢7/6 by Example (Special Angles) (iv). By
Theorem 1.5.5 and Example (Special Angles) (i),

(V3 +0)F = 206775 _ 646" — 64

By hand: (v3+4)2 = 3+2v3i—1 = 24234 = 2(1++/34), and (1++/34)3 = (1+/34)(—2+
2/3i) = -2 — 6 = —8, so (V3 +14)8 = (2(1 + v34))® = 8- (—8) = —64 (Proposition 1.1.3
(b), (¢)), the same answer.

Quick check. Use polar form to compute (1 +4)®, and check the answer with (1 +4)? = 2i.

Solution. By Example (Special Angles) (v), 1 +1i = \@(% + %2) = 2¢e/4. By Theo-
rem 1.5.5, (1 + i)8 = (v/2)8¢"87/4 = 16¢2™ = 16, since (vV2)® = ((v2)?)" = 2* = 16 and

2™ = 1. Check: (1+1)8 = ((1+14)2)* = (2i)* = 16i* = 16, by Proposition 1.1.3 (b), (c).

Exercises

1.5.5.1 A. Check your understanding

Exercise. Al

(a) Give a polar form of —2 and of 3i.
(b) True or false: if e = €’?, then 6 = . Justify your answer.

(c¢) In Proposition 1.5.4, which of the borrowed facts (T1)-(T5) gives the existence of a
polar form, and which gives the uniqueness of the argument up to 2777

(d) Which results of Sections 1.1-1.5 use none of the borrowed facts? Is Proposition 1.5.1
among them?
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Solution.

(a) —2 = 2¢'™ and 3i = 3¢"™/2, by Example (Special Angles) (i) and (ii); the moduli 2 and
3 are positive, as a polar form requires. (Any 7 + 27k, respectively /2 + 27k, with
k € Z, is also an argument, by Proposition 1.5.4 (b).)

(b) False. e? = 1 = 2™ but 0 # 27 since 7 > 0. What is true is § — p € 277Z
(Proposition 1.5.4 (b)).

(c) Existence: (T4), which provides an angle for the point z/|z| of T. Uniqueness: (T3),
which turns cos(f — ¢) = 1 into 0 — ¢ € 27Z; (T1) is used alongside it, to see that
sin(f# — ¢) = 0 follows from cos(f — ¢) = 1, and (T2) enters through Theorem 1.5.3,
which turns ¢ = ¢ into =) = 1.

(d) Everything in Sections 1.1-1.4, and the part of this section before Axiom 1.5.2; after the
box, only Exercise C2, which is set up to avoid them. In particular Proposition 1.5.1
uses none of them: its proof uses only the modulus rules of Section 1.2, the field
properties of C, and order facts about R from Number Systems: From N to R.

1.5.5.2 B. Practice

Exercise. B1

Compute (1 —+/314)S.

Solution. We have 1 — /37 = 2(3 — @z) = 2¢im/3 = 2¢=""/3 by Example (Special Angles)
(iii) and Theorem 1.5.3 (b). By Theorem 1.5.5,

(1—V/34)8 = 20e76/3 = 647%™ = 64,

since —2m = 27 - (—1) € 27Z, so cos(—2m) = 1 and sin(—27) = 0 by (T3) and (T1), and
e 2 =1,

Exercise. B2: Symmetries of Cosine and Sine

Prove that for every 8 € R:

cos(—0) = cosf, sin(—0) = —sinf, cos(fd+ m) = —cosb,
sin(f + 7) = —sinf, cosf = sin(f + 7/2).

Hint: write each left side as a part of some €%, and compute that €V with Theorem 1.5.3.

Solution. By Theorem 1.5.3 (b), e~ = €i, that is, cos(—) + isin(—f) = cosf — isinb.
Comparing real and imaginary parts gives cos(—6) = cos and sin(—6) = —sin 6.

By Theorem 1.5.3 (a) and Example (Special Angles) (i), e'®+7) = ¢@eim = _¢#  that is,
cos(f + ) + isin(d + m) = —cos @ — isinf. Comparing parts gives the next two identities.

By Theorem 1.5.3 (a) and Example (Special Angles) (ii), e/®+™/2) = je® = jcos# — sin 6.
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Comparing imaginary parts gives sin(6 + 7/2) = cosf. (Comparing real parts gives, in
addition, cos( + 7/2) = —sin6.)

Exercise. B3

Let § € R. Show that |e? — 1|2 = 2 — 2cosf. Hence show again that ¢ = 1 if and only if
cosf = 1.

0

Solution. Let u := €%, so uti = |u|?> = 1. Squaring the modulus, by Theorem 1.2.2 (a)—(c),

lu—12=@w-1)u-1)=@u-1)(T-1)=ut— (u+7)+1=2—-2Reu,
and Reu = cosf. Hence |u — 1> = 2 — 2cos 6.

Now u = 1 if and only if |u — 1| = 0 (Theorem 1.2.2 (e)), if and only if |u — 1|> = 0 (a
real number is 0 exactly when its square is: 02> = 0 by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (b), and a non-zero square is positive by Number Systems: From
\(\nN\) to \(\nR)\), Proposition 2.3.5 (e)), if and only if 2 — 2cos# = 0, that is, cosf = 1.

1.5.5.3 C. Going deeper

Exercise. C1: Triple Angles and Negative Powers

(a) Prove that cos 36 = 4 cos® @ — 3 cos and sin 30 = 3sinf — 4sin® @ for every 0 € R.

(b) For z € C with z # 0 and n € N, put 2" := (2~ 1)" (a definition local to this exercise).
Show that (e)=" = =",

Solution.

(a) Write ¢ := cos@ and s := sinf. By Theorem 1.5.5, cos 30 + isin30 = (c + is)3. Now
(c+1is)? = (c® — %) + 2cs i, and

(c+1is)® = ((c® — %) + 2cs14) (c + is)

= (¢ — 3cs?) + (3c?s — s3)i.
Comparing real parts and using s = 1 — ¢? (T1), cos 30 = ¢3 — 3¢(1 — ¢?) = 4¢3 — 3c.
Comparing imaginary parts and using ¢? = 1 — s2, sin 30 = 3(1 — s%)s — 53 = 35 — 45°.

(b) By Theorem 1.5.3 (b), (¢?)~1 = ¢ = (=9 By Theorem 1.5.5 applied to —0,
(ew)fn — (ei(fe))n _ em(fe) — o—inf

Nothing in this chapter uses negative powers of complex numbers; the definition in (b) is for
practice only.

Exercise. C2: Points on the Circle without Angles
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For t € R put

(a)
(b)

()

1+t

U = —.

1—at
Show that u; is defined, that u; € T, and that us # —1.

Show that every u € T with v # —1 equals u; for exactly one t € R, namely
t =Imu/(1+ Reu).

Compute uy /5 in the form a + bi.

Use none of the borrowed facts (T1)—(T5).

Solution (Hint 1). For (b), on the unit circle the conjugate is the inverse: @w = 1/u.

Solution (Hint 2). Clearing the denominator, u = w; is equivalent to u — 1 = it(u + 1), and
u+1+#0, so t is determined; it remains to show that (u —1)/(i(u + 1)) is real.

Solution.

(a)

The real part of 1 —it is 1, so 1 —it # 0 and the quotient is defined. The numbers 1+ it
and 1 — it are conjugate, so they have the same modulus (Theorem 1.2.2 (d)), which is
non-zero. From u;(1—it) = 14t and Theorem 1.2.2 (d), |u||1 —idt| = |1 +3dt| = |1 —it],
and canceling the non-zero real number |1 — it| gives |u;| = 1. If uy = —1, then
1+it=—(1—1it) = —1+1it, so 1 = —1, which is false. So u; # —1.

Let v € T with u # —1, and let t € R. Since 1 — it # 0, the equation u = wu; is
equivalent to u(1 —it) = 1 4+ it, that is, to

u—1=7dt(u+1).

Since i(u 4 1) # 0, this holds if and only if ¢t = ¢, where ¢y :== (v — 1)/(i(u+ 1)) € C.
So at most one real ¢t has u; = u, and one does exactly when g is real. Using uu = 1,

(u—DE+1l)=wt+u—u—1=u—u=2iImu,

where u—u = 2i Im u by Definition 1.2.1 (with u = a+bi, (a+bi) — (a—bi) = 2bi); and
(u+1)(@+1) = |u+1]?> = 2+2Rewu, by Theorem 1.2.2 (a), (c). This is a positive real
number, since u 4+ 1 # 0. Multiplying numerator and denominator of (v — 1)/(u + 1)

byu+1l=u+1#0,
_1 2iImu Imu

to =~ - —
O~ Y 21X2Reu 1+ Reu’

a real number. So exactly one ¢t € R has u; = u, namely .

Multiplying numerator and denominator by the conjugate 1 + %2 of the denominator,

U2 =

(1+39)> 3+i 3
=4 =3

+ 5
= -+ =i
1+ 2 5

Check against (b): Imu/(1+ Reu) = %/% =1
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So the map ¢ — u; is a bijection from R onto T\ {—1}, and it was found with no angle. For
rational ¢, the point u; has rational coordinates: the computation in (c) with ¢ in place of %
gives uy = ((1 — %) +2ti)/(1 +¢%), and ¢ = 1/2 gives the point (3/5,4/5) behind the right
triangle with sides 3, 4, 5.

Marking scheme. (10 points) - 2: 1 — it # 0 with a reason, and |u;] = 1 from the equal
moduli of conjugates. - 1: u; # —1. - 2: u = u; rewritten as a linear equation in ¢, with
u 4+ 1 # 0 used to solve it uniquely. - 3: shows that the unique solution is real and equals
Imu/(1+ Reu), with 1 + Rew # 0 justified (for example by multiplying by u + 1 and using
wt = 1, with 2+ 2Reu > 0). - Second route (coordinates v = = + yi, x> +y> = 1): the
two lines above (5 points) become 2 for splitting v — 1 = it(u + 1) into x — 1 = —ty and
y = t(1 4+ z), showing = # —1 (otherwise u = —1) and so t = y/(1 + z) is forced; and 3 for
checking that this ¢ satisfies  — 1 = —ty, using 22 + y? = 1. - 2: (c) computed and checked.
Fatal errors (0 for the step): writing u = €? and using a half-angle formula (borrowed facts,
and values not derived here); dividing by 1 + Rew without showing it is non-zero.

1.6 Higher Roots, Roots of Unity, and a
Look Ahead

Section 1.4 solved 22 = ¢ with real square roots alone. Polar form turns the general equation
2" = cinto a question about lengths and angles: by De Moivre’s formula (Theorem 1.5.5), raising
to the n-th power raises the modulus to the n-th power and multiplies the argument by n. The
angle part is a linear equation for a real number, with the ambiguity 27Z of Proposition 1.5.4
attached. The length part is the real equation ™ = p with p > 0, and before anything else we
must know that it has exactly one positive solution. This section proves that, solves 2z = ¢,
counts the solutions, studies the case ¢ = 1, and ends with a look ahead at polynomial equations
in general.

Real n-th roots

For n = 2, Number Systems: From N to R, Chapter 6 built the square root by the move
construct a point as a supremum (Number Systems: From \(\nN\) to \(\nR)\), Proposi-
tion 6.1.4), and an exercise there ran the same move for cube roots (Number Systems: From
\(\nN\) to \(\nR\), Exercise (B2: Cube roots)). For a general exponent the move is the same;
only the estimate for (s + h)"™ needs a new tool, and Lemma 1.1.4 supplies it. Here n - 1g is
written n, and powers in R are those of Proposition 1.1.3 with R = R, the same recursion as
Number Systems: From \(\nN\) to \(\nR\), Definition 4.2.1 (b).

Lemma 1.6.1. Real n-th Roots

Let n € N with n > 1.

(a) If s,t € Rand 0 < s < t, then s" < t".

(b) For every a € R with a > 0 there is exactly one b € R with b > 0 and " = a. We
write {/a :=b. For n = 2 it is the square root y/a of Number Systems: From \(\nN\)
to \(\nR\), Proposition 6.1.4.
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Idea. Part (a) is the factorization t" — s = (t — s)(t" 1 +#""2s + ... 4+ s"71): both factors
are positive. For (b), let s be the supremum of the set S of non-negative y with y" < a, and
rule out s" < a and s" > a.

If s" < a, we want h > 0 with (s + h)" < a. Working backwards: for 0 < h < 1, the same
factorization writes (s + h)™ — s™ as h times a sum of n terms, each at most (s + 1)"~1. So
(s 4+ h)" —s" < h-n(s+1)""!, and it is enough that this be at most half the room a — s™.
That gives h := min{1, (a — s")/(2n(s + 1)""1)}.

If s" > a, we want h > 0 with (s — h)™ > a still, which makes s — h a smaller upper bound.
Now s" — (s —h)™® < h-ns""!, and it is enough that this equal the excess s" — a. That gives
h = (s" —a)/(ns""1).

Proof. Three facts are used throughout: a power of a non-negative real number is non-
negative and a power of a positive one is positive (induction on the exponent with Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (c)); if 0 < y < 1 then y* < y for
every k > 1, while if 5 > 1 then y* >y (induction: y**! = y*y, and Number Systems: From
\(\nN\) to \(\nR)\), Proposition 2.3.5 (c) or equality); and if 0 < z < 2/’ and 0 < y < ¢/,
then zy < 2’y < 2’y (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (c)
twice, or equality).

(a) By Lemma 1.1.4 in the commutative ring R,
n—1
t"—s"=(t—s) Z thgn—1=k,
k=0

Every term of the sum is > 0, and the term with k = n—11is¢"~! > 0, since t > s > 0.
So the sum is > "1 > 0. Also t — s > 0. Hence t" — s" > 0 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (c)).

(b) Uniqueness. If byc > 0 and b # ¢, say b < ¢, then b"™ < ¢™ by (a); so at most one
non-negative b has 0" = a.

Ezistence. If a = 0, then b := 0 works, since 0" =0""1.0=0. Let a > 0, and let
S={yeR:y>0and y" <a}.

Put m = min{l,a} > 0. Since 0 <m <1, m" <m < a, som € S. Put M := max{1,a}.
If y > M, theny > 1,s0y" >y > M > a and y ¢ S; hence M is an upper bound
of S. Since R is a complete ordered field (Number Systems: From \(\nN\) to \(\nR)),
Theorem 5.6.3, Number Systems: From \(\nN\) to \(\nR\), Definition 5.6.1), S has a
supremum; let s := supS. Then s > m > 0.

Case s" < a. Let N
. a—s
h = mln{l, W}
It depends only on a, n and s, and h > 0, since a — s” > 0 and 2n(s + 1)"~! > 0. By

Lemma 1.1.4,
n—1

(s+h)"—s"=h Z(s + h)ksn—17k,
k=0
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Since 0 < s < s+ h < s+ 1, each term satisfies (s 4+ h)Fs"717F < (s + 1)F(s + 1) 17F =
(s+1)""1 by (a) (or equality), the third fact, and Proposition 1.1.3 (a). A sum of n terms,
each at most (s + 1)"71, is at most n(s + 1)"~!. Hence

a— s"

(s+h)"<s"+h-n(s+1)" 1 <s"+ <a.

Sos+heS,and s+ h > s, against s being an upper bound of S.

Case s™ > a. Let .

ST —a

h = nsn—1’
which depends only on a, n and s, and is positive. Since a > 0, we have s — a < s" < ns",
so h < s"/(ns"!) = s/n < s; thus 0 < s — h < s. By Lemma 1.1.4 and the same bound,

with 0 < s — h < s, each of the n terms of Y775 s¥(s — h)" 17 is at most s~ !, so
s"—(s—h)"<h-ns"l=s"—uq,

that is, (s — h)™ > a. Now let y € S. If y > s — h, then (a) gives y” > (s — h)" > a, against
yeS. Soy <s—h,and s — h is an upper bound of S smaller than s, against s being the
least upper bound.

Both cases are impossible, so s” = a by trichotomy, and b := s > 0 works.

For n = 2, the number ¥a is non-negative and squares to a, so it is y/a, by the uniqueness
in Number Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4.

The constants were found backwards in the Idea and placed first in the proof, and each depends
on a, n and s only. Completeness was used once, to produce s. For a > 0 the root is positive,
since 0" = 0 # a. For instance /8 = 2 and v/4 = /2, since 23 = 8 and (v/2)* = ((\@)2)2 =4,
and both are non-negative. The symbol {/a is used only for non-negative real a; the next
theorem shows why it could not mean “the” n-th root of a complex number.

Solving the equation z to the n equals c

Now the main result. Every non-zero complex number has exactly n different n-th roots, and
polar form lists them.

Theorem 1.6.2. n-th Roots of a Complex Number

Let n € N with n > 1, and let ¢ € C with ¢ # 0. Let ¢ = pe’® be a polar form of c
(Proposition 1.5.4), and for k € Z put

2 = {L/ﬁ ei(a+27rk)/n.

(a) For z € C: 2" = ¢ if and only if z = z; for some k € Z.

(b) For k,l € Z: z,, = z if and only if n | K — [ (Sets, Relations, and Cardinality, Defini-
tion 2.2.1).

(¢) The map {0,1,...,n—1} = {2z € C: 2" = ¢}, k > 2z, is a bijection. So ¢ has exactly
n n-th roots (Sets, Relations, and Cardinality, Definition 3.1.2).
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In particular every non-zero complex number has an n-th root, and every u € T has one in
T.

Idea. Write the unknown in polar form, z = re?®. De Moivre turns 2" = ¢ into e = pe'®,
and the uniqueness half of polar form splits that into a real equation for the length, »™ = p,
and an equation for the angle, n0 € a + 2rZ. The first has one solution, » = {/p. The
second has the solutions 6§ = (a + 27k)/n, one for each integer k. Different k can give the
same point, and they do exactly when the angles differ by a whole number of turns, that is,
when n | k —[. So the k that matter are the remainders 0,...,n — 1.

Before reading on: where is the uniqueness half of the polar form used, and where the unique-
ness of the real n-th root?

Proof. Here p = |c| > 0 by Proposition 1.5.4 (a), so {/p > 0 exists by Lemma 1.6.1 (b).

(a) Let z € C. If 2 = 0, then 2™ = 0”1 .0 = 0 # ¢ (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (b)), and z is no z, since every 2z, has modulus /p > 0.
So let z # 0, and fix a polar form z = re? (Proposition 1.5.4 (a)). By Theorem 1.5.5,
2" = e g polar form with ™ > 0. By Proposition 1.5.4 (b),

N=c < r"=p and nf —a € 277Z.

Since r > 0, the uniqueness in Lemma 1.6.1 (b) gives v = p <= 7 = /p. And
nf — a = 2wk holds for a given k € Z exactly when 6 = (a + 27k)/n.

(=) If 2" = ¢, then r = /p and 0 = (o + 27k)/n for some k € Z, so z = zy.

(<) If 2 = 2, use the polar form r == {/p, § := (a + 27k)/n of z in the equivalence
above. Both conditions on the right hold, so 2" = c.

(b) The numbers z; and z; are given in polar form with the same modulus. By Proposi-
tion 1.5.4 (b), zx = z if and only if
a+2rk  a+2nl  2n(k—1)
n n n

€ 217,

that is, if and only if 27(k —1)/n = 2mm for some m € Z. Multiplying by n/(27), and
back, this says k£ — [ = mn, an equation between integers. So z; = z; if and only if
n|k—I.

(c) By (a), each zj is a solution, so the map is into the set of solutions. Injective: let
0<Il<k<n-—1 Then0< k—1<n. If z = 2, then n | k — [ by (b), and since
n > 0and k—1 > 0, Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1 (e)
gives n < k — [, a contradiction. So zx # z;. Surjective: let z" = c. By (a), z = z for
some k € Z. Division with remainder (Number Systems: From \(\nN\) to \(\nR\),
Theorem 3.1.2 (a)) gives k = gn + j with g € Zand 0 < j <n—1. Thenn | k — j,
so z = z = z; by (b). Hence the map is a bijection. Composing it with the bijection
{1,....,n} = {0,...,n—1}, j— 7 — 1, shows that the set of solutions has n elements
(Sets, Relations, and Cardinality, Definition 3.1.2).

Finally, zg is an n-th root of c. If |¢| = 1, then p = 1 and {/1 = 1, since 1 > 0 and 1" = 1;
so every z has modulus 1 and lies in T.
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The answer to the prompt: the uniqueness half of the polar form, Proposition 1.5.4 (b), turns
the one complex equation 2z = ¢ into the two real conditions, and is used again in (b) to decide
when two of the z; coincide. The uniqueness of the real root forces the modulus, r = {/p. The
ambiguity 27Z in the angle is what produces n roots instead of one.

3 0

Warning. Dividing the angle equation by n too early loses roots. From 22 = 1, z = €%,
one might write €3 = ¢, “s0 30 = 0 and z = 1”. But €%’ = ¢ only gives 30 € 277Z
(Proposition 1.5.4 (b)), and the angles 27/3 and 47/3 give two more cube roots of 1. Only
the remainders 0,...,n — 1 of k matter, but all of them do.

Roots of unity

The most important case is ¢ = 1.

Example. Roots of Unity

Let n > 1 be an integer. Find all z € C with 2 = 1, and draw them for n = 6.

Solution. Apply Theorem 1.6.2 with ¢ =1 = 1-¢€? (Theorem 1.5.3 (b)): p =1, @ = 0, and
{/1 = 1. The solutions are '
o = T keZ.

Put w = >™/", By Theorem 1.5.5, zj, = (e*™/")k = ¥ for k € N. By Theorem 1.6.2 (c),
there are exactly n solutions,

1, w, w2, ..., WL
the n-th roots of unity. They lie on T, at the arguments 27k /n, equally spaced around
the circle: multiplying by w turns each one into the next (Theorem 1.5.3 (a)), and w™~! back
into w" = 2z, = zp = 1 (Theorem 1.6.2 (b)). For n > 3 they are the corners of a regular

polygon with n corners, one of them at 1; for n = 2 they are 1 and w = ™ = —1 (Example
(Special Angles) (i)); for n =1 only 1.
Forn=6w=¢e"3=1+ ?z (Example (Special Angles) (iii)), and w® = ™ = —1. Hence
w? = (% + @zf = % = % + @z = —% + @i, wt = —w and w® = —w?. The six roots are
1 V3 1 V3 - 1 V3 1 V3
]., 5"‘72, —§+72, —]., —5—771, 5—72.

Im

3

k+3 _ K

The six roots sum to 0: since w® = —1, we have w —w", so the roots cancel in the
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opposite pairs {1,w?}, {w,w?}, {w?,w®}. In the picture, the hexagon is symmetric about its
center 0. In general the sum is Proposition 1.6.3 below.

We write p1, = {z € C: 2" = 1} = {l,w,...,w" !} for the set of n-th roots of unity. It is a
subset of T, since each element is some 2, = >/ (Theorem 1.6.2 (a)). It contains 1, and it is
closed under products, since ((n)" = ("n"™ =1 for ¢,n € pu, (Proposition 1.1.3 (c)). It is closed
under inverses, since (- ("~ = (" =1 gives (7! = ("1, a product of elements of y, (for n =1,
¢ =1). Chapter 3 treats pi,, like T, as an example of a group.

The roots of unity also describe the roots of any ¢ # 0: the root 2z = {/p ¢'@/™ of Theorem 1.6.2
satisfies zp = zow” for k € N, by Theorem 1.5.3 (a) and Theorem 1.5.5, since (a + 27k)/n =
a/n + 2nk/n. So by Theorem 1.6.2 (c) the n-th roots of ¢ are zg, zow, . .., zow™ ': one of them
times the n-th roots of unity.

The six roots canceled in pairs. The same pairing works for every even n, since w2 = '™ = —1
(Theorem 1.5.5, Example (Special Angles) (i)) gives w®+™/2 = —w*; but for odd n there are no
opposite pairs: if ¢ and —( were both n-th roots of unity, then 1 = (—=({)" = (-1)"(" = —-1. A
different argument is needed. It is Lemma 1.1.4 once more.

Proposition 1.6.3. Sums of Roots of Unity

Let n € N with n > 2, and let w = €27/,

(a) For m € N: w™ =1 if and only if n | m. In particular w # 1.

n—1
(b) Z w* =0.
k=0
(c) For m € N,
n—1 .
f
Zwmk—{n if n | m,
k=0 0

otherwise.

Idea. Put ¢ :== w™. The sum in (c) is 1 + ¢+ --- + ("}, and Lemma 1.1.4 multiplies it by
¢ —1togive (" —1=0. If { # 1 we may cancel, and the sum is 0; if { = 1 it is n. Part (a)
decides which case occurs.

2mik/n

Proof. We use the notation of Example (Roots of Unity): z; = e are the roots of ¢ =1

in Theorem 1.6.2, and w™ = z,, for m € N (Theorem 1.5.5).

(a) Since 1 = zp, Theorem 1.6.2 (b) gives w™ =1 <= 2z, =29 <= n|m. For m = 1:
if n | 1, then n <1 by Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1
(e), against n > 2. So w # 1.

(b) Let ¢ := w™. By Proposition 1.1.3 (b), w™ = ¢* for each k, and (" = W™ = (W)™ =
1™ =1, since w" = z, = 29 = 1 by Theorem 1.6.2 (b).

Casen | m. Then ¢ = 1 by (a), and the sum is 7= 1 = n.
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Case ntm. Then ¢ # 1 by (a). By Lemma 1.1.4 with w =1,
n—1
0=¢"-1=(-1)> ¢"
k=0

Since ¢ —1 # 0 and C has no zero divisors (Theorem 1.2.4, Number Systems: From \(\nN\)
to \(\nR\), Lemma 4.1.1 (d)), the sum is 0.

(b) This is (c) with m = 1, since n{ 1 by (a).

Comparing real and imaginary parts in (b), with w* = cos(27k/n) + isin(2rk/n) (Theo-
rem 1.5.5), gives two real identities that are awkward to prove any other way: for n > 2,

n—1 n—1

27k 2wk
E cosizo and E smizo
k=0 k=0

Part (c) says more: the sum of the m-th powers of the roots of unity detects whether n divides
m.

Quick check. Write the three cube roots of unity in the form a + bi.

Solution. By Example (Roots of Unity) with n = 3, they are 1, w, w? with w = e2mi/3 =

CbE —3+ @z (Theorem 1.5.5, and the square computed for n = 6 above). Sincew € T
andw-w?=uwd=1uw=wl=w=-%- @z (Proposition 1.5.1 (a)). So the cube roots of

unity are 1 and —% = @z Without angles: 23 —1 = (2 — 1)(2% + 2 + 1), and Corollary 1.4.2
applied to 224z +1 = 0, with d = v/3 a square root of 1 —4 = —3, gives z = (—1£+/314)/2.

Polynomial equations, and a look ahead

An n-th root of ¢ solves 2" — ¢ = 0, a polynomial equation of degree n with only two non-zero
coefficients. The general question is whether every equation

anz"—|—an,12”_1—|—~--+alz—|—a0:O, aOv"')anEC) an#(h nZl,

has a solution in C. Here the left side is a polynomial expression » j_, aipz", a finite sum;
Chapter 4 makes polynomials objects in their own right. We built C so that one such equation,
22 +1 =0, has a solution, and Section 1.4 solved every equation of degree 2. It turns out that
nothing more ever needs to be added.

Remark (Looking ahead). Section 5.6 proves that every such equation has a solution in C:
the Fundamental Theorem of Algebra. Its proof uses only the square roots of Section 1.4
and the completeness of R, not polar form and not the borrowed facts about cosine and sine.
With division of polynomials, Chapter 5 deduces that every complex polynomial of degree
n > 1 is a non-zero constant times a product of n factors of the form z — z;. Nothing in
Chapters 1-4 uses the theorem.
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One companion fact needs no heavy machinery: when the coefficients are real, the solutions that
are not real come in conjugate pairs.

Proposition 1.6.4. Real Coefficients and Conjugate Roots

Let n € N, let ag,...,a, € R, and let z € C. Then
n n
Zakzk = Zakék.
k=0 k=0
Hence, if >>7_, arzh = 0 for some 2z € C, then also Y 7_,arZo " = 0.

Proof. First, zF = z* for every k € N, by Logic and Proof, Axiom 4.2.1onk: 20 =T =1 =320,
since 1 is real (Proposition 1.2.1); and if 2% = z¥, then zF+1 = 2Fz = 2k z = zhz = zFt1 by
Theorem 1.2.2 (b). Next, @; = ay, since ay, is real (Proposition 1.2.1), so axz*F = a;z*, again
by Theorem 1.2.2 (b). Finally, the conjugate of a finite sum is the sum of the conjugates, by
induction on the number of terms along the recursion for finite sums, with Theorem 1.2.2

(a) in the step. This proves the identity. If 3" agz§ = 0, then 3" apZ* =0 = 0.

A solution zp that is not real gives a second solution: Zg # zg, since zg = x + yi with y # 0
has Zg = = — yi, and —y # y. For example, 22 — 2z + 5 = 0 has the solution 1 + 2i, since
(1+2i)2—2(1+2i) +5 = (—=3+44) — (2+4i) +5 = 0; so it also has the solution 1 — 2i. Chapter
5 uses this to factor real polynomials into real factors of degree 1 and 2.

Exercises

1.6.5.1 A. Check your understanding

Exercise. Al

(a)
(b)
()
(d) True or false: 2 = 1 has exactly three solutions in C, and exactly one of them is real.
Justify your answer.

Find all z € C with 2* = 1.
In the proof of Theorem 1.6.2, where is the uniqueness half of Proposition 1.5.4 used?

In the same proof, why is the modulus r of a solution forced to be /p?

(e) State the idea of the proof of Theorem 1.6.2 in two sentences.

Solution.

(a) By Example (Roots of Unity) with n = 4, the solutions are w* for k = 0, 1,2, 3, where
w = e2™i/* = ¢i™/2 — j (Example (Special Angles) (ii)): 1, 4, —1, —i.
(b) Twice. In (a), to turn 7"e™ = pe® into the two conditions ™ = p and nf — o € 2nZ.

In (b), to decide when zj = 2.

(c) Because r > 0 and r™ = p, and Lemma 1.6.1 (b) says that {/p is the only non-negative
real number with n-th power p.
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(d) True. By Theorem 1.6.2 (c) there are exactly three. By the Check above they are 1
and —% =15 @i; the last two have imaginary part :l:§ # 0, so only 1 is real.

(e) Polar form and De Moivre split 2™ = ¢ into a real equation for the modulus, which has
exactly one positive solution, and an equation for the argument, which is solved up to
the ambiguity 27Z. That ambiguity, divided by n, produces n different roots, one for
each remainder modulo n.

1.6.5.2 B. Practice

Exercise. B1

Find all z € C with z® = —8i, in the form a + bi.

Solution. By Example (Special Angles) (ii) and Theorem 1.5.3 (b), e=¥/2 = ¢in/2 =G = —j,
so —8i = 8¢~™/2 ig a polar form, with p=8anda= —7/2. Also /8 = 2. By Theorem 1.6.2,
the solutions are zj, = 2e¥(~7/2+2mk)/3 — 9i(=m/642mk/3) for | = 0,1, 2, with arguments —7 /6,
7/2 and 77 /6:

20 =260 =9¢im/6 = /3§ =z =277 =2,

o im in/6 _ ﬁ IN__oa_
z9 =2e"e = 2(2 —1—21)— V3 7,

by Example (Special Angles) (i), (ii), (iv) and Theorem 1.5.3. Check: (2i)3 = 8i® = —8i,
and (v3—1i)2 =2—-2v314,50 (v/3—1)3 = (2—2v34) (V3 —i) = 2v/3 — 2i — 6i — 21/3 = —8i.

Exercise. B2

Find all z € C with z* = —4, in the form a + bi, and check one of them directly.

Solution. A polar form is —4 = 4¢™ (Example (Special Angles) (i), and v/4 = /2, since
V2 > 0 and (\/5)4 = 4. By Theorem 1.6.2, the solutions are z; = V2 elmH2mk) /4 for
k=0,1,2,3. First, 2o = v/2€"™/* = 14 (Example (Special Angles) (v)). Next, (7 + 2m(k +
1))/4 = (7 + 27k)/4 + 7/2, 50 zpy1 = 2p€"™? = iz, (Theorem 1.5.3 (a), Example (Special
Angles) (ii)). Hence

zo=1+12, zn1=—-141% 2=-1—14, 23=1-—1,

that is, z = #1414 with all four choices of signs. Check: (141)? = 2i, so (1+4)* = (2i)? = —4.

Exercise. B3

Let n > 1 and w = e*™/™_ Show that 1 € p,, that s, is closed under multiplication, that
for k=1,...,n — 1 the inverse of w* is w” %, and that u, C T.

Solution. 1" =1,s0 1 € py. If (" =n" =1, then ((n)™ = ("n™ = 1 by Proposition 1.1.3 (c).
For 1 <k <n—1, wkw"* = w" = 1 by Proposition 1.1.3 (a) and Proposition 1.6.3 (a) (or
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Example (Roots of Unity)), so w™* is the inverse of w¥, and it lies in j,. Finally let ¢ € .
Then [(|™ = |¢"| = |1] = 1, where the first equality is Theorem 1.2.2 (d) applied n times
(induction on n). Since |(| > 0 and also 1 > 0 with 1" = 1, the uniqueness in Lemma 1.6.1
(b) gives || =1. So ¢ € T. (This last argument uses no borrowed fact.)

1.6.5.3 C. Going deeper

Exercise. C1: Exit check: n-th roots

Let n > 1 and ¢ € C with ¢ # 0, and let ¢ = pe’® be a polar form. Prove parts (a) and (b) of
Theorem 1.6.2: the solutions of 2z = ¢ are exactly the numbers z; = (L/ﬁei(a””k)/”, keZ,
and z; = z; if and only if n | k — [. Cite the polar form, De Moivre’s formula and the real
n-th root where you use them.

Solution. Here p = |c| > 0 (Proposition 1.5.4 (a)). The number 0 is not a solution, since
0" = 0 # ¢, and is no z, since |z| = /p > 0 (Lemma 1.6.1 (b)). For z # 0, fix a polar form
z = re? with r > 0 (Proposition 1.5.4 (a)); then 2" = "¢ (Theorem 1.5.5), a polar form
with 7™ > 0, and by the uniqueness of polar form (Proposition 1.5.4 (b)), 2" = pe'® if and
only if r" = p and nf — a € 2nZ. The first condition is 7 = {/p, by existence and uniqueness
of the real n-th root (Lemma 1.6.1 (b)); the second is 0 = («a + 27k)/n for some k € Z. So
2" = c implies z = z; conversely, applied to the polar form r :== /p, 0 := (a + 27k) /n of
z = zj, the equivalence gives 2™ = c. For (b), 2z and z; are given in polar form with the
same modulus, so the same uniqueness gives zj = z; if and only if 2w (k —[)/n € 2nZ, if and
only if k — I = mn for some m € Z, that is, n | k — [.

Marking scheme. (10 points) - 1: rules out z = 0, with the reason 0" = 0 # ¢. - 2:
writes z (and ¢) in polar form and applies De Moivre’s formula to get 2" = rhetnd. - 3:
splits 2™ = ¢ into "™ = p and nf — a € 27Z, citing the uniqueness of polar form, and states
both directions (every zj is a solution, every solution is some 2). - 1: r = {/p, with both
existence and uniqueness of the real n-th root cited (the point is lost if either is assumed
without citation). - 3: (b), 2z = 2 <= n | k — [, both directions. Fatal errors (0 for the
step): concluding nf = a, or § = a/n, from ™ = ¢ (dropping 27Z); writing {/c for a
complex c. Second route: find one root zp and show that 2" = ¢ if and only if (2/20)" =1,
then solve w™ = 1 by polar form. The same points apply, with the 3 points of the third line
awarded for the roots of unity, and (b) replaced by the distinctness of 1,w,...,w" ! and the

periodicity w*t" = w*.

Exercise. C2: Find the error
Here is an argument.
Claim. For n > 2, the n-th roots of unity sum to 0.

(1) Let w = e2™™ and S := 14w+ - -+w"L. (2) Then ws = w+w?+. . +w" =
S, since w™ = 1. (3) So (w—1)S = 0. (4) Since w is an n-th root of unity,
w'=1,s0w# 1. (5) Hence w — 1 # 0, and S = 0.

Is the claim true? Does the argument prove it? If not, name the first line that fails, say
what is wrong with it, give a counterexample to the step, and repair the argument.
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Solution. The claim is true: it is Proposition 1.6.3 (b).

The argument does not prove it. Lines (1)—(3) are correct: w™ = 1 by Example (Roots of
Unity), and (3) is (2) rearranged. Line (5) is correct given (4), since C has no zero divisors.
Line (4) fails. “w™ =1, so w # 1” cites a general “fact”, that an n-th root of unity is not
1, which is false: this is the error (N9) of Logic and Proof, Example (What is not allowed).
Counterexample to the step: 1 itself satisfies 1™ = 1, and 1 = 1. Being an n-th root of unity
gives no information that separates w from 1; the information is in the particular choice
w = e2™/M with n > 2.

Repair. If w = e¥™/™ = 1 = ¢, then 27/n € 277 by Proposition 1.5.4 (b), so 1/n = m for
some m € 7Z, that is, 1 = mn and n | 1. Since n > 2 > 0, Number Systems: From \(\nN\)
to \(\nR)\), Proposition 3.1.1 (e) gives n < 1, a contradiction. So w # 1, and lines (5) and
the conclusion stand. (This repair uses (T1)—(T3) of Axiom 1.5.2, through Proposition 1.5.4
(b), and no value of the cosine.)

1.6.5.4 R. Review

Exercise. R1

Let 0: C — C satisfy o(z + w) = 0(2) + o(w) and o(zw) = o(z)o(w) for all z,w € C,
o(1) =1, and o(a) € R for every a € R.

(a) Prove that either o(z) = z for every z € C, or o(z) = Z for every z € C.

(b) Show that conjugation z — Z satisfies all the hypotheses on o.

Solution.

(a) Since o maps R into R, it restricts to a map 7: R — R, 7(a) := o(a), which preserves
sums and products and sends 1 to 1. Since R is a complete ordered field (Number
Systems: From \(\nN\) to \(\nR\), Theorem 5.6.3), Number Systems: From \(\nN\)
to \(\nR\), Theorem 6.3.4 gives 7 = idr: o(a) = a for every real a. In particular
o(—1) =—1, so

o(@)2=0(-i)=0(-1) = -1 =2

So (o(i) —i)(o(i) +i) = 0, and o(i) = i or o(i) = —i (no zero divisors in C; or
Proposition 1.4.1 (b)). For z = a + bi with a,b € R,

o(z) = o(a) +o(b)o(i) = a+bo(i).

If o(i) = i, then o(2) = z for every z; if (i) = —i, then o(z) = a — bi = z for every z.

(b) Conjugation preserves sums and products by Theorem 1.2.2 (a), (b), and @ = a for
every real a (Proposition 1.2.1), so in particular T = 1 and real numbers go to real
numbers.

The comparison with Number Systems: From N to R, Chapter 6 (Number Systems: From
\(\nN\) to \(\nR\), Theorem 6.3.4) is the point: R has only the identity, while C has
exactly two such maps. In R the order can be read off from the field operations (the non-
negative numbers are exactly the squares, Number Systems: From \(\nN\) to \(\nR)\),
Proposition 6.1.4), and a map preserving + and - must preserve it. In C there is no order
(Proposition 1.4.3), and nothing written with +, - and real numbers alone tells i from —i.
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Exercise. R2

Let n > 1. Show that [k] — €™/ is a well-defined bijection f: Z/nZ — p,, and that
F(K] + () = f([k]) £([1]) for all k,1 € Z.

Solution. Write zj, := €2™*/" the roots of ¢ = 1 in Theorem 1.6.2 (with p =1, a = 0, as
in Example (Roots of Unity)). The classes of Number Systems: From \(\nlN\) to \(\nR)),
Definition 3.4.2 are congruence classes: [k] = [I] if and only if n | k — . By Theorem 1.6.2
(b), n | k — [ if and only if z; = z;. Reading this equivalence from left to right, f([k]) = 2z
does not depend on the representative k of the class, so f is well defined; reading it from
right to left, f is injective. Each z lies in p, by Theorem 1.6.2 (a), and every element of y,
is some z, again by (a); so f is surjective. Finally, [k] + [{] = [k + {], and by Theorem 1.5.3
(a),
FR]+ (1) = zrqa = ™™™ = £ ([K]) £([1)).

As a check on the count, both sets have n elements (Number Systems: From \(\nN\) to

\(\nR\), Theorem 3.4.3 (b) and Theorem 1.6.2 (c)). In the language of Chapter 3, f is an
isomorphism from the additive structure of Z/nZ to the multiplicative structure of .

Exercise. R3
Let F' be an ordered field and z,y € F.

(a) Prove that |z + y| < |x| + |y| by comparing the squares of the two sides.

(b) The proof of the same inequality by “trapping” = between —|z| and |z|, and adding
the traps for z and y, works in every ordered field. Which step of it cannot be carried
out for complex z,y, and what replaces it in the complex triangle inequality?

Solution.

(a) Both sides are non-negative. By Number Systems: From \(\nN\) to \(\nR)\), Propo-
sition 4.1.3 (b), |z|? = 22, |y|*> = ¥%, |z + y|? = (z + y)? and |z||y| = |zy|. Hence

(lz| + ) = |z + yl* = |z]> + 2|z||y| + |y|* — 2° — 22y — y* = 2(|zy| — 2y) > 0,

since zy < |zy| (Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (c)).
So |z + 9?2 < (Jz| + |y|)% If |z +y| > |z| + |y|, then Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.5 (g), applied to these non-negative elements, would give
|z +y1? > (Jz| + [y)% so |z +y| < || +[yl.

(b) The trapping proof (Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3
(e), proved from (c)) uses —|z| < x < |z|: it compares x itself with real numbers. For
a complex z that is not real such a comparison means nothing, since no order on C
is compatible with its arithmetic (Proposition 1.4.3). The squaring proof of (a) is the
one that survives: in the complex triangle inequality (Theorem 1.3.2) the cross term
2Re(zw) is bounded by a comparison between real numbers, Reu < |u| (Lemma 1.3.1),
which replaces zy < |zy| here.
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Exercise. R4

Find all z € C with z = 22.

Solution. The tool: take moduli first. If Z = 22, then |z| = |z] = |22?| = |2|> (Theorem 1.2.2
(d)), so |z|(]z] = 1) =0 and |z] =0 or |2] = 1.

If |z| = 0, then z =0 (Theorem 1.2.2 (e)), and z = 0 is a solution.

If |z| = 1, multiply Z = 22 by 2: 1 = 2Z = 23 (Theorem 1.2.2 (c)). So z is a cube root of
unity: z=1or z = —% %z (the Check above). Conversely, each cube root of unity ¢ lies
in T (Exercise B3), so ( = ¢(~! (Proposition 1.5.1 (a)), and (~! = ¢? because ¢ -(? = ¢3 = 1.

So each is a solution.
The solutions are 0, 1, —5 + ‘[z and — 1 — @z

Why the look-alike tools are worse. Comparing real and imaginary parts, with z = x + yi,
gives 22 — y?2 = x and 2zy = —y, which can be solved, but only with a case split by hand
(y=0orz= —%) “Divide Z = 22 by 2" silently loses the solution z = 0. Polar form works,
but it is not needed: the moduli settle |z|, and the cube roots of unity can be found without
angles, as in the Check.



Chapter 2

Chapter 2

Fields

Linear algebra solves equations by adding, subtracting, multiplying, and dividing by numbers
that are not zero, and by nothing else. A field is a number system in which exactly these moves
work, under the usual rules. Number Systems: From N to R already defined fields and built
three kinds of them: @, R, and the integers modulo a prime p. Chapter 1 added C. This chapter
studies fields as a kind of object in their own right. It covers the rules every field obeys, the
finite fields F,, and how to compute in them, fields inside fields, maps between fields that respect
both operations, and one number, the characteristic, that says whether 14+14---+1 can ever
be 0. That number decides whether “2z = 0, so x = 0” is a valid step, and the linear-algebra
volumes ask about it again and again.

Two facts organize the chapter. A homomorphism of fields is forced to be injective, because
a non-zero element has an inverse and its image must have one too. And every field contains
exactly one smallest subfield, a copy of Q or of exactly one [F,, onto which there is exactly one
homomorphism. The chapter ends with the identity (z + y)? = 2P + yP, which holds in every
field of characteristic p and fails for other exponents and in rings of composite characteristic.
Fermat’s little theorem then takes a few lines: on [, the map = + 2P is a homomorphism of I,
to itself, and the only such map is the identity.

One definition, two books. Number Systems: From N to R, Chapter 2 defined “field”
(Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1), and the linear-algebra volumes
cite the definition as Definition 2.1.1. Section 2.1 restates it under that name with the clauses
(F1)~(F9) numbered as both books number them. A remark there proves that the two definitions
describe the same objects; they differ only in where the condition 1 # 0 is filed, inside (F7) here
and as a clause of its own in Number Systems. Where Number Systems already proved a result,
this chapter cites it. So Theorem 2.1.1 takes parts (a), (d) and (e) and the uniqueness of negatives
from Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2, and the uniqueness of
inverses, the absence of zero divisors and the inverse identities of part (g) from the paragraphs on
units after Number Systems: From \(\nN\) to \(\nR)), Definition 3.5.1, and proves cancellation
and the fraction rules itself, and the proof of Theorem 2.2.2 is a citation of Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.5.2.

What you need. Number Systems: From N to R, Chapters 2 and 3 above all; Chapter 1 of
this volume, for examples; and smaller pieces of Sets, Relations, and Cardinality and Logic and
Proof.

e From Number Systems: From N to R, Chapter 2: commutative rings and fields and their
algebra (Number Systems: From \(\nN\) to \(\nR)), Definition 2.3.1, Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.2), on nearly every page; the integers as a com-
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mutative ring (Number Systems: From \(\nN\) to \(\nR\), Theorem 2.3.1), for the non-
examples of Section 2.1; the copy of N in Z (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.2.3), in Sections 2.1, 2.3 and 2.4 and for integer multiples in Section 2.5; the
integers as an ordered ring (Number Systems: From \(\nN\) to \(\nR\), Theorem 2.3.4),
for negative multiples in Section 2.5; and the least element of a set of integers bounded
below (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.6), which makes the
characteristic well defined in Section 2.5; the multiples n - a of the “Multiples” paragraph
of its Section 2.3, which Section 2.5 extends to negative n; ordered fields and their rules
(Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.2, Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5), and the order on Q from its positive elements
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.3), in a quick check of Sec-
tion 2.1; the field Q, built as classes of pairs (Number Systems: From \(\nN\) to \(\nR\),
Definition 2.4.1, Number Systems: From \(\nN\) to \(\nR\), Definition 2.4.2, Number
Systems: From \(\nN\) to \(\nR\), Theorem 2.2.1, Number Systems: From \(\nN\) to
\(\nR\), Theorem 2.4.3, Number Systems: From \(\nN\) to \(\nR\), Theorem 2.5.1,
Number Systems: From \(\nN\) to \(\nR\), Proposition 2.4.4), which Section 2.5 maps
into every field of characteristic 0; the irrationality of /2 (Number Systems: From \(\nN\)
to \(\nR\), Theorem 2.6.1), used in Section 2.3; and the two-element ring that cannot be
ordered (Number Systems: From \(\nN\) to \(\nR)\), Example (A field with two elements
that cannot be ordered)), compared with in Section 2.2.

e From Number Systems: From N to R, Chapter 3: division with remainder, parity and the
rules for divisibility (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.1.2, Number
Systems: From \(\nN\) to \(\nR\), Corollary 3.1.3, Number Systems: From \(\nN\) to
\(\nR\), Proposition 3.1.1); the gcd, Bézout’s theorem, Euclid’s lemma and the test for
primes (Number Systems: From \(\nN\) to \(\nR\), Definition 3.2.2, Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.2.1, Number Systems: From \(\nN\) to \(\nR\),
Corollary 3.2.2, Number Systems: From \(\nN\) to \(\nR\), Theorem 3.3.1, Number
Systems: From \(\nN\) to \(\nR\), Corollary 3.3.2, Number Systems: From \(\nN\) to
\(\nR\), Lemma 3.3.4); quotient rings and the rings Z/nZ, with the example Z/6Z (Num-
ber Systems: From \(\nN\) to \(\nR)\), Theorem 3.4.1, Number Systems: From \(\nN\)
to \(\nR\), Definition 3.4.2, Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3,
Number Systems: From \(\nN\) to \(\nR\), Example (Multiplication modulo six and
modulo five)); and units, their inverses modulo n, and the field Z/pZ (Number Systems:
From \(\nN\) to \(\nR)\), Definition 3.5.1, Number Systems: From \(\nN\) to \(\nR\),
Theorem 3.5.1, Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.5.2). Section 2.2
gives these fields the name I, that its Section 3.5 left to this chapter. Its move “least
positive element, then divide” proves Proposition 2.5.2.

e From Number Systems: From N to R, Chapters 4-6, for examples, comparisons and a
few exercises only: R as a complete ordered field containing @ (Number Systems: From
\(\nN\) to \(\nR\), Theorem 5.2.3, Number Systems: From \(\nN\) to \(\nR\), Theo-
rem 5.3.3, Number Systems: From \(\nN\) to \(\nR\), Theorem 5.6.3, Number Systems:
From \(\nN\) to \(\nR)\), Definition 5.4.1, Number Systems: From \(\nN\) to \(\nR\),
Theorem 5.4.1), from its Chapter 5; square roots in R, the field Q(v/2) and its conjuga-
tion, and the theorem that R has no automorphism but the identity (Number Systems:
From \(\nN\) to \(\nR)), Proposition 6.1.4, Number Systems: From \(\nN\) to \(\nR\),
Definition 6.4.2, Number Systems: From \(\nN\) to \(\nR)), Proposition 6.4.5, Number
Systems: From \(\nN\) to \(\nR\), Proposition 6.4.6, Number Systems: From \(\nN\) to
\(\nR)), Example (Conjugation in Q(1/2)), Number Systems: From \(\nN\) to \(\nR)\),
Definition 6.1.1, Number Systems: From \(\nN\) to \(\nR\), Theorem 6.3.4, Number
Systems: From \(\nN\) to \(\nR\), Proposition 6.1.1), from its Chapter 6; and the frac-
tion rules and the embedding of Q into an ordered field (Number Systems: From \(\nN\)
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to \(\nR\), Lemma 4.1.1, Number Systems: From \(\nN\) to \(\nR\), Proposition 4.2.1,
Number Systems: From \(\nN\) to \(\nR\), Theorem 4.2.2), from its Chapter 4, which
remarks in Sections 2.1 and 2.5 compare with.

e From Number Systems: From N to R, Chapter 1: the citing rule by which induction
and recursion apply to N (Number Systems: From \(\nN\) to \(\nR)\), Corollary 1.7.3),
in Sections 2.4-2.6, and the axioms (Z5) and (Z6) (Number Systems: From \(\nN\) to
\(\nR\), Axiom 1.1.1) that make the set of subfields containing a given set a set, in Section
2.3.

e From Chapter 1 of this volume, for examples and review exercises only: C as a field con-
taining R (Definition 1.1.1, Proposition 1.1.1, Proposition 1.1.2, Proposition 1.2.3, Theo-
rem 1.2.4); conjugation and its rules (Definition 1.2.1, Theorem 1.2.2), the first automor-
phism of Section 2.4; complex square roots (Proposition 1.4.1), compared with in Section
2.1 and used in Exercise R1 of Section 2.6; the power laws in a commutative ring (Propo-
sition 1.1.3), compared with in Section 2.6; and the method by which C cannot be ordered
(Proposition 1.4.3), reused in Exercise R3 of Section 2.6.

e From Sets, Relations, and Cardinality: functions, composition, bijections, inverse func-
tions and images, and intersections of families of sets (Sets, Relations, and Cardinality,
Definition 1.4.5, Sets, Relations, and Cardinality, Definition 1.4.2, Sets, Relations, and Car-
dinality, Theorem 1.4.4, Sets, Relations, and Cardinality, Definition 1.5.2, Sets, Relations,
and Cardinality, Theorem 1.5.4, Sets, Relations, and Cardinality, Definition 1.6.1, Sets,
Relations, and Cardinality, Definition 1.2.4), from its Chapter 1; primes, quotient sets, and
the recursion theorem with its sums and powers, whose proofs Section 2.6 reuses in any
commutative ring (Sets, Relations, and Cardinality, Definition 2.2.2, Sets, Relations, and
Cardinality, Definition 2.5.4, Sets, Relations, and Cardinality, Theorem 2.3.1, Sets, Rela-
tions, and Cardinality, Definition 2.3.1, Sets, Relations, and Cardinality, Definition 2.3.2,
Sets, Relations, and Cardinality, Proposition 2.3.4), from its Chapter 2; finite and infinite
sets and the pigeonhole principle (Sets, Relations, and Cardinality, Definition 3.1.2, Sets,
Relations, and Cardinality, Proposition 3.1.6, Sets, Relations, and Cardinality, Example
(Hilbert’s Hotel), Sets, Relations, and Cardinality, Theorem 3.1.2, Sets, Relations, and
Cardinality, Corollary 3.1.3, Sets, Relations, and Cardinality, Theorem 3.1.9), from its
Chapter 3.

o From Logic and Proof: induction (Logic and Proof, Axiom 4.2.1), from its Section 3.2,
and, for the five find-the-error exercises and the proof-ordering exercise of Section 2.3, the
catalogue of moves that are not allowed (Logic and Proof, Example (What is not allowed)),
from its Section 5.6.

No proof of a result rests on R or C: they enter through examples, remarks and exercises.
Nothing from linear algebra is used, and polynomials appear only as equations between elements,
never as objects; Chapters 4 and 5 build them.

Time. About 25 hours on the core track (all of A, one B and one C per section, the exit checks);
about 40 hours for everything.

Roadmap

e The Field Axioms and the First Examples. What elimination needs, and the defini-
tion of a field with the clauses (F1)-(F9) and its agreement with the definition in Number
Systems; the rules of every field, collected from the commutative-ring rules with the frac-
tion rules added; the two square roots +y, with Z/8Z as the ring where there are more;
one linear equation and a system of two, solved in any field; Q, R and C as fields; and N,
Z, the zero ring and Z/6Z as non-examples, each with the clause that fails.

o Finite Fields from Modular Arithmetic. The arithmetic of Z/nZ recalled, with the
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tables of Fo; Bézout’s lemma in the form the linear-algebra volumes cite, and Z/nZ as a
field exactly for prime n; the fields F,,, with inverses found by trial and by the Euclidean
algorithm and the elimination of Section 2.1 run over Fs5; why a non-zero class modulo a
composite cannot always be divided by, and why [, has no order; and, as an exercise, a
field with four elements that is not Z/47Z.

e Subfields. Subfields, with examples and one-clause non-examples; the subfield test, which
shows that a subfield is a field with the zero and one of the big field and reduces the check
to 1, differences and quotients; Q(v/2) C R and Q(i) C C as subfields, with Z[i] failing only
at inverses; the warning that {[0], [3]} C Z/6Z is a field with another one; and intersections
of subfields, the smallest subfield containing a set, and the prime subfield, which for IF,, is
IF, itself.

e Field Homomorphisms. Homomorphisms, isomorphisms and automorphisms, and why
(1) = 1 is required; the theorem that a homomorphism keeps 0, negatives and inverses,
is injective, and maps its domain onto a subfield isomorphic to it; conjugation of C and
of Q(v/2) as automorphisms, and R with none but the identity; and the pairs C — R,
Fy — Q and Q — F,, with no homomorphism at all.

e Integer Multiples, the Characteristic, and the Prime Subfield. Integer multiples
n-a in a commutative ring, negative n included, with the proof for negative n in a second-
reading fold; the characteristic, the theorem that n - 1 = 0 exactly when char F' divides n
(so 2 is invertible exactly when char F' # 2), and the theorem that it is 0 or a prime; its
invariance under subfields and homomorphisms, and the characteristics of the standard
fields; the prime subfield as the image of the unique homomorphism from Q or F,, so
that a homomorphism has no choice on it and Q and F, have no automorphism but the
identity; and finite fields, which have prime characteristic.

e The Binomial Theorem, the Frobenius Map, and Fermat’s Little Theorem.
Finite sums in a commutative ring; binomial coefficients by Pascal’s rule, with no division,
and the absorption identity; the binomial theorem in a commutative ring and the prime
dividing the middle coefficients of row p; the Frobenius map z — zP, a homomorphism in
characteristic p and an automorphism of a finite field; Fermat’s little theorem, with powers
and inverses computed in F7, F3; and F1g1; and review exercises on complex square roots
(Chapter 1), square roots in Q(1/2), fields that cannot be ordered, and the homomorphisms

Q(V2) = R.
Named moves

o Test inside the big field. For a subset K of a field L, the identities (F1), (F2), (F5),
(F6) and (F9) hold in K because they hold for all elements of L; only closure and the
elements 0, 1, —a and a~! need checking. It is named in the Idea of the subfield test
(Proposition 2.3.1) in Section 2.3. Through that test it shows that Q(v/2) and Q(i) are
fields and that an intersection of subfields is a subfield in Section 2.3, and that the image
of a homomorphism is a subfield in Section 2.4. The warning of Section 2.3 marks its limit:
inside a ring that is not a field, a subset can be a field whose one is not that of the ring,
as {[0],[3]} C Z/6Z is.

o Push the equation through ¢. To find ¢(z), apply ¢ to an equation that z satisfies,
such as a+(—a) = 0,aa! =1,i?> = —1 or p-1 = 0, and solve the resulting equation in the
target field, where it often has only one solution. It is named in Section 2.4, after the proof
of Proposition 2.4.1, whose parts (a) and (b) run it in full. Exercise B1 of Section 2.4 leaves
its last step to you, and Exercise B2 there its last half. When the pushed equation has no
solution in the target, it proves that no homomorphism exists (Example (Pairs of Fields
with No Homomorphism)). Section 2.5 uses it for the uniqueness half of Theorem 2.5.5,
and Exercise R4 of Section 2.6 to find the homomorphisms Q(v/2) — R.
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e« Count copies of 1. A question about integers acting on a field becomes a question
about the elements n - 1: by Lemma 2.5.1, n-a = (n-1)a, and n +— n -1 respects
sums and products. Then the move of Number Systems: From N to R, Chapter 3, “take
the least positive element, then divide by it”, turns “n -1 = 0” into “char F' divides n”
(Proposition 2.5.2). Section 2.5 names only the second step; the name “count copies of
17 is given here. Since a homomorphism sends n -1 to n - 1, it has no choice on the
prime subfield (Corollary 2.5.6). In Section 2.6 the same counting kills the middle terms
of (x + y)?, and that rigidity turns the Frobenius map of I, into Fermat’s little theorem.

2.1 The Field Axioms and the First
Examples

Number Systems: From N to R defined fields (Number Systems: From \(\nN\) to \(\nR)),
Definition 2.3.1) and built Q, R and, for each prime p, the field Z/pZ. Chapter 1 added C.
This chapter looks at fields as a kind of object in their own right. Its first section restates the
definition under the name that the linear-algebra volumes use, collects the rules that hold in
every field, solves one and two linear equations in any field, and sorts the standard examples
from the standard non-examples, naming in each case the clause that fails.

What solving equations needs

Here is a small system of equations, solved the way it is solved at school:
2+ 3y =1,
rz—y=1.

Subtract twice the second equation from the first: 5y = 5. Divide by 5: y = 1. Thenz =14y =
2. Check: 2-243-1=7and2—-1=1.

List the moves. Equations were combined by sums and differences, one equation was scaled
by a number, and one was divided by a number that is not zero. Silently, terms were also
reordered, regrouped, and brackets were multiplied out. Elimination, the method the linear-
algebra volumes run on systems of any size, uses these moves and nothing else.

Now stay inside Z. The equation 2z = 1 has integer coefficients and no integer solution: 2x is
even and 1 = 2-0+1 is odd, and no integer is both (Number Systems: From \(\nN\) to \(\nR\),
Corollary 3.1.3 (a)). The move “divide by 2” leads out of Z. So the dividing line between Z and
Q is division, and division by every non-zero element is what the definition must ask for.

A field is a number system where you can add, subtract, multiply, and divide by anything non-
zero, with the usual rules.

The definition

The definition lists the rules once, as clauses that can be checked and cited. The numbering is
the one Number Systems used for commutative rings, and the one the linear-algebra volumes
cite.

Definition 2.1.1. Field

A field is a set F together with two functions, addition +: F' x F — F', (a,b) — a+b, and
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multiplication -: F' x F' — F, (a,b) — a - b = ab, satisfying the following clauses.

F1
F2
F3
4) For every a € F there is an element —a € F such that a + (—a) = 0.

(F1) a+b=0b+a for all a,b € F.
(F2)
(F3)
(F4)
(F5) (ab)c = a(be) for all a,b,c € F.
(F6)
(F7)
(F8)
(F9)

(a+b)+c=a+(b+c) for all a,b,c € F.
There is an element 0 € F' such that a + 0 = a for every a € F.

=

F6) ab = ba for all a,b € F.

F7) There is an element 1 € F with 1 ## 0 such that a -1 = a for every a € F.
F8
F9

For every non-zero a € F there is an element a~! € F such that aa™! = 1.
a(b+c) =ab+ ac for all a,b,c € F.

We write a — b := a + (—=b), and a/b := ab~! for b # 0.

Read the clauses in three groups.

o (F1)—(F4) speak only of addition. The order and the grouping of a sum do not matter, 0
changes nothing when added, and each element can be undone by its negative. Subtraction
is built from these.

o (F5)—(F8) repeat those four statements for multiplication, with one change: an inverse is
demanded only of a non-zero element. So division is defined only by non-zero elements,
and no clause ever calls for division by 0. Clause (F7) also demands that the two neutral
elements differ.

o (F9), the distributive law, is the single bridge between the two operations: it alone men-
tions both, and multiplying out brackets rests on it, with (F6) for a bracket on the left.

Mind the order of the quantifiers in (F3): there is one element 0 that works for every a. The
weaker reading, “each a has its own z with a + z = a”, would let z change with a, and it is
not what (F3) says. In (F4) the order is the other way round, as it has to be: the negative —a
depends on a.

Both operations are functions into F': a sum or product of two elements of F' is again in F'. For
a candidate field cut out of a larger number system, that closure is where checking starts. We
say “F is a field” when the two operations are understood, and write (F,+,-) when they must
be named.

Remark (The same definition in Number Systems). Number Systems: From \(\nN\) to
\(\nR)\), Definition 2.3.1 calls a set with two operations a commutative ring when (F1)—
(F7) and (F9) hold, its (F7) asking only for an element 1 with a-1 = a; it calls a commutative
ring a field when, in addition, 1 # 0 and (F8) hold. Clause by clause, these are the conditions
of Definition 2.1.1: the nine clauses are worded alike, and the only difference is where the
condition 1 # 0 is filed, inside (F7) here and as a separate clause there. So F' is a field in the
sense of Definition 2.1.1 if and only if it is a field in the sense of Number Systems: From
\(\nN\) to \(\nR)\), Definition 2.3.1. Every result that Number Systems proves for fields, or
for commutative rings, therefore applies to every field of this chapter, and conversely. The
separate filing there has a purpose: it lets the one-element set {0} count as a commutative
ring (the zero ring) while keeping it out of the fields.

Quick check. Is Qq, the set of positive rationals with the usual 4+ and - of Q, a field?
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Solution. No. Addition and multiplication do map Q¢ X Qs¢ into Q~¢ (Number Systems:
From \(\nN\) to \(\nR\), Theorem 2.5.1, with (P1) of Number Systems: From \(\nN\)
o \(\nR\), Proposition 2.3.3). But (F3) fails. An element z € Qs with 1 + z = 1 would
satisfy z=0+2=((—-1)+1)+ 2= (-1)+ (1 4+ z) = (—1) + 1 = 0 in the field Q, by (F1),
(F3), (F4) and (F2), and 0 ¢ Qs¢. (Once (F3) fails, (F4) cannot even be stated.)

Rules that hold in every field

The definition’s notation takes something for granted. The symbols 0, —a and a~! are written
as names of single elements, while (F3), (F4), (F7) and (F8) assert only that suitable elements
exist. Were there two different zeros in some field, the symbols 0, a — b and a/b would be
ambiguous. The next theorem removes the worry and collects the rules of school algebra that
every field obeys. Most of it was proved in Number Systems for every commutative ring; we
collect it under one name, citing the proofs there, and add the rules for fractions as part (g).

Theorem 2.1.1. Basic Properties of Fields
Let F be a field and let a,b,c,d € F.

(a) The element 0 in (F3) is unique, and the element 1 in (F7) is unique.

(b) (Cancellation) If a + b = a + ¢, then b = ¢. If ab = ac and a # 0, then b = c.

(c) The negative —a in (F4) is unique, and for a # 0 the inverse a~! in (F8) is unique.
(d)

(e) ( = —a.

(f) Ifabe then a =0 or b= 0.

(g) Ifb# 0 and d # 0, then bd # 0, (bd)~! = b=1d~, (b71)~! = b, and

[ ad + be a ¢ _ac
d  bd b d bd

Z
b

Idea. Work backwards from each goal to the clause that could produce it; each part then
takes a few lines. For uniqueness, take two candidates and prove them equal. No clause
says anything about 0 - a, so for (d) we manufacture a place where (F9) can act: 0 =0+ 0,
distribute, cancel. In (f) the hypothesis a # 0 has exactly one use, which is to unlock (F8).
The fraction rules in (g) come from one move: an element is identified by showing that it
satisfies the defining equation of the element we want, and uniqueness finishes.

Proof. By the remark after Definition 2.1.1, F is a commutative ring in the sense of Number
Systems: From \(\nN\) to \(\nR\), Definition 2.3.1, so Number Systems: From \(\nN)\) to
\(\nR)\), Proposition 2.3.2 applies to it.

(a) This is Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (a).

(b) Suppose a +b=a+ c. Put —a in front of each side and regroup with (F2): this gives
((ma) +a) +b=((—a) +a) + c. By (F1) and (F4), (—a) +a = a+ (—a) = 0, so
0+4+b=0+c, and by (F1) and (F3) this says b = c.
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Now suppose ab = ac and a # 0. By (F8), a~! exists. Using (F7), (F8), (F6) and (F5),

b=0b-1=baa') = (ba)a™t = (ab)a™?
= (ac)a! = (ca)a™! =claa™)=c-1=c.

(¢c) The negative is unique by Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.2 (a). For a # 0, clause (F8) says that a is a unit of F' in the sense of
Number Systems: From \(\nN\) to \(\nR)), Definition 3.5.1, and the inverse of a unit
is unique (the well-definedness paragraph after Number Systems: From \(\nN\) to
\(\nR\), Definition 3.5.1).

(d) By Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b), a -0 = 0, and
0-a=a-0 by (F6).

(e) By Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (c¢) with a = 1,
(=1)b = —(1-0b) for every b € F;and 1-b=5b-1 = b by (F6) and (F7). Applied to
b = a, this gives (—1)a = —a.

(f) Suppose ab = 0. If a = 0 there is nothing to prove, so suppose a # 0. By (F8), a is a
unit of F' (Number Systems: From \(\nN\) to \(\nR\), Definition 3.5.1), and a unit
is not a zero divisor (the paragraph after Number Systems: From \(\nN\) to \(\nR\),
Definition 3.5.1): from ab = 0 it follows that b =0. So a =0 or b = 0.

(g) Let b # 0 and d # 0. If bd = 0, then (f) would give b = 0 or d = 0; so bd # 0. By
(F8), b and d are units of F. A product of units is a unit, with (bd)~! = b~1d~!, and
the inverse of a unit is a unit, with (b=!)~! = b (the closure paragraph after Number
Systems: From \(\nN\) to \(\nR)), Definition 3.5.1). Here b=! # 0, since 1 # 0 by
(F7) and so 0 is not a unit (the paragraph “Why this definition” after Number Systems:
From \(\nN\) to \(\nR\), Definition 3.5.1); thus (b~1)~! is also the inverse that (F8)
supplies, by (c).

For the sum, multiply out with (F9) and reorder with (F5) and (F6):

(ab™' 4 cd™ 1) (bd) = a(b~'b)d + c(d" d)b
=ad + cb = ad + bc,

by (F8) and (F7) and then (F6). Multiplying both ends by (bd)~!, and using (bd)(bd)~! =1
with (F5) and (F7) on the left, gives ab~!+cd~! = (ad+bc)(bd) !, which is the first displayed
rule. For the product, (F5) and (F6) give (ab=!)(ed™!) = (ac)(b~1d™1) = (ac)(bd)~}, by the
formula for (bd)~! just proved. This proves the theorem.

From now on we use 0+a = a and 1-a = a silently; they follow from (F1), (F3), (F6) and (F7).
The larger gain is that any school identity whose proof uses only (F1)—(F9) is true in every
field: for instance (a + b)? = a? + 2ab + b?, where a? := aa and 2 := 1 4+ 1 (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.2 (d)), and (—a)(—b) = ab (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (c)). Part (f) is the rule we will lean on most: a product
of non-zero elements is non-zero.

Remark. Part (g), with the uniqueness of inverses in (c), is the content of Number Systems:
From \(\nN\) to \(\nR\), Lemma 4.1.1 (a) and (b), which Number Systems proved for
every field when it studied ordered fields. Part (f) and the inverse identities of (g) come from
the paragraphs on units after Number Systems: From \(\nN\) to \(\nR)\), Definition 3.5.1;
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the two fraction formulas are proved here rather than cited from Number Systems: From
\(\nN\) to \(\nR\), Lemma 4.1.1, so that no theorem of this section rests on that chapter;
only the examples R and C below lean on it.

Quick check. In a field, does a? = 0 imply a = 07

Solution. Yes. a? = aa = 0, so by Theorem 2.1.1 (f) with b=a, a =0 or a = 0.

Warning. Cancellation needs its hypothesis. “If ab = ac, then b = ¢” is false without a # 0:
inQ,0-1=0-2, yet 1 # 2. Every time a factor is canceled, say why it is not 0.

Part (f) has a consequence that school algebra uses all the time without naming it: an element
has at most two square roots, and they are negatives of each other.

Corollary 2.1.2. Equal Squares

Let I be a field and x,y € F. Then 22 = y? if and only if z = y or £ = —y. In particular,
z?=1ifand only if x =1 or z = —1.

Idea. Move everything to one side and factor: z? — 42 = (x — y)(x + y), the school identity,
which holds in every field. A product is zero only when a factor is, by part (f), and the two
factors give the two cases.

Proof. First, (z — y)(z +y) = 22 — y?. Indeed, by (F9) and (F6), (z + (—y))(z + y) =
zx+zy+(—y)r+(—y)y, and Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2
(c) turns the last two terms into —(yx) and —(yy). Since yz = xy by (F6), the terms zy and
—(7y) add to 0 by (F4), and what is left is 22 — y.

(=) If 22 = y?, then 2° — y? = y? + (—y?) = 0 by (F4), so (z —y)(z +y) = 0. By
Theorem 2.1.1 (f), z —y = 0 or x + y = 0. In the first case, adding y to both sides gives
x =y, by (F2), (F1), (F4) and (F3). In the second, y satisfies the defining equation of —z,
so y = —x by Theorem 2.1.1 (c), and then x = —(—z) = —y by Number Systems: From
\(\nN\) to \(\nR)\), Proposition 2.3.2 (a).

(<) If x = y, there is nothing to prove. If x = —y, then 22 = (—y)(—y) = yy = y> by
Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (c).

For the last sentence take y = 1, with 12 = 1 by (F7).
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Remark. The two square roots y and —y can coincide even when y # 0: in the field with two
elements of the next section, 1 +1 =0, so —1 = 1. And the corollary needs (f), so it can fail
in a commutative ring with zero divisors. In Z/8Z we have [3]? = [9] = [1], yet [3] # [1] and
[3] # [—1] = [7], since 8 divides neither 3 —1 = 2 nor 3 — 7 = —4. For C, Chapter 1 proved
the same fact directly from real and imaginary parts (Proposition 1.4.1 (b)); the corollary
gives it in every field at once.

Solving linear equations in a field

The opening slogan promised that a field is where elimination works. Here is that promise kept
for one equation in one unknown and for two equations in two unknowns.

Proposition 2.1.3. Linear Equations in a Field
Let F be a field and let a,b,c,d, e, f € F.

(a) If a # 0, the equation ax = b has exactly one solution x € F, namely z = a~'b.
(b) If ad — bc # 0, the system

ax + by = e,

cx+dy=f

has exactly one solution (z,y) € F' X F, namely

ed—bf af —ce

Y —e U e —Ge

Idea. Uniqueness and existence are separate jobs. For uniqueness, assume a solution and
run the school elimination on it: one combination of the two equations kills y, another kills
x, and each leaves an equation of the form (a). For existence, substitute the candidate and
multiply out. The quantity ad — bc is exactly the coefficient elimination produces, and the
hypothesis lets us divide by it.

Proof.
(a) By (F5), (F8) and (F7), a(a™'b) = (aa™" )b =1-b=10b, so x = a~'b is a solution. If

ax = band ax’ = b, then ax = azx’ with a # 0, so x = 2’ by cancellation (Theorem 2.1.1
(b)).
(b) Write D := ad — bc, so D # 0.

Uniqueness. Let (z,y) be a solution. Multiply the first equation by d, the second by b,
and subtract. Multiplying out with (F9), reordering with (F5) and (F6), and using Number
Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.2 (¢) for the signs,

d(ax + by) — b(cx + dy) = (ad)z + (bd)y — (be)x — (bd)y
= (ad — bc)x = Dz,

while the right-hand sides give de — bf = ed — bf. So Dx = ed — bf. In the same way,
a(cx + dy) — clax + by) = (ad — bc)y = Dy and the right-hand sides give af — ce, so
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Dy = af — ce. By (a), applied twice with the non-zero coefficient D, x = D~!(ed — bf) and
y = D~ !(af — ce). These are the displayed values, since D~'u = uD~! = u/D by (F6).

Existence. Put zo == (ed — bf)D~! and yo := (af — ce)D~!. By (F5), (F6) and (F9), mul-
tiplying out and reordering with (F5) and (F6), and using Number Systems: From \(\nN\)
o \(\nR\), Proposition 2.3.2 (c) for the signs,

azo + byo = (a(ed — bf) +b(af — ce)) D!
(ade — abf + abf — bee)D ™
=elad —be)D"' =eDD ! =

by (F8) and (F7) at the end. Likewise

cxo + dyo = (c(ed — bf) + d(af — ce))D™*
= (cde — bef + adf — cde)D™!
= f(ad —be)D™! = f.

So (zo,yo) is a solution, and by uniqueness it is the only one.

Both hypotheses have a job. Over Z, part (a) fails: 2 # 0, and 2z = 1 has no integer solution,
because the inverse 271 of (F8) is missing. And if ad — bc = 0, part (b) fails in every field:
the system = 4+ y = 1, x + y = 0 has no solution, since it would give 1 = 0, while x +y = 0,
2z + 2y = 0 has the solutions (¢, —t) for every ¢ € F, at least two of them ({ = 0 and t = 1).
The linear-algebra volumes treat n equations in n unknowns by the same elimination.

Examples

Three fields are already at hand. Each was proved a field in the sense of Number Systems: From
\(\nN\) to \(\nR)\), Definition 2.3.1, and the remark after Definition 2.1.1 translates.

Example. The Fields Q, R and C

Explain why @Q, R and C, with their usual addition and multiplication, are fields.

Solution. For Q, built as classes of pairs of integers, Number Systems: From \(\nN))
o \(\nR\), Theorem 2.4.3 proves that it is a field in the sense of Number Systems: From
\(\nN\) to \(\nR\), Definition 2.3.1. For R, built as classes of Cauchy sequences of rationals,
Number Systems: From \(\nN\) to \(\nR\), Theorem 5.2.3 does the same; there 1 # 0 is
part of the field clause. For C := R x R, Theorem 1.2.4 proves it, resting on the arithmetic
laws Proposition 1.1.2 and the inverse Proposition 1.2.3. In each case the remark after
Definition 2.1.1 turns “field in the sense of Number Systems” into “field in the sense of
Definition 2.1.17, with the same zero, one, negatives and inverses.

These three are infinite: each contains an injective image of the infinite set N (Sets, Rela-
tions, and Cardinality, Example (Hilbert’s Hotel)), through Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.2.3 (a), Number Systems: From \(\nN\) to \(\nR\), Proposition 2.4.4,
Number Systems: From \(\nN\) to \(\nR\), Theorem 5.4.1 (b) and Proposition 1.1.1. A finite
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set has only finite subsets (Sets, Relations, and Cardinality, Proposition 3.1.6). The next section
produces finite fields, and Section 2.3 produces fields strictly between Q and R.

Changing an operation on a familiar set can give a new field; deciding means checking every
clause.

Example. A New Muiltiplication on Q

Show that Q, with the usual addition and the new multiplication a ® b := —(ab), is a field,
and find its one.

Solution. Addition is that of Q, so (F1)—(F4) hold with the usual 0 and negatives. The
new product is a function Q x Q — Q. Each identity below is computed in the field Q
(Example (The Fields Q, R and C)), the signs by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (a) and (c). For all a,b,c € Q:

): (@@ b) ®c=—((—(ab))c) = abc = —(a(—(bc))) =a ® (b® ¢).

): —(ab) = —(ba).

)): a® (b+c)=—(ab+ac) = —(ab) + (—(ac)) =a©® b+ a® ¢, since —(u + v) =
)

1=—(-1)=—-0=0, where —0 = 0 by Theorem 2.1.1 (c), since 0 + 0 = 0).
« (F8): a non-zero a has the inverse a—!, the usual one, since a ® = = —(aa™!) = -1,
the one of this field.

The one of a field need not be the number 1.

Non-examples

Each system below falls short of the slogan somewhere. For each, find the precise clause that
breaks; a vague “it is not like Q” teaches nothing.

Example. Four Systems That Are Not Fields

For each of the following, with its usual operations, name the clauses of Definition 2.1.1 that
fail, with a witness: (i) N; (ii) Z; (iii) the zero ring {0}, with 0+ 0 :=0 and 0-0 := 0; (iv)
Z/6Z.

Solution.

(i) Number Systems checked the minimal change from N to Z: N satisfies (F1)—(F3),
(F5)—(F7) and (F9), and (F4) fails at a = 1, since 1 + = # 0 for every z € N (the
non-example after Number Systems: From \(\nN\) to \(\nR)\), Definition 2.3.1). The
condition 1 # 0 holds, since it holds in Z (Number Systems: From \(\nN\) to \(\nR)\),
Theorem 2.3.1), and N C Z with ¢ injective (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.2.3 (a)). Clause (F8) fails too, at @ = 2: a natural number z
with 2z = 1 would be an integer with 2z = 1 (¢ preserves products, Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.2.3 (a)), and there is none (Number Systems:
From \(\nN\) to \(\nR\), Corollary 3.1.3 (a)).
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(ii) Z is a commutative ring with 1 # 0 (Number Systems: From \(\nN\) to \(\nR)\),
Theorem 2.3.1), so (F1)-(F7) and (F9) hold. Only (F8) fails, at a = 2, by the same
parity argument.

(iii) Every clause other than (F7) and (F8) is an equation between elements of {0}, and
each such equation reads 0 = 0; (F8) holds because there is no non-zero element to
invert. The only candidate for the element 1 of (F7) is 0, and (F7) demands 1 # 0. So
exactly the condition 1 # 0 inside (F7) fails. This is the reason the condition is there:
without it, a one-element “field” would make every statement of the form “a field has
a non-zero element” false.

(iv) Z/6Z is a commutative ring with [1] # [0] (Number Systems: From \(\nN\) to \(\nR)\),
Theorem 3.4.3 (a), (c)), so (F1)—(F7) and (F9) hold. But [2][3] = [6] = [0] (Number
Systems: From \(\nN\) to \(\nR)\), Example (Multiplication modulo six and modulo
five)), while [2] # [0] and [3] # [0], since 6 divides neither 2 nor 3. If [2] had an inverse
u, then [3] = (u[2])[3] = u([2][3]) = u[0] = [0], by (F7), (F8), (F6), (F5) and Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b), which is false. So (F8) fails
at [2]. Had Z/6Z been a field, Theorem 2.1.1 (f) would have forbidden the product
[2][3] = [0] outright.

The first linear-algebra volume meets one more kind of non-example, the square matrices, where
(F6) fails: two matrices can give different products in the two orders.

Why these axioms

Drop a clause and something we use breaks.

o Without (F8), elimination halts at the first coefficient that cannot be inverted, as 2z = 1
over Z showed.

o Without (F6), numbers would not commute with each other. Linear algebra swaps
scalars constantly (in the first linear-algebra volume, when a vector is multiplied by two
numbers in turn), so commutativity is kept.

« Without 1 # 0, the zero ring of Example (Four Systems That Are Not Fields) (iii) would
count as a field.

The word “field” is a historical label; nothing in it is meant literally.
Warning. Order is not part of a field. Clauses (F1)-(F9) say nothing about <, so “squares
are > 0” has no meaning in a general field, and read in C it is false, since 2 = —1 (Chapter

1). Likewise “1 +1 # 0” is not a clause, and it fails in the field with two elements of the
next section. In a general field, never use an inequality.

Exercises

2.1.8.1 A. Check your understanding

Exercise. Al

(a) State the definition of a field.
(b) Which clauses of Definition 2.1.1 does each of N, Z and the zero ring {0} fail?
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(c) True or false: in every field, ab = ac implies b = ¢. Justify your answer.

(d) Which parts of Theorem 2.1.1 fail in the commutative ring Z/6Z? Give a witness for
each.

(e) Use Proposition 2.1.3 to solve 3z +2y =1, x —y =2 in Q.

Solution.

(a) A field is a set F' with two functions +,-: F' x F' — F satisfying (F1)—(F9) of Defini-
tion 2.1.1, where (F7) includes 1 # 0 and (F8) asks for inverses of non-zero elements
only.

(b) N: (F4), at a = 1, and (F8), at a = 2. Z: only (F8), at a = 2. {0}: only the condition
1#0in (F7). (See Example (Four Systems That Are Not Fields).)

(c) False. Witha=0,b=1,¢=2inQ: 0-1=0=0-2, but 1 # 2. Cancellation needs
a # 0 (Theorem 2.1.1 (b)).

(d) Multiplicative cancellation in (b) fails: [2][1] = [2] and [2][4] = [8] = [2], but [1] # [4],
since 6 does not divide 4 — 1 = 3. Part (f) fails: [2][3] = [0] with [2],[3] # [0]. The
first clause of (g) fails for the same pair: [2] # [0], [3] # [0], but [2][3] = [0]. The
uniqueness of inverses in (c¢) is not violated, but for [2] it says nothing, since [2] has
no inverse (Example (Four Systems That Are Not Fields) (iv)). Parts (a), (d) and
(e) hold in every commutative ring (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.2 (a)—(c), with (F6), (F7)), and so does additive cancellation, whose
proof in (b) uses only (F1)—(F4).

() Herea=3,b=2,c=1,d=—-1,e=1, f=2,and ad —bc = -3 —-2= -5 #0. So

1-(—1)—22 -5 3:-2—-1-1 )

o _5 -5 @ Y _5 _5

Check: 3-1+2-(-1)=1land1—(-1)=2.

2.1.8.2 B. Practice

Exercise. B1
Let F be a field and a, b,z € F. Prove:

) —(a—b)=b—a;
) if @ # 0, then —a # 0 and (—a)~! = —(a™!);
(c) > =z ifand only if z = 0 or = = 1;
) 22 + 2 =0 if and only if z = 0 or z = —1.

Solution.

(a) By (F1) and (F2), (a—b)+ (b—a) = (a+ (—a)) + (b+ (=b)) =0+ 0 = 0, using (F4)
and (F3). So b — a satisfies the defining equation of —(a — b), and —(a — b) = b — a by
the uniqueness of negatives (Theorem 2.1.1 (c)).

(b) If —a =0, then a = —(—a) = —0 = 0, by Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.2 (a) and 0 + 0 = 0; so —a # 0. By Number Systems: From \(\nN))
o \(\nR\), Proposition 2.3.2 (c) and (F8), (—a)( — (a7!)) = aa™* = 1. So —(a7!)
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satisfies the defining equation of (—a)~!, and the two are equal by Theorem 2.1.1 (c).

(c¢) By (F7), (F9) and Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (c),
z(x — 1) = 2z + 2(—1) = 22 — z. So 22 = z if and only if z(z — 1) = 0, adding —z or
x to both sides. By Theorem 2.1.1 (f), z(x — 1) = 0 gives z = 0 or x — 1 = 0, that is,
x = 1. Conversely, 02 = 0 by Theorem 2.1.1 (d), and 12 = 1 by (F7).

(d) By (F7) and (F9), x(x +1) = 22 + 2. So 22 + # = 0 means z(z + 1) = 0, which
by Theorem 2.1.1 (f) gives x = 0 or  + 1 = 0, and the latter means © = —1 by the
uniqueness of negatives (Theorem 2.1.1 (c)). Conversely, 02 + 0 = 0 by Theorem 2.1.1
(d) and (F3), and (—1)2+(—1) = 1+ (—1) = 0, since (—1)(—1) = 1-1 = 1 by Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (c).

Exercise. B2

Let F be a field and a,b,c,d € F with b # 0 and d # 0. Prove that a/b = ¢/d if and only if
ad = be.

Solution. (=) Multiply both sides of ab~! = cd~! by bd. Reordering with (F5) and (F6),
and using (F8) and (F7), the left side becomes a(b~'b)d = ad and the right side c(d~1d)b =
c¢b = bc. So ad = be.

(<) By Theorem 2.1.1 (g), bd # 0 and (bd)~! = b~1d~!. Multiply both sides of ad = bc
by b='d~!: reordering as before, the left side becomes ab=!(dd~') = ab~! and the right side
(bb~Yed ™t = cd™L. So a/b = c/d.

Exercise. B3: Which Are Fields?
Determine which of the following are fields. Justify your answer.

(a) Q, with the usual addition and the new multiplication a ® b = 2ab.
(b) Q, with the usual addition and the new multiplication a ® b := ab + 1.
(c) The set {0,1} C Q, with the addition and multiplication of Q.

Solution.

(a) A field. Addition is that of Q, so (F1)—(F4) hold with the usual 0 and negatives. The
new product is a function Q x Q — Q. For all a,b,c € Q: (F5) (a®b) ® ¢ = 2(2ab)c =
4abc = 2a(2bc) = a® (b® ¢); (F6) 2ab = 2ba; (F9) a® (b+c¢) = 2a(b+c¢) = 2ab+ 2ac =
a®b+a®c. For (F7) the one is %1: a®3=2a-% =a,and 1 # 0. For (F8), a non-zero
a has the inverse 4—1(1, since a © z; = Z—Z = %, the one of this field. Each identity is
computed in the field Q (Example (The Fields Q, R and C)). The one of a field need
not be the number 1; Exercise B3 of Section 2.4 shows that this field is Q in disguise.

(b) Not a field: (F9) fails. For all a,b,¢, a® (b+c¢) =ab+ac+ 1, whilta®©b+a®c=
ab+ ac+ 2, and 1 # 2. For instance a = b =c = 0 gives 1 # 2.

(c) Not a field: addition is not a function {0,1} x{0,1} — {0,1}, since 1+1 =2 ¢ {0, 1}.
(The next section puts a different addition on a two-element set and obtains a field.)
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2.1.8.3 C. Going deeper

Exercise. C1: Exit check: rules from the axioms

Let F be a field and a, b, z,y € F. Prove the following from (F1)—(F9), using of Theorem 2.1.1
only part (c¢) (uniqueness of negatives and inverses) and part (e) ((—1)a = —a), and citing
no result of Number Systems.

(a) 0-a=0.
(b) If ab =0, then a =0 or b = 0.
(c) x? = y? if and only if z = y or & = —y.

Solution.

(a) By (F3),04+0=0,s0by (F9),a-0=a(0+0)=a-0+a-0. Add —(a-0), which exists
by (F4), to both sides. On the left this gives 0. On the right, by (F2), (F4) and (F3),
(@-04+a-0)+(—(a-0)=a-0+(a-0+(—(a-0))) =a-0+0=a-0. So0=a-0,
and 0-a =a-0=0 by (F6).

(b) Suppose ab = 0. If a = 0, we are done. Otherwise a~! exists by (F8), and by (F7),
(F8), (F5) and (F6),

b=b-1= b(aa_l) = (ba)a_1 = (ab)a_1 —0-a 1= 0,

the last step by (a).

(¢c) Two sign rules. For u,v € F, part (e), (F5) and (F6) give (—u)v = ((—1)u)v =
(—=1)(uv) = —(uv). Hence (—1)(—=1) = —(1-(-1)) = —(—=1) =1, where 1 - (—1)
by (F6), (F7), and —(—1) = 1 by part (c), since (—1) +1 = 0 by (F1), (F4). So
(=y)(=y) = (=) ((=1)y) = (=1)(=1))(yy) = yy, by (F5) and (F6).

The factorization. By (F9), (F6) and the first sign rule,

(z+ (=y)(=+y) =2+ 2y + (~y)r + (—v)y
=z + 2y + (—(zy)) + (= (yv)),

using yz = zy by (F6). By (F2), (F4) and (F3) the middle terms cancel, so (z —y)(z +y) =

z? — 92

(=) If 22 = y?, then 22 — y? = 0 by (F4), so (z —y)(z +y) =
z+y =0. From z — y = 0, adding y and using (F2), (F1)
x +y = 0, x satisfies the defining equation of —y (with (F1)

, and (b) gives v —y =0 or
) ( 4), (F3) gives x = y. From
), so x = —y by part (c).
2

(<) If x = y there is nothing to prove; if z = —y, then 22 = (—y)(—y) = y? by the sign

rules.
Marking scheme. (10 points)

for (a), writes 0 = 0 + 0 and multiplies out a(0 + 0) by (F9).

cancels a - 0 by adding its negative, naming (F2), (F4) and (F3).

obtains 0 - a from a - 0 by (F6).

for (b), treats the case a = 0 separately and spends a # 0 on (F8).

writes the chain b=056-1 = --- = 0 with each clause named.

proves (z —y)(z +y) = 2% — 2, justifying the cancellation of zy against —(yz), and
concludes by (b).

°
== N = NN



CHAPTER 2.2. FINITE FIELDS FROM MODULAR ARITHMETIC 93

o 1: proves the converse, deriving (—y)(—y) = yy from part (e), (F5) and (F6).

Fatal errors (0 for the step): dividing by a without a # 0; “0 - a = 0 is obvious”; citing (b)
of the exercise inside the proof of (a). A proof of (c) that factors as (z + y)(x — y) or that
cites (b) as “no zero divisors” earns the same points.

Exercise. C2: Find the error
Here is a claim with a proof.
Claim. In a field F, if x € F and 2> = x, then £ = 0 or = = 1.

Proof. (1) Let 22 = z. (2) Dividing both sides by = gives z = 1. (3) Sox =0
or x = 1.

Is the claim true? Does the proof prove it? If not, name the line that fails, the error, and
give a counterexample to the step.

Solution. The claim is true: it is Exercise (B1) (c).

The proof is wrong, at line (2). Dividing by  means multiplying by z=!, which (F8)
supplies only when = # 0. No line provides x # 0, so the step cites an unavailable “fact”,
cancellation of z without = # 0: entry (N9) of Logic and Proof, Example (What is not
allowed). Line (3) is a correct weakening of (2) by VI; the proof fails only at (2).

A counterexample to the step: z = 0 satisfies 22 = z, and “x = 1”7 is false for it, in every
field. The step’s conclusion fails, although the claim’s does not.

A repair: 22 = z gives (x — 1) = 0, and Theorem 2.1.1 (f) gives x = 0 or z — 1 = 0, which

treats both cases at once.

2.2 Finite Fields from Modular Arithmetic

Every field of Section 2.1 is infinite. Number Systems: From N to R has already met finite ones:
it proved that the integers modulo a prime p form a field (Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.5.2). This section restates that result in the language of Definition 2.1.1,
gives these fields a name of their own, F,, and computes in them: inverses, linear equations,
and the elimination method of Section 2.1, now run modulo 5. Finite fields are not a curiosity;
coding theory and computer algebra do linear algebra over them every day.

Arithmetic modulo n, recalled

Fix an integer n > 1. The ring Z/nZ of Number Systems: From \(\nN\) to \(\nR)), Defini-
tion 3.4.2 consists of the classes [a] of integers a under congruence modulo n, and two classes
are equal exactly when their representatives differ by a multiple of n:

[a] = [b] <= n]|a—0b.

This is the class test of Number Systems (Number Systems: From \(\nN\) to \(\nR\), Theo-
rem 3.4.1 (a), read with Number Systems: From \(\nN\) to \(\nR\), Definition 3.4.2). Sums
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and products are computed on representatives. The first example collects what is known about
this arithmetic, in the language of Definition 2.1.1.

Example. Arithmetic on Z/nZ and the Field [,

Let n > 1, and define [a] + [b] = [a + b] and [a][b] = [ab] for a,b € Z. Show that these
operations are well defined, that they satisfy every clause of Definition 2.1.1 except possibly
(F8) and the condition 1 # 0 in (F7), and that [1] # [0] holds exactly when n > 2. Then
write out the addition and multiplication tables for n = 2.

Solution. All of this was proved in Number Systems, and we collect it.

Well-definedness. The formulas use representatives, so the answer must not depend on which
representatives are chosen. For the ideal nZ of Z this is Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.1 (b), and Z/nZ is defined as that quotient (Number Systems: From
\(\nN\) to \(\nR)\), Definition 3.4.2).

The clauses. By Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (a), Z/nZ is a
commutative ring with zero [0] and one [1]: clauses (F1)—(F6) and (F9) hold, and so does (F7)
without the condition 1 # 0. The negative of [a] is [—a], since [a] + [—a] = [a + (—a)] = [0].

The condition 1 # 0. By Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (c),
[1] # [0] if and only if n > 2. For n =1 every class equals [0], and Z/1Z is the zero ring.

Size. By Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.4.3 (b), each class is [r]
for exactly one r € {0,1,...,n — 1}, the remainder of any representative on division by n.
So Z/nZ has exactly n elements.

The tables for n = 2. Write 0 and 1 for [0] and [1]. Since 1+1 =2 and 2 -0 = 2-1, the
class test gives [1] + [1] = [2] = [0]; the other entries are read off directly:

1
0
1

— o+

01 .
0 1 0
10 1

o OO

Here (F8) holds as well: the only non-zero element is 1, and 1-1 = 1. So Fy :=Z/2Z is a
field. In it 1 +1 = 0, and therefore —1 = 1.

The tables of Fy are those of the two-element field of Number Systems: From \(\nN\) to
\(\nR\), Example (A field with two elements that cannot be ordered), with 0 and 1 read as
classes. The one surprise is 1 +1 = 0: it says that 2 is even, and nothing more. It is also the
field promised by the warning on order in Section 2.1, where “1 4+ 1 # 0” fails.

Which moduli give fields

For n > 2, whether Z/nZ is a field now comes down to one clause, (F8): does every non-zero
class have an inverse? An inverse of [a] is a class [z| with [az] = [1], that is, an integer x with
n | ax — 1, that is, integers z, y with ax +ny = 1. Such a combination is what Bézout’s theorem
produces. The linear-algebra volumes cite it in the following special form.
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Lemma 2.2.1. Bézout’s Lemma for Integers

Let a,n € Z with n > 1, and suppose that the only positive integer dividing both a and n is
1. Then there are z,y € Z with
ar +ny = 1.

Proof. Since n > 1, (a,n) # (0,0), so g .= ged(a,n) is a common divisor of a and n with
g > 1 (Number Systems: From \(\nN\) to \(\nR\), Definition 3.2.2 and the well-definedness
paragraph after it). By hypothesis, ¢ = 1. So a and n are coprime, and Number Systems:
From \(\nN\) to \(\nR\), Corollary 3.2.2 gives z,y € Z with ax + ny = 1.

The general statement, for any pair of integers not both zero and with ged(a,n) in place of 1, is
Number Systems: From \(\nN\) to \(\nR\), Theorem 3.2.1; the Euclidean algorithm computes
the x and y. We keep the special case under its own name because the linear-algebra volumes
cite it in this form.

Theorem 2.2.2. 7Z/nZ ls a Field Exactly for Prime n

Let n > 2 be an integer. Then Z/nZ is a field (Definition 2.1.1) if and only if n is prime.

Idea. By Example (Arithmetic on Z/nZ and the Field F3), only (F8) is in question. If
n = p is prime and [a] # [0], then p 1 a, so the only positive common divisor of a and p is
1, and Lemma 2.2.1 hands over ax + py = 1, that is, [a][z] = [1]. If instead n = rs with
1 < rs < n, then [r][s] = [n] = [0] with both factors non-zero, which Theorem 2.1.1 (f)
forbids in a field. Number Systems ran this argument, with Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.5.1 in the role of the lemma.

Proof. By Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.2, Z/nZ is a field in
the sense of Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1 if and only if n is
prime. By the remark after Definition 2.1.1, a field in that sense is the same as a field in the
sense of Definition 2.1.1. This proves the theorem.

So for each prime p there is a field with exactly p elements, and for each composite n > 4 the
ring Z/nZ is not a field. The fields deserve a short name.

The fields with p elements

Definition 2.2.1. The Field I,

Let p be a prime. The field F, is Z/pZ, with the operations of Example (Arithmetic on
Z/nZ and the Field Fy). It has exactly p elements (Number Systems: From \(\nN)\) to
\(\nR\), Theorem 3.4.3 (b)), which we write 0,1,...,p — 1, without brackets: the number
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r € {0,...,p — 1} stands for the class [r]. For integers a,b, “a = b in F,” means [a] = [b],
that is, p | a — b.

So Fq, F3, F5, F7, Fqq, ... are fields, by Theorem 2.2.2, while Z/4Z, 7./67Z and Z/9Z are not.
To decide that a given p is prime, the remark after Number Systems: From \(\nN\) to \(\nR)),
Lemma 3.3.4 says it is enough to check that no d > 2 with d-d < p divides p.

Computing in [F, is computing with integers and replacing the answer by its remainder on
division by p. The words “in [F,” must be said whenever an equation would be false in Z:
“3-5=11in F7” is true, because 15 —1=2-7; “3-5 = 1”7 alone is false. Every result of Section
2.1 now holds in F,,. For instance, by Corollary 2.1.2 the only elements of IF,, whose square is 1
are land —1=p—1.

Quick check. Find the inverse of 3 in F7.

Solution. The inverse is the = € {1,...,6} with 7 | 3z — 1. Testing the candidates in turn,
the products 3,6,9,12, 15 leave remainders 3,6,2,5,1, and 3-5=15=2-7+1. So37 ! =5
in F7, and by Theorem 2.1.1 (c) it is the only inverse.

For small p, trial is fast. For larger p the Euclidean algorithm of Number Systems finds the
inverse directly: if ax + py = 1, then ged(a,p) = 1 by Number Systems: From \(\nN)\) to
\(\nR)\), Corollary 3.2.2, and Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.5.1 gives
[a] 7" = [a].

Example. Inverses in F; and in Fg;

(i) List the inverses of the non-zero elements of F7. (ii) Find the inverse of 17 in Fyp;.

Solution.

(i) In Fy:
1-1=1, 2-4=8=1, 3-5=15=1, 6:-6=36=1,
since8—1=7,15—1=2-7and36—-1=5-7. Sol1 1 =1,2"1=4,4"1=2 371 =5,
571 =3, 67! = 6, using (F6) for the reversed pairs. Each element of F5 := F7 \ {0}
appears exactly once as an inverse, as it must: the inverse of alisa (Theorem 2.1.1

(g)), so two elements with the same inverse are equal. The elements 1 and 6 = —1 are
their own inverses, and by Corollary 2.1.2 no others are.

(ii) First, 101 is prime, by the criterion recalled after Definition 2.2.1: no d with 2 < d < 10
divides it (the remainders of 101 on division by 2,3,...,10 are 1,2,1,1,5,3,5,2,1), and
11-11 =121 > 101. Run the Euclidean algorithm on (101,17):

101 =5-17+ 16, 17=1-16+1.
Back-substitute from the last line:

1=17-16=17—- (101 —5-17) =6 - 17 — 101.

So 17-6 4101 - (—1) = 1, hence ged(17,101) = 1 (Number Systems: From \(\nN\)
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to \(\nR\), Corollary 3.2.2), and Number Systems: From \(\nN\) to \(\nR\), Theo-
rem 3.5.1 gives 177! = 6 in Fyp;. Check: 17-6 = 102 = 101 + 1.

Since ), is a field, each result of Section 2.1 about equations holds there word for word; what
changes is how the numbers are computed. An elimination of the same kind as Section 2.1’s
opening one, done over 5, looks like this.

Example. Elimination over 5

Solve the system 2z + y = 3, 3z + 2y = 4 over Fs.

Solution. In F5 the inverses are 17! = 1,271 =3, 37! =2and 4! =4,since 2-3=6=5+1
and4-4=16=3-5+1.

By elimination. Scale the first equation by 27! =3. InF5,3-2=1,3-1=3and 3-3 =9 =4,
so the scaled equation reads = + 3y = 4. Taking 3 times it away from the second equation
removes x and leaves

(2—-9)y=4-12, thatis, 3y =2 in F;,
since —7 = —10 4+ 3 and —8 = —10 + 2. Multiply by 37! =2: y =4. Then z = 4 — 3y =
4—12=-8=2inFs.

By the formula. Witha =2,b=1,c=3,d =2, e =3, f =4, the coefficient ad — bc =
4 — 3 =1 is non-zero, so Proposition 2.1.3 (b) applies:
3.2-1.4 2.4-3.3
- 1 B - 1

The two methods agree. Check: 2-24+4 =8 =3 and 3-2+2-4 =14 = 4 in F5. By
Proposition 2.1.3 (b), (x,y) = (2,4) is the only solution.

x 2, =—-1=4 in Fs.

Quick check. Which elements x € Fy; satisfy 2 = 1?

Solution. Exactly 1 and 10. By Corollary 2.1.2, 22 = 1 if and only if x = 1 or = —1, and
—1 =10 in Fyy, since 10 — (—1) = 11. Check: 10> =100 =9 - 11 + 1.

Warning. A non-zero class of Z/nZ need not have an inverse. In Z/6Z the equation [2]x = [1]
has no solution, since [2]z is always one of [0], [2], [4]; and [2]x = [4] has two solutions, z = [2]
and x = [5] (as 10 — 4 = 6). So division by [a] modulo n is allowed when n is prime and
[a] # [0], or more generally when ged(a,n) = 1 (Number Systems: From \(\nN\) to \(\nR\),
Theorem 3.5.1), and not otherwise.
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Remark (No order on Fj,). For n > 2, no relation < makes Z/nZ an ordered commutative
ring (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (e)). So the inequalities
of Number Systems have no meaning in I, as the warning on order in Section 2.1 said. The
representatives 0,1,...,p — 1 are ordered as integers, but that order is not compatible with
the arithmetic: 0 < p — 1 as integers, and adding 1 to both sides would give 1 < 0, since
(p—1)4+1=0inF,.

Exercises

2.2.4.1 A. Check your understanding

Exercise. Al

(a) True or false: Z/8Z is a field. Justify your answer.
(b) List the inverses of 1,2,3,4 in Fs.
(c) Compute 4 -4+ 3 in Fs.
(d) 2

)

(e) How many elements does Fy3 have, and is 13 = 0 in Fy3?

True or false: x* = z for every x € F.

Solution.
(a) False. 8 =2-4 is not prime, so Theorem 2.2.2 applies; concretely [2][4] = [8] = [0] with
[2] # [0] and [4] # [0], which Theorem 2.1.1 (f) forbids in a field.
(b) 171 =1,2"1=3,371 =2, 47! =4, as in Example (Elimination over F5).
(c) 4-44+3=19=3-5+4, so the answer is 4.

(d) True: 0-0=0and 1-1 =1 in Fy. (This agrees with Exercise (B1) (c): the solutions
of 2 = z in any field are 0 and 1, and Fs has no other elements.)

(e) 13 is prime (neither 2 nor 3 divides it, and 4 -4 = 16 > 13), so Fy3 is defined and has
13 elements. And 13 = 0 in Fy3, since 13 | 13 — 0.

2.2.4.2 B. Practice

Exercise. B1

(a) Solve 3z +5 =2 in F7.
(b) Solve the system x + 2y = 3, 3z + y = 1 over Fr.

Solution.
(a) Adding —5 to both sides gives 3z =2 —5= -3 =4 in F7. Since 3-5 =15 =1 in Fy,
37! =5, and Proposition 2.1.3 (a) gives x = 54 = 20 = 6. Check: 3-6+5 = 23 = 3.7+2.
(b) Herea=1,b=2,c=3,d=1,e=3, f=1,andad —bc=1—-6=—-5=2# 0 in F7.
Since 2-4 =8 =1, 27! = 4. By Proposition 2.1.3 (b),

r=(3-1-2-1)-4=4, y=(1-1-3-3)-4=-32=3,
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since —32=—-5-7+3. Check: 4+2-3=10=3and 3-4+3 =15=1 in F;. Hence
(z,y) = (4,3), and it is the only solution.

Exercise. B2: Which Are Fields?

Determine which of Z/9Z, Fs, Z/1Z and Z/917Z are fields. Justify your answer.

Solution. Z/9Z: not a field, since [3|[3] = [9] = [0] with [3] # [0], against Theorem 2.1.1
(f). Fs: a field, by Theorem 2.2.2, since 5 is prime. Z/1Z: not a field, since [1] = [0]
there (Example (Arithmetic on Z/nZ and the Field F3)), against the condition 1 # 0 of
(F7). Z/91Z: not a field, since 91 = 7 - 13 is not prime (Theorem 2.2.2); concretely
[71[13] = [91] = [0].

Exercise. B3

Find all solutions of 22 = 2 in F7, and all solutions of z2 = 2 in Fs.

Solution. In Fr, 32 = 9 = 2. By Corollary 2.1.2, 22 = 2 = 32 holds exactly for z = 3 and
x=-3=4. Check: 42=16=2-7+2.

In F5 the squares of 0,1,2,3,4 are 0,1,4,9 = 4,16 = 1. None is 2, so 22 = 2 has no solution
in F5.

2.2.4.3 C. Going deeper

Exercise. C1: A Field with Four Elements

Let F' be the set of formal expressions a + ba with a,b € Fo: four symbols 0, 1, a and
B =1+ «a, where a 4+ ba = ¢ + da means a = ¢ and b = d. Define

(a+ba) + (c+da) = (a+c)+ (b+d)a,
(a + ba)(c+ da) = (ac+ bd) + (ad + be + bd)a,

with all arithmetic of coefficients in Fo. (The product is what multiplying out gives if a? is
replaced by 1+ «.)

(a) Write out the addition and multiplication tables of F.
(b) Prove that F'is a field.

(c) Show that there is no bijection ¢: F' — Z/AZ with ¢(z + y) = ¢(z) + ¢(y) and
o(zy) = p(z)p(y) for all z,y € F. So this four-element field is not Z/4Z in disguise.

Solution (Hint 1). For (c): where must ¢ send 07



CHAPTER 2.2. FINITE FIELDS FROM MODULAR ARITHMETIC 100

Solution (Hint 2). For (c): look for a non-zero element of Z/4Z whose square is zero, and
ask which element of F' is sent to it.

Solution.

(a)

Using the formulas, with 1 +1 =0 in Fo:

+10 1 a B 01 ap
0/0 1 a p 0/{0 0 0 O
111 0 8 « 110 1 a B
ala f 0 1 al0 a g 1
6|18 a 1 0 610 B 1 «
For instance, aa = (0 + 1a)(0+1la) = 0+ 1)+ (0+ 0+ 1)aa = 1+ a = S, and

af=(0+1a)1+1a)=(0+1)+ (0+1+1)a=1.

Let z = a+ba, y =c+da, z=e+ ga with a,b,c,d,e,g € Fy. Since Fy is a field
(Example (Arithmetic on Z/nZ and the Field Fy)), the coefficients obey every rule of
Section 2.1, and in addition u 4+ u = (1 + 1)u = 0 for every u € Fo.

Addition works on each coefficient separately, so (F1) and (F2) for F are (F1) and (F2)
for Fy, applied twice; the element 0 = 0 + O« satisfies (F3); and —z = x satisfies (F4),
since a +a =0 and b+ b = 0.

(F'6). Exchanging (a,b) with (¢, d) leaves the product formula as it was: ac+bd = ca+db
and ad + be + bd = ¢b + da + db, by (F1) and (F6) in Fo.

(F7). With1 =140, z-1=(a-14+b-0)+(a-0+b-1+b-0)a =a+ba=2z. And
1 # 0, because the first coefficients 1 and 0 of Fy differ.

(F9). Since y + z = (c+e) + (d + g)c,

z(y + 2) = (alc+e) + b(d + g))
+ (a(d + g) + b(c +€) + b(d + g))a,

and multiplying out the coefficients regroups this as ((ac + bd) + (ae + bg)) + ((ad +
be + bd) + (ag + be + bg)) o = zy + z2.

(F5). Write xy = h + ka with b = ac + bd and k = ad + bc + bd. Then (zy)z =
(he + kg) + (hg + ke + kg)a, and multiplying out,

he + kg = ace + adg + beg + bde + bdg,
hg + ke + kg = acg + ade + adg + bece + beg + bde,

where the second line uses bdg+bdg = 0. On the other side, yz = [+ma with | = ce+dg
and m = cg +de+dg, and z(yz) = (al + bm) + (am + bl + bm)a. Multiplying out gives
al+bm = ace+adg+bcg+bde+bdg and am+bl+bm = acg+ade+adg+bce+beg+bde,
again using bdg + bdg = 0. The coefficients agree, so (xy)z = x(yz).

(F'8). From the table, 1-1 =1 and aff = fa = 1. So every non-zero element has an
inverse: 1 1=1,a'=53,81=a.

This proves that I is a field.

Assume, for a contradiction, that ¢ is such a bijection. To begin, ¢(0) = p(0 + 0) =
©(0) + ¢(0) in Z/4Z. Adding —¢(0) to both sides gives ¢(0) = [0]; this is additive
cancellation, whose proof (Theorem 2.1.1 (b), first half) uses only (F1)—(F4), which
hold in the commutative ring Z/4Z (Number Systems: From \(\nN\) to \(\nR)),
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Theorem 3.4.3 (a)). Surjectivity provides x € F with ¢(z) = [2]; this = is not 0,
because ¢(0) = [0] # [2]. But

p(zz) = p(z)p(z) = [2][2] = [4] = [0] = ¢(0),

and injectivity turns this into zz = 0. By (b), F' is a field, so Theorem 2.1.1 (f) gives
x = 0, a contradiction. Hence no such ¢ exists.

Marking scheme. (10 points)

(a) both tables correct, with at least one product computed from the formula.

(b) addition clauses (F1)—(F4), coefficientwise, with —z = z.

(b) (F6) and (F7), including 1 # 0.

(b) (F5) and (F9) by expanding coefficients, with u + u = 0 in Fy used and named.
(b) (F8) from the table.

(c) ©(0) = [0], with the cancellation justified in Z/47Z.

: (c) an z # 0 with ¢(x) = [2] by surjectivity, then zz = 0 by injectivity, contradicting
the absence of zero divisors in F. A solution that instead takes z with ¢(z) = [1] by
surjectivity and uses z + x = 0 in F' (from the addition table) to get [0] = ¢(0) =
o(x +z) = [1] + [1] = [2] earns these 2 points; p(0) = [0] still earns the line above.

[ )
N el R )

Fatal errors (0 for the step): “F' is Z/47Z because both have four elements”; using in (c) that
ZJAZ is a field. A solution of (b) that checks (F5) and (F9) by listing all 64 triples from the
tables earns the same points.

By Theorem 2.2.2, Z /47 is not a field, so a field with four elements cannot be found among the
rings Z/nZ; part (c) shows that F' is not even a disguised copy of Z/4Z. Chapter 5 builds this
field again, from polynomials over Fy, and explains where the rule a® = 1 4+ o comes from.

Exercise. C2: Find the error
Here is a claim with a proof.
Claim. Let p be a prime. Then Z/pZ is a field.

Proof. (1) By Example (Arithmetic on Z/nZ and the Field F2), only (F8) needs
checking. (2) Let [a] # [0]; then a # 0. (3) Put [a]~! := [1/a]. (4) Then
[a][1/a] = [a- (1/a)] = [1]. (5) So every non-zero class has an inverse, and Z/pZ
is a field.

Is the claim true? Does the proof prove it? If not, name the line that fails, the error, and
give a counterexample to the step.

Solution. The claim is true: it is Theorem 2.2.2, direction (<=).

The proof is wrong, at line (3), and line (4) inherits the fault. The classes of Z/pZ are
classes of integers, and “[1/a]” names a class only when 1/a is an integer, that is, when
a =1or a= —1. The rule [z][y] = [zy] of Number Systems: From \(\nN\) to \(\nR\),
Definition 3.4.2 is stated for integers x,y only; line (4) applies it to the non-integer 1/a, a
general “fact” that no result supplies. This is entry (N9) of Logic and Proof, Example (What
is not allowed): citing a line that is not available. The proof also never uses that p is prime,
a sign that something is wrong: the same lines would “prove” that Z/6Z is a field.
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A counterexample to the step: p =5, a = 2. Then 1/2 ¢ Z, so [1/2] is not an element of
Z/5Z. (The inverse of [2] exists, but it is [3], which line (3) does not produce.)

A repair: since p is prime and p { a, the only positive common divisor of a and p is 1;
Lemma 2.2.1 gives ax + py = 1, and then [a][z] = [az] = [1], because p | az — 1.

Exercise. C3

Find all solutions of 22 + x + 1 = 0 in Fy, in F3 and in Fy.

Solution. Each field is finite, so we can test every element; this finds all solutions.
In Fa: the values at x = 0,1 are 1 and 3 = 1. No solution.
In F3: the values at x =0,1,2 are 1, 3=0 and 7 = 1. The only solution is z = 1.

In F7: the values at x = 0,1,...,6 are the remainders of 1,3,7,13,21,31,43 on division by
7, namely 1,3,0,6,0,3,1. The solutions are x =2 and = =4, since 7=1-7 and 21 = 3-7.

The three answers differ in number (none, one, two), although the equation looks the same.
Section 2.5 returns to this equation with completing the square, which needs 1 4+ 1 to be
invertible: it is in F3 and Fv, and it is not in Fs.

2.3 Subfields

The fields met so far sit inside one another. @ C R C C, and each is a field with the sum
and product of the next: Q inside R through the identification of Number Systems: From N to
R, Section 5.4 (Number Systems: From \(\nN\) to \(\nR\), Definition 5.4.1), and R inside C
through Proposition 1.1.1. Between Q and R lies the set Q(1/2) of numbers a + by/2 with a,b
rational. Sums and products of two such numbers are again of that form, but is 1/(1 + 2/2)?
This section gives a short test that settles such questions once, and it finds, inside every field, a
smallest field.

Throughout, a — b := a + (—b) and a/b := ab~! for b # 0, as in Definition 2.1.1, and the rules of
Theorem 2.1.1 are used freely, each cited by its letter.

Fields inside fields

A subset K of a field L inherits two operations, but only in a weak sense: a + b and ab are
defined for a,b € K, as elements of L. For K to be a field with these operations, the sum and
the product must land in K, and the elements that the axioms (F3), (F4), (F7) and (F8) ask
for must be found in K. The natural guess is that nothing else needs checking.

A subfield is a subset that a field’s own arithmetic never leaves.

Definition 2.3.1. Subfield
Let L be a field. A subfield of L is a subset K C L such that
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e e Kand 1€ K;

e K is closed under sums and products: a +b € K and ab € K for all a,b € K;
e K is closed under negatives: —a € K for every a € K

« K is closed under inverses: a~! € K for every non-zero a € K.

Here 0, 1, +, -, —a and a~! are those of L.

In words: the first clause asks for the two special elements of L; the second says that the
operations of L do not leave K; the last two say that the negatives and inverses which L
provides already lie in K.

Examples.

o L itself is a subfield of L. It is the largest one, and the degenerate case: every clause
holds because K = L.

e Q in R. Under the identification of a rational ¢ with x(q) € R, the embedding x sends
0, 1, sums, products, negatives and inverses of rationals to the same things in R (Number
Systems: From \(\nN\) to \(\nR)\), Theorem 5.4.1 (a), (c)). So all four clauses hold, and
Q is a subfield of R.

e R in C. Chapter 1 checked the four clauses for the copy of R in C. The zero 0 = (0,0)
and the one 1 = (1,0) of C (Proposition 1.1.2 (d)) are the real numbers 0 and 1 under the
identification a = (a,0) that follows Proposition 1.1.1, and Theorem 1.2.4 gives closure
under sums, products, negatives and inverses. So R is a subfield of C, and so is Q, since
a subfield of a subfield is a subfield: each clause of the inner one is a statement about the
operations of the outer field.

Non-examples.

o {0} C Q is closed under sums, products, negatives and inverses (the last vacuously), and
does not contain 1, since 1 # 0 in a field.

e N C Q contains 0 and 1 and is closed under sums and products, but not under negatives,
since —1 ¢ N, nor under inverses, since 27! = 1/2 ¢ N (as for Z below).

e 7 C Q satisfies every clause except closure under inverses: 27! = 1/2 ¢ Z, since 2z = 1
has no solution = € Z (Number Systems: From \(\nN\) to \(\nR\), Corollary 3.1.3 (a)).

These are the non-examples (i)—(iii) of Example (Four Systems That Are Not Fields), now seen
from inside Q (the fourth, Z/6Z, is not a subset of Q): each fails as a subfield exactly where it
failed as a field.

The subfield test

The guess above is right, and it comes with a converse and a shortcut. The converse says that
a subset closed under the operations which happens to be a field cannot have its own zero or
one: they must be those of L. The shortcut, part (c), reduces the four clauses to three checks.

Proposition 2.3.1. The Subfield Test

Let L be a field and K C L.

(a) If K is a subfield of L, then K, with the restrictions of + and - to K x K, is a field
(Definition 2.1.1). Its zero is Oy, its one is 17, and the negative and the inverse of an
element of K are those of L.

(b) Conversely, suppose that a +b € K and ab € K for all a,b € K, and that K with the
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restricted operations is a field. Then K is a subfield of L: its zero O is Oy, its one 1x
is 17, and its negatives and inverses are those of L.

(c) K is a subfield of L if and only if 1 € K, a—b € K for all a,b € K, and ab™! € K
for all a,b € K with b # 0.

Idea.

(a) The axioms (F1), (F2), (F5), (F6) and (F9) are identities that hold for all elements of
L, so in particular for all elements of K; nothing about K needs checking. The other
axioms ask for elements, 0, —a, 1, a~!, and the four clauses of Definition 2.3.1 put
them in K. We call this move test inside the big field: the identities come free, and
only closure and the special elements cost anything.

(b) runs the other way. An equation true in K is an equation in L, where cancellation and
the uniqueness of negatives and inverses are available; so Ox and 1k are forced to be
07 and 1j.

(c) builds 0, —b, b1, a+b and ab out of 1 and the two operations “subtract” and “divide”.

Before reading on: in (b), where is it used that L is a field, and not just a commutative ring?

Proof.

(a) Since K is closed under sums and products, + and - restrict to functions K x K — K.
Axioms (F1), (F2), (F5), (F6) and (F9) hold for all elements of L, hence for all elements
of K. (F3): 0 € K,and a+0 =a for a € K. (F4): for a € K, —a € K by closure
under negatives, and a+(—a) =0. (F7): 1 € K,a-1=afor a € K, and 1 # 0 because
this holds in L. (F8): for non-zero a € K, a~! € K by closure under inverses, and
aa"' =1. So K is a field, and 0z, 17, —a, a~! witness its axioms; by the uniqueness of
these elements in the field K (Theorem 2.1.1 (a), (c), applied in K), they are its zero,
its one, its negatives and its inverses.

(b) Write Og, 1x for the zero and one of the field K. In K, Ox + 0x = Ox by (F3); in L,
0x+0r =0g. So0x+0x = 0x+0y, in L, and additive cancellation in L (Theorem 2.1.1
(b)) giVGS OK = OL. Next, 1K . 1K = 1K by (F7) in K, and 1[{ . 1L = 1K by (F?)
in L. Since 1x # 0k = 0r, multiplicative cancellation in L (Theorem 2.1.1 (b)) gives
1x = 17. Now let a € K, and let x € K be its negative in K: a+x = 0x = 0g, so
x = —a by the uniqueness of negatives in L (Theorem 2.1.1 (c)). Likewise, if a # O,
that is a # 0y, its inverse y € K satisfies ay = 1x = 11, so y = a~! by the uniqueness
of inverses in L. Hence 07,17 € K, K is closed under the negatives and inverses of L,
and with the hypothesis on sums and products, K is a subfield.

(¢) (=) 1 € K by definition. For a,b € K, —b € K, so a—b=a+ (—=b) € K, by closure
under negatives and sums. For b # 0, b=! € K, so ab~! € K, by closure under inverses
and products.

(<) First, 0 =1—1€ K, since 1+ (—1) =0 by (F4). Forbe K, -b=0+(-b) =0-b € K,
by (F1) and (F3). For non-zero b € K, b=! =1.b~! € K, by (F6) and (F7). For a,b € K,
—b € K and —(—b) = b (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2
(a)), so a+b=a—(—b) € K. For the product, let a,b € K. If b = 0, then ab =0 € K
by Theorem 2.1.1 (d) and (F6). If b # 0, then b=! € K, and b=! # 0, since bb=! =1 # 0
while b-0 = 0; so a(b~")~' € K, and (b~1)~! = b (Theorem 2.1.1 (g)) gives ab € K. So K
contains 0 and 1 and is closed under sums, products, negatives and inverses: it is a subfield.
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The answer to the prompt. Part (b) uses that L is a field in the step 1x-1x = 1x-1p = 1x = 11
canceling the factor 1x means multiplying by its inverse in L, which exists because 1x # 0 and
(F8) holds in L. The additive step uses only negatives, which every commutative ring has. The
warning below shows the multiplicative step failing in a ring.

So to show that a subset is a field, we rarely check nine axioms: we check (c), three closure
statements, and (a) does the rest.

Warning. A subset of a ring can be a field with another one. In the ring Z/6Z, the subset
{[0], [3]} is closed under + and -: [3] + [3] = [6] = [0] and [3][3] = [9] = [3]. With these
operations it is a field with two elements, a copy of Fa, but its one is [3], not [1]. Part (b)
has no counterpart here: [3][3] = [3][1], and [3] cannot be canceled, since Z/6Z is not a field.

Likewise, a field structure with other operations does not make a subset a subfield: the set
{0,1} C Q with the tables of Fy is a field, but it is not a subfield of Q, because the sum of Q
gives 1 +1=2¢ {0,1}.

Square roots of two and of minus one

The question of the opening is now one application of the test. Recall that R is a complete
ordered field (Number Systems: From \(\nN\) to \(\nR\), Theorem 5.6.3), so by Number
Systems: From \(\nN\) to \(\nR)\), Proposition 6.1.4 there is exactly one r € R with » > 0 and
r?2 = 2, and v/2 := r. The set Q(y/2) is that of Number Systems: From \(\nN\) to \(\nR\),
Definition 6.4.2.

Example. The Field Generated by the Square Root of Two

Show that Q(v/2) == {a+bv/2: a,b € Q} C R is a field, namely a subfield of R, and find the
inverse of 1 + 2v/2.

Solution. We check the three conditions of Proposition 2.3.1 (c). All computations are in the
field R, with (1/2)? = 2, and they expand brackets by (F5), (F6), (F9) and Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.2 (c).

One. 1 =1+0v2 € Q(2).
Differences. For a,b,c,d € Q, (a+bv/2)—(c+dv?2) = (a—c)+(b—d)v2,and a—c,b—d € Q.
Products, used below. (a + bv/2)(c + dv/2) = (ac + 2bd) + (ad + bc)v/2, again in Q(v/2).

Inverses. Let y = ¢+ dy/2 # 0, with ¢,d € Q. First, the conjugate ¢ — dv/2 is not 0. If
d# 0and c—dv2 =0, then v/2 = ¢/d € Q, and (¢/d)? = 2, against Number Systems: From
\(\nN\) to \(\nR\), Theorem 2.6.1. If d = 0, then ¢ — dv/2 = ¢ = y # 0. Now

N = (c+dv2)(c — dV2) = ? — 2d?,

a rational number, and N # 0 by Theorem 2.1.1 (f) in R, both factors being non-zero. Put
y =c/N—(d/N)v2 € Q(+v/2). Then yy’ = (c+dv2)(c—dv2)N"1 = NNt =150y’ =y~
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by the uniqueness of inverses (Theorem 2.1.1 (c)). Finally, for € Q(v/2), zy~! € Q(v/2) by
the product formula.

By Proposition 2.3.1 (c), Q(v/2) is a subfield of R, and by (a) it is a field.

The inverse of 1 +2v/2. Herec=1,d=2and N=1-8= —7, so

12 —1+2V2
(1+2\/§)‘1:—7+7\f2=+7‘[.

Check: (1+2v2)(—=14+2v2)=—-1+2v2-2y/2+8=1.

The move “multiply by the conjugate” is the one that inverted complex numbers in Proposi-
tion 1.2.3. Number Systems: From N to R, Section 6.4, proved the same facts about Q(v/2) as
part of an ordered field (Number Systems: From \(\nN\) to \(\nR)\), Proposition 6.4.5), and
showed that it does not contain a square root of 3 (Number Systems: From \(\nN\) to \(\nR)),
Proposition 6.4.6).

Quick check. Is {a + b\/2 : a,b € Z} a subfield of R?

Solution. No. It contains 2 = 2+ 0v/2, but not 27! = 1/2. If a+bv/2 = 1/2 with a,b € Z and
b # 0, then v/2 = (1/2 — a)/b would be rational, against Number Systems: From \(\nN\) to
\(\nR\), Theorem 2.6.1; and if b = 0, then a = 1/2 ¢ Z. So it is not closed under inverses.
It satisfies the other three clauses, exactly as Z C Q does.

The same test works inside C, where i> = —1 plays the part of (v/2)2 =2, and Q CR C C as
above.

Example. Rational and Integer Complex Numbers
Let Q(i) ={a+bi:a,b € Q} and Z[i] .= {a+ bi: a,b € Z}, subsets of C.
(i) Show that Q(:) is a subfield of C.

(ii) Show that Z[i] contains 0 and 1 and is closed under differences and products, but is
not a subfield of C.

(iii) Summarize the subfields of C met so far.

Solution. Real and imaginary parts are compared as in Definition 1.1.1: a + bi = ¢+ di with
a,b,c,d € R holds exactly when a = ¢ and b = d.

(i) We use Proposition 2.3.1 (¢). 1 =1+ 0i € Q(¢). Differences: (a + bi) — (¢ + di) =
(a —¢) + (b — d)i. Products: (a + bi)(c+ di) = (ac — bd) + (ad + be)i, from i? = —1.
Inverses: let y = ¢ + di # 0 with ¢,d € Q; then (¢,d) # (0,0). The rational number
M = % + d? is positive: Q is an ordered field (Number Systems: From \(\nN\)
to \(\nR\), Theorem 2.5.1), a non-zero square is positive (Number Systems: From
\(\nN\) to \(\nR)), Proposition 2.3.5 (e)) and 0> = 0-0 = 0 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (b)), so every square is non-negative, and a sum
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of a positive and a non-negative element is positive (Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.5 (b)). So M # 0. Since (¢ + di)(c — di) = > + d*> = M,
the element ' == ¢/M — (d/M)i € Q(i) satisfies yy' = MM~ =1,s0 y~ ' =3 € Q(i)
(Theorem 2.1.1 (c)), and then xy~! € Q(i) for x € Q(i) by the product formula. So
Q(1) is a subfield of C.

(i) 0 =0+ 0i and 1 = 1 + 0¢ lie in Z[i], and the difference and product formulas of (i),
with integer a, b, ¢, d, give integer parts. But 2 € Z[i] has no inverse in Z[i]. Suppose
w = a-+bi € Z[i] had 2u = 1. Then u = 27! = 1/2 in C, by the uniqueness of
inverses (Theorem 2.1.1 (¢)) and because the inverse of 2 in C is the real number 1/2
(Theorem 1.2.4), so a + bi = 1/2 + 0i, and comparing real parts gives a = 1/2 ¢ Z. So
Z][i] is not closed under inverses.

(iii) @, Q(i), R and C are subfields of C, and Q(+/2) is a subfield of R, hence of C:
QCQ(W2)CRCC, QCQ@CC.

For R in C there is a second way to see it: by Proposition 1.1.1 the copy ¢(R) of R
in C is closed under + and -, since ¢(a) + t(c) = t(a + ¢) and (a)(c) = t(ac). It
is a field with these operations. Every element of ((R) is ¢(a) for some a € R, so
each identity among the axioms carries over from R through these two equations; for
instance ¢(a)(c(c) + t(e)) = t(a(c+ €)) = t(ac + ae) = t(a)i(c) + t(a)i(e). In the same
way ¢(0), t(—a), (1) and, for a # 0, (a~!) serve as the zero, the negatives, the one
and the inverses; and ¢(1) # ¢(0), and ¢(a) # ¢(0) exactly when a # 0, because ¢ is
injective. Proposition 2.3.1 (b) then says that it is a subfield, with the zero and one of
C.

The smallest subfield

Subfields can be intersected, and that gives, for any set S of elements, a smallest field containing
them.

Proposition 2.3.2. Intersections of Subfields
Let L be a field.

(a) If € is a non-empty set of subfields of L, then (K is a subfield of L.

(b) For every subset S C L there is a smallest subfield of L containing S: a subfield Kg
with S C Kg, contained in every subfield of L that contains S. It is Kg = [ Kg, where
KCs is the set of subfields of L that contain S.

Proof.

(a) The intersection (K = {x € L : x € K for every K € K} is defined because K is a
non-empty set of subsets of L (Sets, Relations, and Cardinality, Definition 1.2.4). We
check Proposition 2.3.1 (¢). Every K € K contains 1, so 1 € K. If a,b € N K, then
a,b € K for every K € K, s0 a—b € K for every K € K, by (c) applied to K; hence
a—be NK. In the same way, ab~' € N K when b # 0.

(b) Ks is a set, by Separation (Z6) from the power set of L, which exists by (Z5) (Number
Systems: From \(\nN\) to \(\nR\), Axiom 1.1.1). It is non-empty, since L € Kg. By
(a), Ks = Kg is a subfield of L. Every K € g contains S, so S C Kg. And if K is
a subfield containing S, then K € Kg, so Kg C K. Two smallest subfields containing
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S would each contain the other, so Kg is the only one.

The case S = () asks for no element at all, and gives a subfield contained in every subfield. It
has a name.

Definition 2.3.2. Prime Subfield

The prime subfield of a field L is the smallest subfield of L, that is, Ky of Proposition 2.3.2
(b): the intersection of the set of all subfields of L.

In words: the prime subfield is what every subfield of L contains. Section 2.5 identifies it in
every field, as a copy of Q or of exactly one F,. One case can be settled now: the prime
subfield of ), is I, itself, because IF,, has no other subfield. Indeed, let K be a subfield of [F),.
It contains 1 and is closed under +, so it contains every multiple k-1 with k£ € N, the multiples
of Number Systems: From N to R, Section 2.3 (“Multiples”): 0-1=0¢€ K, andif k-1 € K,
then (k+1)-1 =%k -1+1 € K, so induction (Logic and Proof, Axiom 4.2.1) covers every k.
In Z/pZ, k- [1] = [k] (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (d)), and
every element is [k] for some k € {0,...,p — 1} (Number Systems: From \(\nN\) to \(\nR\),
Theorem 3.4.3 (b)). So K =TF,,.

The smallest subfield containing a given element is often easy to name. Exercise B2 shows that
Q(v/2) is the smallest subfield of R containing v/2; the reason to expect it is that a subfield
containing v/2 contains 1, hence every rational, and is closed under the sums and products that
build a + bv/2.

Exercises

2.3.5.1 A. Check your understanding

Exercise. Al
These parts are about Proposition 2.3.1 (b).

(a) Why must the one of a field K C L, closed under the operations of the field L, be 11,7
Name the step of the proof.

(b) Run the proof of (b) on K = {[0], [3]} inside the ring Z/6Z (the warning). Which steps
go through, and which step fails?

(c) In Example (The Field Generated by the Square Root of Two), is the commutativity
(F6) of Q(+/2) checked, or inherited? From where?

(d) State the idea of the subfield test, parts (a) and (b), in two sentences.

Solution.

(a) In L, 1 - 1g = 1g = 1 - 1, and 1 # Ox = Or; multiplicative cancellation in L
(Theorem 2.1.1 (b)) removes the factor 1x and gives 1x = 15.

(b) The zero step goes through: [0] is the zero of both, and [0] + [0] = [0] + [0] cancels
in any commutative ring. The negative step also goes through ([3] + [3] = [0], so
—[3] = [3] in both). The one step fails: [3][3] = [3] = [3][1], but [3] has no inverse in
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Z/6Z ([3][x] € {[0],[3]} for every z), so it cannot be canceled, and indeed [3] # [1].
The inverse step then has nothing to say.

(c) Inherited. (F6) holds for all elements of R (Number Systems: From \(\nN\) to
\(\nR\), Theorem 5.2.3), hence for all elements of the subset Q(1/2); Proposition 2.3.1
(a) records this. The solution of the example checks only the three conditions of (c).

(d) The identities among the field axioms hold for all elements of the big field, hence for
the elements of any subset, so only closure and the special elements 0,1, —a,a~! need
checking. Conversely, the zero and one of a field sitting inside L with L’s operations
are forced, by cancellation in L, to be those of L.

2.3.5.2 B. Practice

Exercise. B1: Putting a proof in order

Here are the lines of the proof of Proposition 2.3.1 (¢) (<), shuffled, together with two lines
that do not belong. Put the correct lines in an admissible order, say which other orders are
admissible, and say what is wrong with each of the other two lines.

(i) Assume 1 € K, a—b¢€ K forall a,b € K, and ab~! € K for all a,b € K with b # 0.
(i) 0=1-1¢K.
(iii) Forbe K, -=b=0—-b € K.
(iv) For non-zerobe K, b1 =1.-b71 € K.
(v) Fora,be K,a+b=a—(-b) € K.
)

(vi) For a,b € K: if b # 0, then b! € K and b= # 0 (as bbb =1 # 0 = b-0), so
ab=a(b™)) ' e K;ifb=0,ab=0¢ K.

(vii) So K is a subfield of L.

The two extra lines: “(ii’) 0 € K, since 0 = bb~! for any b € K”, and “(vi') ab € K, because
K is closed under multiplication”.

Solution. An admissible order is (i), (ii), (iii), (iv), (v), (vi), (vii). The constraints are what
each line uses: (i) comes first and (vii) last; (ii) comes before (iii), which uses 0 € K, and
before (vi), whose case b = 0 uses 0 € K; (iii) comes before (v), which uses —b € K; (iv)
comes before (vi), which uses b=! € K (line (vi) itself checks b=! # 0 before applying (i) to
it). Any order respecting these is admissible; for instance (i), (ii), (iv), (iii), (vi), (v), (vii).

(ii’) is false: bb~! = 1, not 0, and b~! exists only for b # 0.

(vi') is circular: closure under products is part of what the proof must establish, so the line
cites the goal. This is entry (N9) of Logic and Proof, Example (What is not allowed).

Exercise. B2

Show that Q(+/2) is the smallest subfield of R containing /2, in the sense of Proposition 2.3.2
(b).
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Solution. Let K be a subfield of R with /2 € K. Since 1 € K and K is closed under +,
n-1 e K for every n € N, by induction (Logic and Proof, Axiom 4.2.1) as for [F,, above; and
in R, n-1 =n (Number Systems: From \(\nN\) to \(\nR\), Theorem 5.4.1 (d), under the
identification). Then —n € K by closure under negatives, so every integer lies in K (every
integer is n or —n with n € N, Number Systems: From \(\nN\) to \ (\nR)\), Proposition 2.2.3
(c)). For m € Z and n € Zsg, n # 0, so m/n = mn~! € K by closure under inverses and
products; and every rational is of this form (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.4.4 (b)). So Q C K, and then a + by/2 € K for all a,b € Q, by closure under
sums and products. Hence Q(v/2) C K.

Conversely, Q(1/2) is a subfield of R (Example (The Field Generated by the Square Root of
Two)) containing v/2 = 0 + 1y/2. So it is the smallest such subfield.

Exercise. B3

Inside C (with R C C), show that Q(v/2) N Q(i) = Q.

Solution. (2) A rational a is a + 0v/2 and a + 0.

(C) Let = a+by/2 = c+di with a,b, ¢,d € Q. The number a+by/2 is real, so its imaginary
part is 0; the imaginary part of ¢ + di is d. Comparing parts (Definition 1.1.1), d = 0 and
a+bv2=c Ifb+#0, then v2 = (c—a)/b € Q, against Number Systems: From \(\nN\) to
\(\nR\), Theorem 2.6.1. So b= 0, and z =a € Q.

By Proposition 2.3.2 (a), this also shows again that Q is a subfield of C.

Exercise. B4

Let v/3 be the non-negative real number with square 3 (Number Systems: From \(\nN\) to
\(\nR\), Proposition 6.1.4), and Q(v/3) := {a + bV/3 : a,b € Q} C R. Show that Q(v/3) is
a subfield of R, and that v/2 + v/3 ¢ Q(v/2) U Q(v/3). Hence deduce that the union of two
subfields need not be a subfield.

Hint: the claim stated with Number Systems: From \(\nN\|) to \(\nR)\), Proposition 6.4.6
says which integers are not squares of rationals.

Solution. The claim stated with Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 6.4.6 says: if n,k € N and k? < n < (k + 1)?, no rational squares to n. We use it for
(n,k) = (3,1) and (6,2), since 1 <3 <4 and 4 <6<9.

Q(V/3) is a subfield. Exactly as in Example (The Field Generated by the Square Root of
Two), with 3 in place of 2: the product is (a + bv/3)(c + dv/3) = (ac + 3bd) + (ad + bc)v/3;
for y = ¢ + dv/3 # 0, the conjugate ¢ — dv/3 is non-zero (if d # 0, it would make /3 = ¢/d
rational, against the claim with (3,1)), N :=c¢? — 3d? # 0, and y~! = ¢/N — (d/N)v/3.

Not in Q(v/2). If V2 + /3 € Q(v/2), then V3 = (v2 +v3) — V2 € Q(v/2), a square root of
3 in Q(v/2), against Number Systems: From \(\nN\) to \(\nR\), Proposition 6.4.6.
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Not in Q(v/3). If it were, then v2 = (v/2 + v/3) — V3 € Q(V/3), say V2 = a + by/3 with
a,b € Q. Squaring,

2 = (a® 4 3b%) + 2abV/3, thatis, (a®+ 3b% —2) + 2abV/3 = 0.

If ab # 0, then v/3 = (2 — a® — 3b%)/(2ab) € Q, against the claim with (3,1). So ab = 0,
and then a? + 3b? = 2. If b = 0, then a? = 2, against Number Systems: From \(\nN\) to
\(\nR\), Theorem 2.6.1. If a = 0, then 3b? = 2, so (3b)? = 6, against the claim with (6, 2).

The union. V2 € Q(v/2) and v/3 € Q(+/3), but their sum is in neither. So Q(v/2) U Q(v/3)

is not closed under sums, and is not a subfield of R, although both pieces are.

2.3.5.3 C. Going deeper

Exercise. C1: A finite subset closed under the operations

Let L be a field and K C L a finite subset with 1 € K, closed under + and -. Show that
0 € K, that K is closed under negatives and under inverses of non-zero elements, and hence
that K is a subfield of L. Then show that the hypothesis “finite” cannot be dropped.

Solution (Hint 1). For b € K, which maps K — K can you build from b and the two
operations?

Solution (Hint 2). The maps z — x+b and x — bx go from K to K. Why are they injective,
and what does finiteness then give?

Solution. A finite set has no injection onto a proper part. Let f: K — K be injective. If f
were not surjective, its image f(K) (Sets, Relations, and Cardinality, Definition 1.6.1) would
be a proper subset of K, and f, with codomain f(K), would be a bijection K — f(K),
against Sets, Relations, and Cardinality, Theorem 3.1.9. So every injective map K — K is
surjective.

Zero. Let t: K — K, t(z) = x + 1, a map into K because K is closed under + and 1 € K.
It is injective: o +1 =2'+ 1 gives 1 +x = 1+ 2’ by (F1), so z = 2’ by additive cancellation
in L (Theorem 2.1.1 (b)). So it is surjective, and some x € K hasx +1 =1=0+1, so
1+ x =140 by (F1); canceling, x = 0. So 0 € K.

Negatives. Let b € K. The map = — x + b is injective in the same way, hence surjective, and
0 € K is a value: x + b =0 for some x € K. By the uniqueness of negatives in L, x = —b.

Inverses. Let b € K, b # 0. The map = — bx goes from K to K and is injective by
multiplicative cancellation in L, which uses b # 0. So it is surjective, bx = 1 for some z € K,
and z = b~! by the uniqueness of inverses in L.

So K is a subfield. Note that K # () need not be assumed: 1 € K.

Finiteness is needed. N C Q contains 1 and is closed under + and -, and —1 ¢ N. The
argument breaks at “injective, hence surjective”: x +— x + 1 is injective on N, and 0 is not a
value.
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Marking scheme. (10 points) - 2: a finiteness argument with its reason: an injective map
from a finite set to itself is surjective (Sets, Relations, and Cardinality, Theorem 3.1.9, or a
count), or pigeonhole on a sequence in K (Sets, Relations, and Cardinality, Theorem 3.1.2).
- 2: 0 € K, from a translation map and cancellation, or from a repetition m -1 = n -1
with m < n and cancellation in L, before 0 is used. - 2: negatives, from surjectivity of
x — x + b and uniqueness of negatives in L, or from a repetition i-b = j-b with i < j, giving
—b=1(j—1i—1)-b. - 2: inverses, with the cancellation by b justified by b # 0 (injectivity
of x + bz, or b = b/ with i < j giving /=% = 1 and b=! = »/="71). - 2: a witness that
finiteness is needed (N C Q, or Z C Q for inverses). Fatal errors (0 for the step): using
0 € K or —b € K to build the translation before proving it; “injective, hence surjective” (or
pigeonhole) without finiteness.

Exercise. C2: Find the error

Here is an argument. Is its conclusion true? Does the argument prove it? If not, name the
line that fails and why.

“Q(v/2) is closed under inverses. (1) Let a + bv/2 € Q(v/2) be non-zero. (2) Then

1
bv/2

(3) Both coefficients are rational, so the inverse lies in Q(v/2).”

1 1 1
bv2)"l=2 = -4+ =2
(a + bV/2) ~+ a+2b\f

Solution. The conclusion is true (Example (The Field Generated by the Square Root of
Two)). The argument does not prove it.

Line (2) fails. Its first equality uses the general “fact” 1/(x+y) = 1/x+1/y, which is neither
proved nor true; so the line cites nothing, entry (N9) of Logic and Proof, Example (What is
not allowed). It also divides by a and by b, either of which may be 0 (for v/2 = 0 + 1/2,
a = 0). The second equality, 1/(bv/2) = (1/(2b))V/2, is correct for b # 0.

Counterexample to the step. v =y =11in Q: 1/(1+1) = 1/2, while 1/1 4+ 1/1 = 2. In the
case at hand, @ = b = 1: the formula gives 1+ £v/2, and (14+v2)(1+ 3v2) =2+ 32 # 1;
the true inverse is —1 + /2.

Repair. Multiply by the conjugate, as in Example (The Field Generated by the Square Root
of Two): (a +bv2)~! = (a — bv/2)/(a® — 2b%).

2.4 Field Homomorphisms

Section 2.3 looked at fields inside fields. This section looks at maps between fields. Two such
maps have appeared already. Complex conjugation z +— Z turns sums into sums and products
into products (Theorem 1.2.2 (a), (b)), and so does a + byv/2 + a — by/2 on Q(v/2) (Number
Systems: From \(\nN\) to \(\nR)), Example (Conjugation in Q(y/2))). A map that respects
both operations carries every equation that holds in one field to an equation in the other. That
single observation decides where such a map can send an element, shows that it never collapses
two elements, and rules out most maps between most pairs of fields.
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Throughout, F' and L are fields, and n - a for n € N is the multiple of Number Systems: From N
to R, Section 2.3 (“Multiples”): 0-a:=0, (n+1)-a :=mn-a+a. Powers in a field are defined by
the same recursion with products: a® := 1 and a"*! := a"a for n € N, as Sets, Relations, and
Cardinality, Definition 2.3.2 does for real numbers; the power laws a™*" = a™a", (a™)" = ™"
and (ab)™ = a™b" of Sets, Relations, and Cardinality, Proposition 2.3.4 have proofs that use
only (F1)—(F7), (F9) and induction, and hold in every field with the same proofs.

Maps that respect both operations

A homomorphism is a map that respects addition, multiplication and the number one.

Definition 2.4.1. Field Homomorphism

Let F' and L be fields. A homomorphism (of fields) ¢: F' — L is a function such that, for
all a,b € F|

pla+b) =p(a) + ),  plab) =pla)p®d), »1)=1

A bijective (Sets, Relations, and Cardinality, Definition 1.4.5) homomorphism is an iso-
morphism; F' and L are isomorphic, written F' = L, if there is an isomorphism F' — L.
An isomorphism F' — F' is an automorphism of F.

In words: the first clause says that adding and then mapping gives the same as mapping and
then adding; the second says the same for multiplying; the third pins down the image of 1,
where 1 on the left is 1z and on the right 1. An isomorphism is a homomorphism that is also
a one-to-one correspondence of elements, so F' and L are then “the same field with the elements
renamed”.

Examples.

e The identity idp: F' — F is an automorphism.

o Conjugation z — z on C is a homomorphism by Theorem 1.2.2 (a), (b), since 1 = 1; Ex-
ample (Conjugation and Other Automorphisms) below shows that it is an automorphism.

e The conjugation of Q(v/2), o(a + bv/2) = a — by/2, is an automorphism (Number
Systems: From \(\nN\) to \(\nR)\), Example (Conjugation in Q(v/2))).

Why the clause ¢(1) = 1. The zero map a — 0 satisfies the first two clauses, since 0 = 0+0
and 0 = 0 -0, and it carries no information about F' at all. The third clause excludes it, and
the next proposition shows that the third clause is exactly what forces a homomorphism to
remember every element.

Remark. The order-preserving field maps of Number Systems: From N to R, Section 6.1
(Number Systems: From \(\nN\) to \(\nR\), Definition 6.1.1), are the homomorphisms
between ordered fields that also preserve <. From here on, F' = L means isomorphic as
fields, in the sense above; the relation of that chapter, an isomorphism that also preserves
the order, is said in words, “isomorphic as ordered fields”. The two differ: the conjugation o
of Q(v/2) is an automorphism of the field, and it is not order-preserving, since 0 < v/2 while

o(v2) = =2 < 0 = o(0).
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What a homomorphism must do

To find where a homomorphism sends an element, we take an equation that the element satisfies
and apply ¢ to both sides. The equation in L that comes out often has only one solution.

Proposition 2.4.1. Properties of Field Homomorphisms

Let ¢: F' — L be a homomorphism of fields, and let a,b € F.

(a) ¢(0) =0, p(—a) = —¢(a) and ¢(a —b) = @(a) — @(b).
(b) If a # 0, then p(a) # 0 and p(a™t) = p(a)~L.

c) ¢ is injective.

(d)

d) The image ¢(F) is a subfield of L, and ¢, with codomain ¢(F'), is an isomorphism

F — o(F).

(e) If ¢p: L — M is a homomorphism of fields, then ) o p: F — M is a homomorphism. If
¢ is an isomorphism, its inverse function ¢ ~': L — F is an isomorphism. The identity
idp is an automorphism.

() p(n-a) =n-p(a) and p(a™) = p(a)™ for every n € N.

Idea. For (a) and (b) the equations to push through ¢ are 0+0 =0, a+(—a) = 0 and aa~! =
1; in L the results are equations with a unique solution, by cancellation and the uniqueness
of negatives and inverses. For (c): a homomorphism cannot send a non-zero element to 0,
because a non-zero element has an inverse, and then p(a)¢(a™1) = p(1) = 1 # 0. Injectivity
is that fact applied to a — b. The rest is bookkeeping with (a)—(c), and induction for (f).

Before reading on: in the proof of (c), where is (1) = 1 used, and which map satisfies the
other two clauses of Definition 2.4.1 but is not injective?

Proof.

(a) Since 0+0=0in F,

©(0) +¢(0) = ¢(0+0) = ¢(0) = ¢(0) +0,

and additive cancellation in L (Theorem 2.1.1 (b)) gives ¢(0) = 0. Next, a+ (—a) =0
gives ¢(a) + o(—a) = @(a + (—a)) = ¢(0) = 0, so ¢(—a) is a negative of y(a),
and ¢(—a) = —¢(a) by the uniqueness of negatives (Theorem 2.1.1 (c)). Finally,
pla—b) = gla+ (=b) = v(a) + ¢(=b) = p(a) — ¢(b).

(b) Let a # 0. Since aa™! =1,

p(a)p(a™) = plaa™!) = (1) = 1.

If p(a) = 0, the left side would be 0- ¢(a~!) = 0 (Theorem 2.1.1 (d)), and the display
would read 0 = 1, against (F7) in L. So ¢(a) # 0, and the display says that p(a™!) is
an inverse of p(a); by the uniqueness of inverses (Theorem 2.1.1 (c)), p(a™!) = ¢(a) .

(c) Let ¢(a) = p(b). By (a), (a —b) = ¢(a) — ¢(b) = 0. By (b), read contrapositively, an
element whose image is 0 is 0; so a — b =0, and a = b (add b to both sides, with (F2),
(F1), (F4) and (F3)). So ¢ is injective.
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(d)

We use Proposition 2.3.1 (c) for ¢(F) C L. First, 1 = ¢(1) € p(F). Next, two elements
of p(F) are p(a), ¢(b) with a,b € F' (Sets, Relations, and Cardinality, Definition 1.6.1),
and ¢(a) — p(b) = p(a — b) € ¢(F) by (a). If moreover ¢(b) # 0, then b # 0, since
¢(0) = 0; s0 by (b), p(a)p(d)™" = p(a)p(db~!) = (ab™") € @(F). Hence p(F) is
a subfield of L, a field with the operations of L (Proposition 2.3.1 (a)). The map
p: F — @(F) still satisfies the three clauses, since the operations of ¢(F') are those of
L and its one is 1; it is surjective by the definition of the image, and injective by (c).
So it is an isomorphism.

For the composite, (1 0 p)(a +b) = (p(a) + 9 (b)) = ¥((@)) + ¥((®)), likewise for
products, and ¥ (p(1)) =¥ (1) = 1 (Sets, Relations, and Cardinality, Definition 1.4.2).

Now let ¢ be an isomorphism, with inverse function p~1': L — F (Sets, Relations,
and Cardinality, Definition 1.5.2, which exists by Sets, Relations, and Cardinality,
Theorem 1.5.4). For z,y € L,

(e (@) + o @) =l (@) + el W) =z +y = (0 (= +y)),

so o 1(x) + ¢ 1 (y) = o~ (z +y), because ¢ is injective. The same computation with
products gives ¢ 1 (z)¢o ! (y) = ¢ 1 (2y). And (1) = 1 gives p~1(1) = 1. The function
¢~ ! is bijective, with inverse ¢ (Sets, Relations, and Cardinality, Theorem 1.5.4); so it

is an isomorphism. The identity satisfies the three clauses trivially and is bijective.

By induction on n (Logic and Proof, Axiom 4.2.1, read on N = w through Number
Systems: From \(\nN\) to \(\nR\), Corollary 1.7.3). For n = 0: ¢(0-a) = ¢(0) =
0 =0-p(a) by (a), and ¢(a’) = ¢(1) = 1 = ¢(a)". If the two formulas hold for n, then

p((n+1)-a)=p(n-a+a)=n-p(a)+ela)=(n+1)- (),
p(a™h) = p(a"a) = p(a)"p(a) = p(a)"t!.

This proves the proposition.

The answer to the prompt. In (c), ¢(1) = 1 enters through (b): the display ¢(a)p(a=!) =1 is
what makes ¢(a) = 0 impossible. The zero map F' — L satisfies the two other clauses, sends
every element to 0, and is not injective. A map that respected sums and products but sent 1
to 0 would be the zero map: p(a) = ¢(a-1) = p(a)p(l) = ¢(a) -0 = 0, by (F7), the product

clause,

(1) = 0, and Theorem 2.1.1 (d) with (F6) in L.

We call the move of this proof push the equation through ¢: to learn ¢(x), apply ¢ to an
equation that x satisfies, and solve the resulting equation in L. By (c) and (d), a homomorphism
F — L is the same thing as a copy of F' inside L: F' = o(F), a subfield of L. By (e) and Sets,
Relations, and Cardinality, Theorem 1.4.4 (c), composing isomorphisms gives isomorphisms, so
2 is reflexive, symmetric and transitive on any set of fields.

Warning. A bijection that respects addition alone is not an isomorphism. The map f: Q —
Q, f(x) = 2z, is bijective (its inverse is x — z/2) and satisfies f(a + b) = f(a) + f(b),
by (F9). But f(1-1) = 2, while f(1)f(1) = 4; and f(1) = 2 # 1. All three clauses of
Definition 2.4.1 must be checked.

Quick check. Is a — —a a homomorphism Q — Q7
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Solution. No. It sends 1 to —1, and —1 # 1 in Q: if =1 =1, then 1+1 =1+ (-1) = 0,
while 1 +1=2-1 > 0 in the ordered field Q (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.5 (h), Number Systems: From \(\nN\) to \(\nR\), Theorem 2.5.1). (In Fo,
where —1 = 1, the same map is the identity.) It also fails the product clause: 1-1 =1 is sent
to —1, while the product of the images is (—1)(—1) = 1 (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (c)). It does respect sums, by Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.3.2 (c¢) and (F9): —(a+b) = (—1)(a +b) = —a + (=b).

Examples, and pairs of fields with no map
between them

Example. Conjugation and Other Automorphisms

(i) Show that conjugation z — Z is an automorphism of C, that it is not the identity, and
that Z = z if and only if z € R.

(ii) Let K be a subfield of L. Show that the inclusion K — L, x — x, is a homomorphism,
and that it is not surjective when K # L.

(iii) Recall why a + bv/2 +— a — by/2 is an automorphism of Q(v/2).
(iv) Which automorphisms does R have?

Solution.

(i) By Theorem 1.2.2 (a), (b), z+tw=zZ+wandzu =zw;and I=14+00=1-0i =1

(Definition 1.2.1). So conjugation is a homomorphism. By Theorem 1.2.2 (a), Z = z,
so conjugation is its own inverse, hence bijective (Sets, Relations, and Cardinality,
Theorem 1.5.4): an automorphism. It is not the identity: ¢ = —i, and —i # i, since
i—(—1) =2i=(0,2) # (0,0).
For the fixed elements, let z = a + bi with a,b € R. Then Z = a — bi (Definition 1.2.1),
and comparing parts (Definition 1.1.1), Z = z if and only if —b = b, that is 2b = 0,
that is b = 0 (as 2 = 2-1 > 0 in the ordered field R, Number Systems: From
\(\nN\) to \(\nR\), Theorem 5.3.3, Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.5 (h), so 2 # 0, and by Theorem 2.1.1 (f)). And b = 0 says z =
a+ 0i = a € R (Proposition 1.1.1). This fact is not among the parts of Theorem 1.2.2;
the two lines above prove it.

(ii) The operations of K are those of L, and 1x = 1, (Proposition 2.3.1 (a)). So z — =z
satisfies the three clauses. If K # L, some element of L is not in K, and it is not a
value of the inclusion.

(iii) This is Number Systems: From \(\nN\) to \(\nR)), Example (Conjugation in Q(+/2)),
recalled and not proved again: unique representation makes the formula a function,
the product formula of Example (The Field Generated by the Square Root of Two)
with —b, —d in place of b, d shows that products go to products, and the map is its
own inverse.

(iv) Only the identity. Number Systems: From N to R, Chapter 6, proved that a map
o: R — R with o(a + b) = o(a) + o(b), o(ab) = o(a)o(b) and o(1) = 1, that is, a
homomorphism R — R, is the identity, with no order condition assumed (Number
Systems: From \(\nN\) to \(\nR\), Theorem 6.3.4, with R complete by Number
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Systems: From \(\nN\) to \(\nR\), Theorem 5.6.3). So C has a symmetry and R has
none. Section 2.5 shows that Q and every I, have no automorphism other than the
identity either.

Pushing an equation through ¢ also proves that no homomorphism exists: an equation that
holds in F' and has no counterpart in L leaves ¢ nowhere to go.

Example. Pairs of Fields with No Homomorphism

Show that there is no homomorphism (i) C — R; (ii) Fy — Q; (iii) Q — F,, for any prime p.
(iv) Which clause of Definition 2.4.1 does the zero map Q — Q fail?

Solution.

(i) Suppose ¢: C — R is a homomorphism. In C, 2 = —1. Pushing this through ¢,

by (f) and (a) of Proposition 2.4.1. But R is an ordered field (Number Systems: From
\(\nN\) to \(\nR\), Theorem 5.3.3), in which every square is > 0 and 1 > 0, so
—1 < 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e), (a)). So
©(i)? = —1 is impossible.

(ii) Suppose ¢: Fy — Q is a homomorphism. In Fg, 1 +1 = 0 (Example (Arithmetic on
Z/nZ and the Field Fy)). Pushing it through ¢, 14+ 1 = (1) + p(1) = p(1+1) =
¢(0) =01in Q, by (a). But 1+1=2-1> 0 in the ordered field Q (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (h), Number Systems: From \(\nN\) to
\(\nR\), Theorem 2.5.1). So no such ¢ exists.

(iii) Suppose ¢: Q — F, is a homomorphism. In F,, p-1 = 0 (Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.3 (d)). By Proposition 2.4.1 (f), p(p-1) =p- (1) =
p-1=0=¢(0), and ¢ is injective by (c),sop-1=0in Q. But p-1 > 0 in Q, as in
(ii), since p > 1. So no such ¢ exists.

(iv) The zero map a — 0 respects sums and products, since 0 +0 =0 and 0-0 = 0, and it
sends 1 to 0 # 1. So it fails only ¢(1) = 1, and is not a homomorphism.

Section 2.5 explains (ii) and (iii) at once: both pairs of fields differ in the number of copies
of 1 that add up to 0.

Exercises

2.4.4.1 A. Check your understanding

Exercise. Al
These parts are about Proposition 2.4.1, mainly its part (c).

(a) Where in the proof of (c¢) is the clause ¢(1) = 1 used?

(b) Let ¢: @ — Q be the zero map. Which clause of Definition 2.4.1 fails? Which of the
conclusions (a)—(f) fail for ¢?
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(¢) Run the proof of (c) with conjugation on C and the elements a = 1+, b =1 —i:
compute a — b, its image, and conclude.

(d) State the idea of the proof of (c) in two sentences.

Solution.

(a) In (b), which (c) cites: p(a)p(a™t) = p(aa™) = p(1) =1, and 1 # 0, so ¢(a) # 0 for
a # 0.

(b) The clause ¢(1) =1 fails: ¢(1) = 0. Conclusion (a) holds ({(0) = 0 = —0). Conclusion
(b) fails: 1 # 0 and ¢(1) = 0. Conclusion (c) fails: {(1) = {(2). Conclusion (d) fails:
the image {0} does not contain 1, so it is not a subfield. Conclusion (f) holds for
multiples (both sides are 0) and fails for powers at n = 0: ((a®) = ¢(1) = 0, while
¢(a)? = 1. Conclusion (e) fails in its first clause: for a homomorphism v: Q — M (for
example 1) = idg), ¥ o ( is the zero map, since 1(0) = 0 by (a) for ¢, and the zero map
sends 1 to 0, so it is not a homomorphism. The clause about inverses holds vacuously,
since ¢ is not bijective, and the clause about idr does not involve (.

(c) a—b=2i#0. Its image is 2i = —2i # 0, as (b) predicts; so @ — b = a — b # 0, and
@#b Indeeda=1—iand b=1+1.

(d) A non-zero element has an inverse, so its image times another image is p(1) =1 # 0;
hence a homomorphism sends no non-zero element to 0. Applied to a difference a — b,
this says that different elements have different images.

2.4.4.2 B. Practice

Exercise. B1: Images of quotients

Let ¢: FF — L be a homomorphism, and let a,b € F with b # 0. Prove that ¢(a/b) =
©(a)/¢(b). Here is the start of a proof. Name the move, then complete it.

9

“Since a = (a/b) - b, applying ¢ gives p(a) = ¢(a/b) ¢(b). ...

Solution. The move is push the equation through ¢: the equation a = (a/b)b, which
holds since (ab~1)b = a(b=1b) = a by (F5), (F6), (F8) and (F7), is carried to L and solved
there.

Completion. Since b # 0, p(b) # 0 by Proposition 2.4.1 (b), so ¢(b)~! exists. Multiplying
p(a) = p(a/b)p(b) by ¢(b)~", with (F5), (F8) and (F7),

p(a)p(d) ™" = o(a/b) p(b)p(b) " = p(a/b).

That is, p(a/b) = ¢(a)/¢(b).

Exercise. B2: The automorphisms of the rational complex numbers

Show that Q(¢) (Example (Rational and Integer Complex Numbers)) has exactly two auto-
morphisms: the identity and conjugation a + bi — a — bi. Here is the first half of a proof.
Name the mowve, then complete it.
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“Let o be an automorphism of Q(¢). It fixes every rational: o(n) = o(n-1) =n-o(1) = n for
n € N by Proposition 2.4.1 (f), o(—n) = —o(n) = —n by (a), and o(m/n) = o(m)/o(n) =
m/n for m € Z, n € Z~q, by Exercise (B1: Images of quotients). Moreover i? = —1. ...”

Solution. The move is push the equation through o, applied to i = —1.

Completion. Every rational is m/n with m € Z, n € Z~o (Number Systems: From \(\nN\)
to \(\nR)\), Proposition 2.4.4 (b)), so o(q) = ¢ for every ¢ € Q. Applying o to i> = —1,

o(i)? =0o(i2) = o(~1) = -1 = i2.

By Corollary 2.1.2 in the field Q(¢), o(i) = i or o(i) = —i. For a,b € Q, o(a + bi) =
o(a)+o(b)o(i) =a+bo(i). So either o(a+ bi) = a+ bi for all a,b, and o is the identity, or
o(a+bi) = a—bi for all a,b, and o is conjugation. There are at most these two.

Both occur. The identity is an automorphism (Proposition 2.4.1 (e)). Conjugation sends
a+bi to a+(—b)i € Q(i), so it maps Q(7) into itself; it respects sums and products and sends
1 to 1 because conjugation on C does (Example (Conjugation and Other Automorphisms)
(i)) and the operations of Q(z) are those of C; and it is its own inverse on Q(i), hence
bijective. The two are different maps, since conjugation sends i € Q(¢) to —i # i (Example
(Conjugation and Other Automorphisms) (i)). So Q(7) has exactly two automorphisms.

Exercise. B3

Let F' be the field of Exercise (B3: Which Are Fields?) (a): the set Q with the usual sum
and the product a ® b := 2ab. Show that f: F' — Q, f(z) := 2z, is an isomorphism of fields,
so F' = Q. Compare with the warning of this section.

Solution. The one of F'is 1/2: a ® % = 2a - % = a. We check the three clauses, with Q’s
usual product on the right. Sums: f(a +b) = 2a + 2b = f(a) + f(b), by (F9). Products:
fla®b) = 2(2ab) = (2a)(2b) = f(a)f(b), by (F5) and (F6). One: f(1/2) = 1. The map is
bijective, with inverse z — x/2: 2(z/2) = x and (2x)/2 = x (Sets, Relations, and Cardinality,
Theorem 1.5.4). So f is an isomorphism.

The warning used the same formula x — 2z as a map Q — Q, with the usual product
on both sides, and it is not a homomorphism there. Whether a map is a homomorphism
depends on the operations of the source as well as on the formula: on F', the product ®
contains the factor 2 that the formula needs.

Exercise. B4: The fixed field

Let o be an automorphism of a field F. Show that its fixed set {a € F : 0(a) = a} is a
subfield of F. Find the fixed set of conjugation on C and of conjugation on Q(v/2).

Solution. Write K for the fixed set, and use Proposition 2.3.1 (¢). (1) =1, s0 1 € K. For
a,b € K, o(a—0b) =o0(a) —o(b) = a— b by Proposition 2.4.1 (a), so a — b € K. If moreover
b # 0, then o(ab~!) = o(a)o(b)~! = ab~! by (b), so ab~! € K. Hence K is a subfield. (Only
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the homomorphism property was used.)
For conjugation on C, K = R, by Example (Conjugation and Other Automorphisms) (i).

For conjugation on Q(v/2), a — bv/2 = a + by/2 holds if and only if 2bv/2 = 0, that is,
b = 0: in the ordered field R, 2 =2 -1 > 0 (Number Systems: From \(\nN\) to \(\nR)\),
Proposition 2.3.5 (h), Number Systems: From \(\nN\) to \(\nR\), Theorem 5.3.3), so 2 # 0,
and v/2 # 0 (since 02 = 0 # 2), and a product of non-zero elements is non-zero (Theorem 2.1.1

(). So K ={a+0v2:a € Q} =Q.

2.4.4.3 C. Going deeper

Exercise. C1: Isomorphic fields have the same square roots of minus one

(a) Let FF= L. Prove that F has an element x with 22 = —1 if and only if L has one.
(b) Deduce that Q(i) 2 Q(v/2) and that C % R.

Solution.

(a) Let ¢: F — L be an isomorphism. If z € F has 22 = —1, then by Proposition 2.4.1
(f) and (a),
p(2)? = p(a?) = p(~1) = —p(1) = -1,

so ¢(z) € L is such an element. Conversely, ¢~ 1: L — F is an isomorphism (Proposi-
tion 2.4.1 (e)), and the same computation carries an element y € L with 2 = —1 to
o Yy) € F with ¢~ 1(y)? = —1.

(b) In Q(3), i> = —1. In Q(v/2) C R, every y has y?> > 0 > —1, since R is an ordered field
(Number Systems: From \(\nN\) to \(\nR\), Theorem 5.3.3, Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (), (a)); so Q(v/2) has no such element, and by
(a), Q(i) 2 Q(v/2). Likewise i € C and no element of R squares to —1, so C % R.

The same argument works for any statement written with +, -, 0, 1 and elements: an
isomorphism carries it in both directions. (For C and R, Example (Pairs of Fields with No
Homomorphism) (i) shows more: there is no homomorphism C — R at all.)

Marking scheme. (10 points) - 3: pushes 22 = —1 through ¢, with p(—1) = —1 justified
(by (a) and (1) = 1). - 3: the converse, by either route: through ¢!, with the fact that it
is an isomorphism (or a homomorphism) justified (Proposition 2.4.1 (e)); or directly, writing
y = (x) by surjectivity, getting ¢(22) = ¢(—1), and concluding 22> = —1 by injectivity. - 2:
no element of Q(v/2) (or of R) squares to —1, from the order of R. - 2: both conclusions of
(b) drawn from (a). Fatal errors (0 for the step): treating Q(v/2) 2 Q(i) as evident because
the sets “look different”; using p(—1) = —1 without (a).

Exercise. C2: Find the error

Here is an argument. Is its conclusion true? Does the argument prove it? If not, name the
line that fails and why.

“Every homomorphism ¢: Q — Q is the identity. (1) By definition, ¢(1) = 1, and ¢ respects
sums. (2) For z € Q, p(z) = p(x - 1) =z p(1). (3) Hence p(z) =z-1=21"
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Solution. The conclusion is true: the repair below proves it, and Section 2.5 proves it again
by another route. The argument does not prove it.

Line (2) fails, at the second equality. “p(x - 1) = z¢(1)” pulls the factor z out of ¢, as if
© were compatible with multiplication by a scalar x; that is not a clause of Definition 2.4.1,
and nothing proved so far supplies it. So the line cites a general “fact” that is not available,
entry (N9) of Logic and Proof, Example (What is not allowed). The clause that is available,
multiplicativity, gives only ¢(x - 1) = p(x)p(1) = ¢(x), which proves nothing.

Counterezample to the step (in its general form, “a homomorphism satisfies p(z - 1) =
z p(1)”): conjugation on C has ¢ -1 = —i, while -1 =1.

Repair. Forn € N, po(n-1) = n- (1) = n-1 by Proposition 2.4.1 (f), and n-1 = n in
Q; so p(n) =n. Forn € N, p(—n) = —p(n) = —n by (a), so p(m) = m for every m € Z
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.2.3 (c)). Every rational is m/n
with m € Z, n € Z~o (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.4.4 (b)),
and p(m/n) = p(m)/¢(n) = m/n by Exercise (B1: Images of quotients). So ¢ = idg.

2.5 Integer Multiples, the Characteristic,
and the Prime Subfield

Add 1 to itself in Q and the sums 1,1+ 1,1+ 1+1,... never return to 0. In Fy two copies of 1
already give 0, and in ), it takes p copies. This one number decides whether “2x = 0, so x = 0”
is a valid step, and Section 2.4 showed that homomorphisms respect it: there is none from Fs
to Q (Example (Pairs of Fields with No Homomorphism) (ii)). This section names the number,
the characteristic, proves that it is 0 or a prime, and uses it to find the smallest subfield of
every field: a copy of Q or of exactly one F,.

Throughout, F and L are fields (Definition 2.1.1), 0 and 1 are the zero and one of the field in
play, and we write 1r when two fields are in play at once.

Integer multiples

The question “can 14+1+---4+1 be 07” is about the elements n-1. For n € N these are already
defined in every commutative ring. Number Systems: From N to R, Section 2.3 (“Multiples”)
defines, for a commutative ring R and a € R, by recursion on N = w,

0-a:=0, (n+1)-a=n-a+a (neN).

Sol-a=a,2 -a=a+a,and n-a is the sum of n copies of a. We need negative multiples too,
because the divisibility arguments below write n = qc + r with ¢ possibly negative.

Negative multiples. Every integer is m or —m for some m € N (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.2.3 (c)). For n € Z with n < 0 we have —n > 0, so —n € N
by Number Systems: From \(\nN\) to \(\nR\), Theorem 2.3.4 (b), and we define

n-a=—((-n)-a).

So (=3)-a = —(a+a+a). Extending the convention of Number Systems: From N to R, Section
2.3 (there for natural numbers), a dot with an integer on its left always means this multiple,
and the product of two ring elements is written by juxtaposition, ab. When R = Z the two
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readings agree: for n € N this is the remark after the definition of multiples in that section, and
forn <0, n-a=—((—n)a) = —(—(na)) = na by Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.2 (c) and (a).

The lemma below collects the rules for multiples. Parts (a)—(c) are the three identities that the
linear-algebra volumes cite; part (d) extends everything to integer multiples.

Lemma 2.5.1. Integer Multiples
Let R be a commutative ring, a,b € R, and m, k € N.

(@) (m-1)+(k-1)=(m+k)-1
(b) (m-1)(k-1) = (mk)-1
(¢) (m-1)a=m-a.

)

(d) The identities (a)—(c) hold for all m,k € Z, and so do

(m+k)-a=m-a+k-a, (—m)-a=—(m-a),
m-(a+b)=m-a+m-b, (m-a)b=m-(ab),
(mk)-a=m- (k-a).

In words: integer multiples obey the rules one expects of “m copies of a”, with signs behaving
as in Z. Since every field is a commutative ring (the remark after Definition 2.1.1), the lemma
holds in every field.

Idea. For natural numbers everything is one induction each, on the recursion that defines
m - a: four rules for natural multiples (a sum law, a distributive law, a product law and
a composition law) and then (a)—(c) as special cases with a = 1. Negative multiples are
reduced to natural ones by writing an integer as a difference m; — mo of natural numbers;
that bookkeeping is (d), and its proof is in the fold below.

Proof. All inductions are Logic and Proof, Axiom 4.2.1, read on N = w through Number
Systems: From \(\nN\) to \(\nR\), Corollary 1.7.3 (b). We first prove four rules for m, k €
N.

(i) (m+k)-a = m-a+k-a. Induction on k. For k = 0, (m+0)-a = m-a = m-a+0 = m-a+0-a
by (F3). If it holds for k, then

m+(k+1)-a=((m+k)+1)-a=(m+k)-a+a
=(m-a+k-a)+a=m-a+(k+1)-a

by the recursion, the induction hypothesis, (F2) and the recursion again. (This is the sum
law of Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (h), whose proof uses
no order.)

(ii) m-(a+b) = m-a+m-b. Induction on m. For m = 0 both sides are 0 (with 040 = 0 by
(F3)). If it holds for m, then (m+1)-(a+b) = (m-a+m-b)+(a+b) = (m-a+a)+(m-b+0b)
by (F1) and (F2), whichis (m+1)-a+ (m+1)-b.

(iii) (m - a)b =m - (ab). Induction on m. For m =0, (0-a)b =00 =0 =0- (ab) by Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b) and (F6). If it holds for m, then
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(m+1)-a)b=(m-a+a)b=(m-a)b+ab=m-(ab) + ab= (m+ 1) - (ab), by (F9) with
(F6), and the induction hypothesis.

(iv) (mk) -a =m - (k-a). Induction on m. For m = 0 both sides are 0. If it holds for m,
then, since (m + 1)k =mk +k in N,

(m+1Dk)-a=(mk+k)-a=(mk)-a+k-a=m-(k-a)+k-a=(m+1)-(k-a),

by (i), the induction hypothesis and the recursion.

Now (a) is (i) with a = 1. For (c), (m - 1)a = m - (la) = m - a by (iii), then (F6) and (F7).
For (b), (m-1)(k-1)=m-(1(k-1)) =m-(k-1) = (mk) -1 by (iii), (F6) with (F7), and (iv).
Part (d) is proved in the fold below. This proves the lemma.

O Second reading - Proof of (d): from natural to integer multiples

Idea. Every integer is a difference m; —mgy of natural numbers, and a negative multiple is the
negative of a natural one. So each identity of (d) splits into identities for natural multiples,
which are rules (i)—(iv), combined with the ring rules for negatives. Only the composition
law needs the four sign cases separately, and a table keeps them apart.

Proof. Step 1: (—m)-a = —(m - a) for every m € Z. If m > 0, then —m < 0 and the
definition gives (—m) -a = —((—(—m)) - a) = —(m - a). If m = 0, both sides are 0, since
—0 =0 (040 = 0 and uniqueness of negatives, Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.2 (a)). If m < 0, the definition gives m-a = —((—m)-a), so —(m-a) = (—m)-a
because —(—x) = & (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.2 (a)).

Step 2: (m—k)-a=m-a—k-a form,k € N. If m > k, then m—k € Nand (m—k)+k = m,
som-a= (m—k)-a+k-aby rule (i) of the proof above; adding —(k - a) to both sides gives
the claim. If m < k, then by Step 1 and the first case

(m—k)-a=—((k—m)-a)=—(k-a—m-a)=m-a—k-a,

the last step because (k-a—m-a)+ (m-a—k-a) =0 by (F1)-(F4), and negatives are
unique.

Step 3: the sum, distributive and product rules. By Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.2.3 (c), every integer is a difference m; — my of natural numbers
(m=m—0,—m=0—m). Let z = my —mg and y = k1 — ko with my, mo, k1, ko € N. Then
z+y = (m1+ k1) — (ma2+ kz2), and by Step 2 and rule (i),

(x4+y)-a=(mi-a+k-a)—(ma-a+ks-a)
=(mi-a—mg-a)+ (k1-a—ke-a)=x-a+y-a,

using —(u+v) = (—u) + (—v) (both are negatives of u+v) and (F1), (F2). In the same way,
Step 2 with rules (ii) and (iii) gives z- (a+b) = z-a+x-b and (x-a)b = (m1-a)b— (m2-a)b =
x - (ab), the middle step by (F9) and (—u)b = —(ub) (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (c)). From the distributive rule, z - ¢+ z - (—¢) = x - 0, and



CHAPTER 2.5. INTEGER MULTIPLES, THE CHARACTERISTIC, AND THE PRIME
SUBFIELD 124

-0 = (x-1)0 = 0 by the product rule just proved (with a = 1, b = 0) and Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.2 (b); so z - (—¢) = —(z - ¢).

Step 4: (zvy)-a = x - (y-a). Write z = +m/ and y = £k’ with m/, k¥ € N. In Z,
(—mk' =m/(=k") = —(m'k') and (—m/)(—k') = m'k’ (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (c)). Each row of the table reduces both sides to rule (iv), using
Step 1 and the last line of Step 3.

z, Y (zy) - a z-(y-a)

m/’ k/ ( /k,/) a / (k/ )

il —((m'K) - a) —(m'- (K- a))

m', =k’ —((m'K') - a) m'-(=(k'-a)) = —(m'-(K"-a))
-m!, =k (m'k') - a —(m/-(—=(K-a))) =m'-(K-a)

Step 5: (a)—(c) for integers. (a) is the sum rule with a = 1. (¢): (z-1)a =2 - (la) =z - a.
(b): (z-D(y-1)=a-(L(y-1))=x-(y-1) = (xy) - 1, by the product rule and Step 4. This
proves (d).

Two readings of the lemma are used constantly. First, by (a) and (b) with (d), the map Z — R,
n — n -1, turns sums of integers into sums in R and products into products, and sends 1 to
1-1=1. Second, by (c) with (d), every multiple n - a is a product in R, namely (n - 1)a: to
know how multiples behave, it is enough to know the elements n - 1.

In Z/nZ these elements are the classes themselves: k-[1] = [k] for £ € N (Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.3 (d)), and for k < 0, k-[1] = —((—k)-[1]) = —[—k] = [k], since
—[u] = [~u] in a quotient ring (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1

Quick check. In Z/5Z, compute (—3)-[2] in two ways: by the definition of a negative multiple,
and by (c) of Lemma 2.5.1, extended to integers by (d).

Solution. By the definition, (—3)-[2] = —(3-[2]) = —([2]+[2]+[2])
—6—4 = —10 is divisible by 5. By (c) and (d), (—3)-[2] = ((=3)-[1])[2] = [-3][2] = [-6] = [4],
using k - [1] = [k] for k = —3.
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The characteristic

The elements 1,2-1,3-1,... of a field either never reach 0, or reach it for some positive n. In
the second case the first time they reach it is the number that matters.

The characteristic counts how many copies of 1 add up to 0, and is 0 if no number of copies
does.



CHAPTER 2.5. INTEGER MULTIPLES, THE CHARACTERISTIC, AND THE PRIME
SUBFIELD 125

Definition 2.5.1. Characteristic

Let F be a field. If there exists a positive integer n with n - 1 = 0, the characteristic of
F', written char F', is the least such n. If there is none, char F' := 0.

In words: test n =1,2,3,... in turn; char F' is the first n with n-1 =0, and 0 if the test never
stops. The same words define the characteristic of a commutative ring.

Well-definedness. If the set S := {n € Z-g : n-1 = 0} is non-empty, it is a non-empty set of
integers bounded below by 1, so it has a least element by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.6. So “the least such n” names exactly one integer.

First examples.

e Fy: 1-1=1#0and 2-1=141=0 by the table of Example (Arithmetic on Z/nZ and
the Field [Fy), so char Fy = 2.

e« F3:1-1=1,2-1=2,3-1=3=0, and 1,2 # 0 in F3, so charF3 = 3.

e Q:n-1=n=#0forevery n > 1, so char Q = 0. The reason is the order of Q; the example
at the end of the next subsection gives it.

o The ring Z/6Z, which is not a field: k- [1] = [k] # [0] for k =1,...,5 and 6 - [1] = [0], so
it has characteristic 6.

The degenerate case. In the zero ring {0} of Number Systems: From N to R, Section 2.3, 1 =0,
so 1-1 =1 =0 and the characteristic is 1. It is the only ring of characteristic 1: characteristic
1 means 1 =1-1=0, and then every a =a-1=a-0=0 (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (b)). It is not a field. For fields, the clause 1 # 0 of (F7) rules out
characteristic 1, and that is the first step of the theorem below on which characteristics occur.

Why 0 and not “infinity”. The convention char F' = 0 makes the next proposition read the
same in every case: n -1 = 0 exactly when char F' divides n. For char F' = 0 this saysn-1 =10
only for n = 0, because 0 | n only for n = 0 (Number Systems: From \(\nN\) to \(\nR\),
Proposition 3.1.1 (a)).

The proposition is the form in which the characteristic is used. Its proof is the move of Number
Systems: From N to R, Chapter 3: take the least positive element, then divide by it.

Proposition 2.5.2. The Characteristic Divides Every Vanishing Multiple
Let F be a field, ¢ := char F', and n € Z.

(a) n-1=0 if and only if c | n.

(b) n -1 is invertible in F if and only if ¢ { n. In particular 2 :== 1 + 1 is invertible in F' if
and only if char F' # 2.

Idea. For ¢ > 0, divide n by ¢ with remainder, n = gc+r. The multiple ¢- 1 is 0, so the rules
of Lemma 2.5.1 kill the part qc and leave n-1 = r- 1. The remainder is smaller than ¢, and ¢
was the least positive integer with a vanishing multiple, so -1 = 0 forces 7 = 0. For ¢ =0
there is nothing to divide: no positive multiple vanishes, and negatives follow by a sign.
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Proof.

(a) Case ¢ = 0. We show n-1 = 0 iff n = 0, which is the claim since 0 | n iff n = 0
(Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1 (a)). If n =0, n-1 = 0.
If n > 0, then n -1 # 0 by Definition 2.5.1, since ¢ = 0 means no positive multiple
vanishes. If n <0, then n-1 = —((—n)-1) with (—n) - 1 # 0; and —z = 0 would give
x = —(—x) = =0 = 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2
(a)),son-1+#0.
Case ¢ > 0. (<) If ¢ | n, say n = gc with ¢ € Z, then by Lemma 2.5.1 (b), which holds
for integers by part (d),

n-1=(gc)-1=(q-1)(c-1)=(qg-1)0=0,

the last step by Theorem 2.1.1 (d) and (F6).

(=) Suppose n-1 = 0. By Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.1.2
there are ¢,r € Z with n = gc+ r and 0 < r < ¢. By the sum rule of Lemma 2.5.1 (d)
and the computation just made,

O=n-1=(g¢) - 1+r-1=0+r-1=r-1,

using (F1) and (F3) at the end. If » > 0, then r is a positive integer with r -1 =0 and
r < ¢, against the minimality of ¢ in Definition 2.5.1. So r = 0, and n = gc, that is,
c|n.

(b) In a field an element is invertible if and only if it is non-zero: a non-zero element has
an inverse by (F8), and 0 has none, since 0 -y =0 # 1 (Theorem 2.1.1 (d), and 1 # 0
by (F7)). So (b) is (a) negated. Forn =2: 2:1=(0-14+1)+1 =1+ 1. The positive
divisors of 2 are 1 and 2 (2 is prime), and 01 2; and ¢ # 1, since 1-1=1#0. So ¢ | 2
iff c=2, and 1+ 1 is invertible iff ¢ # 2. This proves the proposition.

This is the form the linear-algebra volumes use, in sentences such as “char F' # 2, so 2 is
invertible” and “m - 1 is invertible when char F' { m”. It also says that the integers n with
n -1 =0 are exactly the multiples of one integer, ¢, with nothing else vanishing by accident.

Warning. In characteristic 2, 1 +1 =0, so —1 = 1 and z = —z for every x. The familiar
step “x = —z, so 2x = 0, so x = 0”7 divides by 2 = 1 4+ 1, which is 0 there. In Fg, the
element 1 satisfies 1 = —1 and 1 # 0. This is why many later results, for instance about

symmetric and alternating bilinear forms in the linear-algebra volumes, assume char F' # 2:
by Proposition 2.5.2 (b), that is exactly the hypothesis that makes the step valid.

Example. Completing the square in [F3

Solve 22 + x + 1 = 0 in F3 by completing the square.

Solution. Since charFs = 3 # 2 (the first examples above), 2 = 1 4+ 1 is invertible by
Proposition 2.5.2 (b); indeed 2-2 =4=1,502"1=2. Also4=1#0,s0 2> +2+1=0
holds if and only if 4(z? + 2 4+ 1) = 0 (one direction by Theorem 2.1.1 (d) and (F6), the



CHAPTER 2.5. INTEGER MULTIPLES, THE CHARACTERISTIC, AND THE PRIME
SUBFIELD 127

other by (f)). By Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (d), with
the multiples regrouped by Lemma 2.5.1 (b), (F5) and (F6), (2z + 1)? = 42% + 4z + 1, so

4l +z+1)=02c+1)%+3=02c+1)?

as 3 = 0 in F3. So the equation says (2z + 1)2 = 0, that is, 22 + 1 = 0 by Theorem 2.1.1
(f), and z = 271(—1) = 2-2 = 1 by Proposition 2.1.3 (a), using —1 = 2. Testing all three
elements agrees: x = 0,1,2 give 1, 3 =0 and 7 = 1. In Fy the method stops at the first step:
there 2 = 0 and 4 = 0, so multiplying by 4 cannot be undone and 2 has no inverse.

The characteristics found so far are 0, 2 and 3, and the ring Z/67Z has characteristic 6. A field
cannot.

Theorem 2.5.3. The Characteristic Is Zero or a Prime

Let F be a field. Then char F' is 0 or a prime.

Idea. This is the argument that showed Z/nZ is not a field for composite n (Theorem 2.2.2),
run inside F. If ¢ = rs with smaller factors, then (r-1)(s-1) =c-1=0. A field has no zero
divisors, so one of the two factors is already 0, at a multiple smaller than c.

Proof. Let ¢ := char F' and suppose ¢ > 0. Since 1-1 =1 # 0 by (F7), ¢ # 1, so ¢ > 2.
Suppose c is not prime. By Sets, Relations, and Cardinality, Definition 2.2.2 it has a positive
divisor r ¢ {1, c}; write c = rs with s € Z. Then s > 0,asr,¢ > 0,and s | ¢; r < cand s < ¢
by Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1 (e); and s # 1, s # ¢,
since s = 1 would give r = ¢ and s = ¢ would give r = 1 (cancel c 20 inZ). Sol <r <c
and 1 < s < ¢. By Lemma 2.5.1 (b),

(r-1)(s-1)=(rs)-1=c¢-1=0,

sor-1=0ors-1=0 by Theorem 2.1.1 (f). Either way a positive integer smaller than
¢ has a vanishing multiple, against the minimality of ¢. Hence ¢ is prime. This proves the
theorem.

So the possible characteristics of fields are 0,2,3,5,7,11,..., and the example at the end of
the next subsection shows that each of them occurs. The hypothesis “field” is used twice, at
1 # 0 and at “no zero divisors”, and the ring Z/6Z shows the second cannot be dropped: there
23] = [0].

The characteristic under subfields and
homomorphisms

The characteristic is computed from 0, 1 and + alone. A subfield has the same three, and a
homomorphism carries them over, so both must preserve it.
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Proposition 2.5.4. Subfields and Homomorphisms Preserve the Characteristic

(a) If K is a subfield of L, then char K = char L.
(b) If ¢: F — L is a homomorphism, then char F' = char L.

(¢) There is no homomorphism between two fields of different characteristic.

Proof.

(a) By Proposition 2.3.1 (a), K has the zero Or, the one 1y, and the restricted addition of
L. Hence n-1g = n- 1y, for every n € N, by induction (Logic and Proof, Axiom 4.2.1):
both are 07, at n = 0, and both add 1 at each step. So the sets of positive n with
n -1 =0 are the same in K and in L, and so are their least elements, or both sets are
empty.

(b) Forn e N, ¢o(n-1p) =n-¢(lp) =n- 11 by Proposition 2.4.1 (f) and Definition 2.4.1.
Since ¢(0) = 0 (Proposition 2.4.1 (a)) and ¢ is injective (part (c) there), n-1p =0
if and only if ¢(n - 1p) = 0, that is, if and only if n-1;, = 0. As in (a), the two
characteristics coincide.

(c) is (b) read contrapositively. This proves the proposition.

Part (c) explains two of the obstructions of Section 2.4 at once: there is no homomorphism
Fy; — Q and none Q — F, (Example (Pairs of Fields with No Homomorphism) (ii), (iii)),
because the characteristics are 2 and 0, and 0 and p.

Example. The characteristics of the standard fields

Find the characteristic of every ordered field, of Q and R, of C, of I, for a prime p, and of
Q(v/2) and Q).

Solution. Ordered fields. Let F' be an ordered field (Number Systems: From \(\nN\) to
\(\nR\), Definition 2.3.2). Since 1 # 0, Number Systems: From \(\nN)\) to \(\nR\),
Proposition 2.3.5 (h) gives n-1 > 0 for every n € N with n > 1; in particular n -1 # 0. So
no positive multiple of 1 vanishes, and char F' = 0.

Q and R. Both are ordered fields (Number Systems: From \(\nN\) to \(\nR\), Theo-
rem 2.5.1, Number Systems: From \(\nN\) to \(\nR\), Theorem 5.3.3), so both have char-
acteristic 0. For R one can also use Proposition 2.5.4 (a), as Q is a subfield of R (Example
(Rational and Integer Complex Numbers) (iii)).

C. The field R is a subfield of C (Example (Rational and Integer Complex Numbers) (iii)),
so char C = char R = 0 by Proposition 2.5.4 (a). This argument uses no order on C.

F,. (In this section we keep the brackets on classes of F), = Z/pZ wherever integers and their
classes appear side by side, as in n - [1] = [n]; elsewhere elements of F,, are written without
brackets, as in Section 2.2.) For n € N, n - [1] = [n] (Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.3 (d)), and [n] = [0] if and only if n € pZ, that is, p | n (Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (d)). A positive n with p | n has p <n
(Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1 (e)), and p | p. So the least
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positive n with n - [1] = [0] is p, and charF, = p.

Q(v2) and Q(i). They are subfields of R and of C (Example (The Field Generated by the
Square Root of Two), Example (Rational and Integer Complex Numbers) (i)), so both have
characteristic 0 by Proposition 2.5.4 (a).

So every prime occurs as a characteristic, and so does 0. The four-element field of Section
2.2’s Exercise C1 has characteristic 2; Exercise C3 below checks it, and nothing here depends
on it.

Quick check. What are char F7 and char Q(v/2)? Is 7 - [3] = [1] in F5?

Solution. charF; = 7 and char Q(v/2) = 0 (Example (The characteristics of the standard
fields)). Yes: 7-[3] = (7-[1])[3] = [7][3] = [21] by Lemma 2.5.1 (c), and [21] = [1] since
21 —1=20=4-5. Equivalently, 7-[3] = 2 - [3] because 5 - [3] = [0], and 2 - [3] = [6] = [1].

The prime subfield

Section 2.3 defined the prime subfield of a field F' as the smallest subfield, the intersection of all
subfields of F' (Definition 2.3.2), and promised to identify it. Every subfield contains 1, hence
every n -1, hence every quotient (m-1)(n-1)~! with n-1 # 0. The characteristic decides which
of these quotients exist, and so which number system the prime subfield copies.

The identification goes through a homomorphism into F', and the main point is that there is
exactly one. For ordered fields this is Number Systems: From N to R, Chapter 4’s embedding
tp: Q = F (Number Systems: From \(\nN\) to \(\nR)\), Theorem 4.2.2). We keep the name
L, and, as before, the brackets on the classes of IF),.

Theorem 2.5.5. The Prime Subfield
Let F be a field and P its prime subfield (Definition 2.3.2).

(a) If char F' = p > 0, then tp([n]) == n-1 (n € Z) is a well-defined homomorphism
vp: Fpy — F. It is the only homomorphism F,, — F, and its image is P. Hence
P =T,

(b) If char F = 0, then tp(m/n) == (m-1)(n-1)"' (m € Z, n € Z~g) is a well-defined
homomorphism tp: Q — F. It is the only homomorphism Q — F', and its image is
P. Hence P = Q.

In (a), p is prime by Theorem 2.5.3, so F, is a field (Definition 2.2.1) and “homomorphism
F, — F” has a meaning.

Try it first (ten minutes): a homomorphism ¢ : Q — F must send 1 to 1. Where must it send
3, =3 and 1/3% What could go wrong with 1/3?

Idea. An attempt runs as follows. 1(3) = ¢¥(1+1+1) = 14141 = 3.1, then ¢(—3) = —¢(3) =
(=3) - 1, and 9(1/3) must be the inverse of ¥(3), so ¥(1/3) = (3-1)~*. The homomorphism
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has no freedom at all: it is determined by (1) = 1, through sums, negatives and inverses.
That gives uniqueness, and it also dictates the only possible formula, m/n — (m-1)(n-1)"1.

What can go wrong is 1/3: if 3-1 = 0 in F, it has no inverse, and no homomorphism exists.
The characteristic says exactly when this happens. In characteristic 0 the formula makes
sense, and what remains is to check that it does not depend on how a rational is written,
which follows from Lemma 2.5.1 (b) and a regrouping by (F5)—(F8), and that it respects +
and -, which the fraction rules of Theorem 2.1.1 (g) give. In characteristic p, the classes [n]
play the role of the rationals, and p-1 = 0 is exactly what makes [n] — n -1 well defined.
The image is then a subfield (Section 2.4) built from 1 alone, so it lies inside every subfield:
it is the prime subfield.

Before reading on: where is char F = 0 used in (b), and why does the same formula fail for
F=T5?

Proof. Part (a). Let char F =p > 0.

Well defined. Every element of F), is a class [n] with n € Z (Sets, Relations, and Cardinality,
Definition 2.5.4). If [n] = [n/], then p | n — n/ (Number Systems: From \(\nN\) to \(\nR)\),
Theorem 3.4.1 (a), for the ideal pZ), so (n —n’) -1 = 0 by Proposition 2.5.2 (a), and
n-1—n'-1=(n—n')-1=0Dby Lemma 2.5.1 (d). So n-1=n'-1: the value does not depend
on the representative. (This is Number Systems: From \(\nN\) to \(\nR\), Theorem 2.2.1
(a) with equality as the relation on F', whose classes are the singletons {y}, followed by

{y} =y

Homomorphism. For m,n € Z, by the operations of Z/pZ (Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.4.1 (b)) and Lemma 2.5.1 (d), parts (a) and (b) there,

tr(fm] + [n]) =wp(fm+n])=(m+n)-1=m-14+n-1,
vr([ml[n]) = vp(fmn]) = (mn) - 1= (m-1)(n- 1),

and tp([1]) =1-1=1. So ¢ is a homomorphism (Definition 2.4.1).

Image = P. The image (p(F)) is a subfield of F' (Proposition 2.4.1 (d)), and P is contained
in every subfield (Definition 2.3.2), so P C tp(F,). Conversely, let K be any subfield of F'.
It contains 0 and 1 and is closed under + (Definition 2.3.1), so n-1 € K for every n € N, by
induction on n (Logic and Proof, Axiom 4.2.1): 0-1=0€ K,and (n+1)-1=n-1+1¢€ K.
It is closed under negatives, so n-1 = —((—n)-1) € K for n < 0 as well. So ¢p(F,) C K for
every subfield K, that is, tp(F,) C P.

Uniqueness. Let 1: F, — F be a homomorphism and n € Z. Then [n] = n-[1] (Number Sys-
tems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (d), extended to n < 0 after Lemma 2.5.1).
For n € N, ¢(n-[1]) =n-9([1]) =n -1 by Proposition 2.4.1 (f); for n < 0,

by the definition of negative multiples at both ends, and in the middle by Proposition 2.4.1
(a) followed by the case —n € N just done. So ¢([n]) = n -1 = vp([n]) for every n, and

P =1Lp.

Finally, ¢r is an isomorphism from IF,, onto its image P by Proposition 2.4.1 (d), so P = F,,.
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Part (b). Let char F' = 0. Recall that Q = (Z X Zs¢)/~ (Number Systems: From \(\nN\)
to \(\nR\), Definition 2.4.1), that the class [(m,n)] is the quotient m/n of the integers m
and n in Q (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.4.4 (a)), and that
for n,n" € Z=o, m/n =m'/n’ if and only if mn’ = m/n (part (b) there).

The formula makes sense. For n > 0, n-1 # 0 by Proposition 2.5.2 (a), since 0 f n. So
(n-1)~! exists by (F8). This is the only place where char F' = 0 is used.

Well defined. Let m/n = m//n’ with n,n’ > 0, so mn’ = m/n. By Lemma 2.5.1 (d), part (b)
there,
(m-1)(n'-1)=mn)-1=(mn)-1=(m - 1)(n-1).

Multiply both sides by (n-1)~(n’-1)~! and regroup by (F5), (F6), (F8) and (F7): the left
side becomes (m-1)(n-1)~! and the right side (m’-1)(n’-1)~!. So the value does not depend
on the representative.

Homomorphism. Let m/n,r/s € Q with n, s > 0, and put m = m-1, and likewise n, 7, 5. By
Number Systems: From \(\nN\) to \(\nR\), Definition 2.4.2, m/n +r/s = (ms +rn)/(ns)
and (m/n)(r/s) = (mr)/(ns), with ns > 0. By Lemma 2.5.1 (d), (ms +rn) -1 =ms + rn,
(mr) -1 = mr and (ns) -1 = ns. So, by the fraction rules Theorem 2.1.1 (g) in F' (with

n,s #0), S
m T ms +nr m T
LF(7+7):f:T+i,
n S ns n S

m T mr m T

LF(*‘*):i:T'i,

n S ns n S

where z/y == zy~! in F and 7 = a7 by (F6). Also tp(1) = 1p(1/1) = (1-1)(1-1)7! =
1-17'=1. So tr is a homomorphism.

Image = P. Asin (a), P C tp(Q) because the image is a subfield. Conversely, every subfield
K contains m-1and n-1 (as in (a)), hence (n-1)~!, as n-1 # 0, and the product (m-1)(n-1)~*
(Definition 2.3.1). So ¢tp(Q) C P.

Uniqueness. Let v: Q — F be a homomorphism. In Q, the integer m € Z C Q is the multiple
m - 1g: the embedding j of Number Systems: From \(\nN\) to \(\nR\), Proposition 2.4.4
has j(0) = 0 and j(k+ 1) = j(k) + 1, so j(k) = k- 1g for £ € N by induction, and
Jj(—=k) = —j(k) = (—k)-1g. Asin (a), ¥(m-1g) = m-1 for every m € Z, by Proposition 2.4.1
(f) and (a). For n > 0, m/n = mn~! in Q with n # 0 (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.4.4 (a)), so by Proposition 2.4.1 (b),

m

() = wlm)b(n™) = m) vy = (m -0 1) = e (D).

n

So ¥ = tp. Asin (a), ¢p is an isomorphism onto P, and P = Q. This proves the theorem.

Answer to the prompt. In (b), char F' = 0 is used only to know that n -1 # 0 for n > 0, so that
(n-1)~1 exists; every other step works in any field. In F = F5, 5-1 =0, s0 “1/5 + (1-1)(5-1)~1”
names no element: the formula has no meaning there, which matches Example (Pairs of Fields
with No Homomorphism) (iii), where no homomorphism Q — F, exists at all.
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9 Second reading - Two remarks on the formulas

Two consequences of the formulas are worth recording, though nothing below rests on them.
For F = Q, wg(m/n) = j(m)j(n)~* = m/n, so 1g = idg; for F = Fp, v, ([n]) = n-[1] = [n],
so tp, = idr,. And in (b) the formula also holds for negative denominators: if n < 0, then
m/n = (—m)/(—n) with —n > 0, and ((—=m) - 1)((—=n) - 1)~! = (—=m)(-n)~! = mn~!, because
(—n)~! = —i~! (their product with —n is an~! = 1 by Number Systems: From \(\nN\) to
\(\nR)\), Proposition 2.3.2 (c)).

Remark. For an ordered field F, part (b) is Number Systems: From \(\nN\) to \(\nR\),
Theorem 4.2.2, where order supplied -1 > 0 (Number Systems: From \(\nN\) to \(\nR\),
Proposition 4.2.1); by uniqueness the two maps called tp are the same map. Here the
characteristic supplies the weaker fact n - 1 # 0, which is all the construction needs. The
same “no freedom on 1”7 argument gave Number Systems: From N to R, Chapter 6’s Number
Systems: From \(\nN\) to \(\nR\), Proposition 6.1.1.

The uniqueness half of the theorem is a rigidity statement. It says that a homomorphism has
no choice on the prime subfield, and the next corollary spells this out.

Corollary 2.5.6. Homomorphisms Respect the Prime Subfield

(a) Let ¢: F — L be a homomorphism. Then ¢ otp = ¢, and ¢ maps the prime subfield
of F' onto the prime subfield of L.

(b) The identity is the only homomorphism Q — Q, and the only homomorphism F, — F,
for each prime p. In particular the only automorphism of Q, and of I, is the identity.

(c) Every automorphism of a field F' fixes each element of the prime subfield of F.

Proof.

(a) By Proposition 2.5.4 (b), char F' = char L, so tp and ¢; have the same domain D,
which is Q or F), by Theorem 2.5.5. The composite potp: D — L is a homomorphism
(Proposition 2.4.1 (e)), so it equals ¢7, by the uniqueness clause of Theorem 2.5.5. Hence
o(tp(D)) = v(D), and by Theorem 2.5.5 these images are the prime subfields of F’
and of L.

(b) The identity idg is a homomorphism (Proposition 2.4.1 (e)), and char Q = 0 (Example
(The characteristics of the standard fields)), so by the uniqueness clause of Theo-
rem 2.5.5 (b) with F' = Q, every homomorphism Q — Q equals idg. Likewise for F,,
using char[F,, = p and part (a) of the theorem. An automorphism is a homomorphism,
so it is the identity.

(c) Let o be an automorphism of F'. By (a) with L = F, cotp = 1, so o(x) = x for every
x = tp(d) in the image of 1, which is the prime subfield. This proves the corollary.
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For instance, complex conjugation fixes every rational number, and the automorphisms of Q(+/2)
and of Q(4) in Section 2.4 had no choice on Q; only the images of v/2 and of i were free.

Finite fields are the case that matters most for computation, and for them the characteristic
cannot be 0.

Corollary 2.5.7. A Finite Field Has Prime Characteristic
Let F' be a finite field.

(a) char F' is a prime p.
(b) F contains a subfield isomorphic to F,, namely its prime subfield.

(¢c) p-a=0 for every a € F.

Proof.

(a) Say F has N elements (Sets, Relations, and Cardinality, Definition 3.1.2). Suppose
char F' = 0, and consider f: {1,.... N+ 1} = F, f(k) =k-1. If k-1 = k" - 1, then
(k—k)-1 =0 (Lemma 2.5.1 (d)), so 0 | k—k’ by Proposition 2.5.2 (a), hence k—k" = 0
(Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1 (a)) and k = k’. So f
is an injection from a set with IV + 1 elements into a set with N elements, which Sets,
Relations, and Cardinality, Corollary 3.1.3 (a) forbids. Hence char F' # 0, and char F
is a prime by Theorem 2.5.3.

(b) is Theorem 2.5.5 (a).

(¢) By Lemma 2.5.1 (c), p-a= (p-1)a=0-a =0, using Theorem 2.1.1 (d). This proves
the corollary.

A finite field therefore contains one of the fields IF,, of Section 2.2. One can show that it has
p" elements for some n > 1; that needs the vector spaces of the linear-algebra volumes, and
nothing in this volume uses it.

Quick check. Can a field with 6 elements contain a copy of Fy and also a copy of F3?

Solution. No. A copy of Fy is a subfield K with char K = 2, and a copy of F3 a subfield
with characteristic 3 (Example (The characteristics of the standard fields), Proposition 2.5.4
(b) for the isomorphisms). By Proposition 2.5.4 (a) both characteristics equal char F', and
2 # 3. (In fact no field has 6 elements, but that is the p™ fact just mentioned, which we do
not prove.)

Exercises

2.5.5.1 A. Check your understanding
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Exercise. Al
These parts are about the proof of Theorem 2.5.5.

(a) In the proof of part (b), where is the hypothesis char F' = 0 used, and where is it not
needed?

(b) Try to define Q — F5 by m/n ~ [m][n]~! (n > 0). Name a rational number that has
no image, and explain why the rule also fails to be well defined.
(¢) What are (g and t(c? Justify your answer from the uniqueness clause.

(d) State the idea of the proof in two sentences.

Solution.

(a) Only in the step “the formula makes sense”: n -1 # 0 for n > 0 (Proposition 2.5.2
(a)), so (n-1)~! exists. Well-definedness, the homomorphism property, the image and
uniqueness are computations in an arbitrary field once these inverses exist.

(b) 1/5: its image would be [1][5]7!, and [5] = [0] has no inverse. The rule is not even
well defined on the rationals where it seems to make sense: 1 = 1/1 = 5/5, and the
representative (5,5) gives [5][5]71, which does not exist, while (1,1) gives [1].

(c) Both are inclusions. Q is a subfield of R and R of C (Example (Rational and Integer
Complex Numbers) (iii)), so Q is a subfield of C, and the inclusion of a subfield is
a homomorphism (Example (Conjugation and Other Automorphisms) (ii)). By the
uniqueness clause of Theorem 2.5.5 (b) (both fields have characteristic 0, Example
(The characteristics of the standard fields)), tg and (¢ are these inclusions, ¢ — q.

(d) A homomorphism out of Q or F, is forced by 1 — 1 to send m/n to (m-1)(n-1)~!
(or [n] to n - 1), so there is at most one, and its image lies in every subfield. The
characteristic decides whether this forced formula makes sense, and when it does, the
fraction rules show it is a homomorphism, whose image is then the prime subfield.

2.5.5.2 B. Practice

Exercise. B1: Reducing multiples
Let F be a field of characteristic p > 0 and a € F.

(a) Show that (p —1)-a = —a.
(b) Show that (kp+r)-a=r-a forall k,r € Z.
(¢) In Fr, compute 100 - [3] directly, and again using (b).

Solution.

(a) By Lemma 2.5.1 (d) and (c),
0-a = 0, using Theorem 2.1.
(p—1)-a=—a.

(b) By Lemma 2.5.1 (d), (kp+7)-a=(kp)-a+7r-a=k-(p-a)+7-a. Nowp-a =0 as
in (a),and k-0 = (k-1)0 = 0 by Lemma 2.5.1 (c) with (d) and Theorem 2.1.1 (d). So
(kp+r)-a=0+r-a=r-a.

p—1)-a+a=p—-1)-a+l-a=p-a=(p-1l)a=

(
1 (d). By uniqueness of negatives (Theorem 2.1.1 (c)),
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(c) Directly: 100-[3] = (100-[1])[3] = [100][3] = [300] (Lemma 2.5.1 (c¢), Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.4.3 (d)), and 300 = 42 -7+ 6, so 100 - [3] = [6].
By (b): 100 =14 -7+ 2, so 100 - [3] = 2 [3] = [6]. The two agree.

Exercise. B2: Completing the square
Let F be a field with char F' £ 2, and write 2:=2-1,4:=4-1.

(a) Show that z = —z implies x = 0, for x € F.

(b) Let b,c € F. Show that the equation 2% + bxr + ¢ = 0 has a solution x € F if and only
if b2 — 4c = 52 for some s € F, and that then its solutions are exactly x = (—b + 5)/2
and x = (—b—s)/2.

(c) Use (b) to solve 22 + x + 1 = 0 in F5.

(d) Explain why (b) says nothing in [y, and show that its conclusion is in fact false there.

Solution. By Proposition 2.5.2 (b), 2 # 0, so 2 is invertible; and 4 = (2-2)-1=2-2# 0 by
Lemma 2.5.1 (b) and Theorem 2.1.1 (f). For u € F, 2u = (2 - 1)u = u + u by Lemma 2.5.1
(c).
(a) If x = —x, then 2 =z +x =2 + (—x) = 0. Since 2 # 0, z = 0 by Theorem 2.1.1 (f).
(b) Since 4 # 0, 22 + bx + ¢ = 0 if and only if 4(2% + bx + ¢) = 0 (one direction by
Theorem 2.1.1 (d) and (F6), the other by (f)). By Number Systems: From \(\nN\) to
\(\nR)\), Proposition 2.3.2 (d), (2z + b)? = (22)% + 2(22)b + b*> = 42 + 4bx + b%, the
products of the multiples regrouped by Lemma 2.5.1 (b), (F5) and (F6). Hence, with
D =b? — 4c,
4(z* +bx+c)=(2x+b)? - D,

and the equation is equivalent to (2z+b)? = D. (Multiplying this identity by 4=! gives
the familiar 22+ bx +c = (v +b/2)? — D/4.) If x is a solution, s := 2z + b has s> = D.
Conversely, if s2 = D, then by Corollary 2.1.2, (2z + b)? = s? if and only if 2z + b= s
or 2z + b = —s, and by Proposition 2.1.3 (a) (with 2 # 0) these say x = (=b+ s)/2 or
x=(=b—13s)/2.

(c) Here b=c=1and D =1-4= -3 =4=2%inTF7, so s = 2; and 27! = 4, since
2-4 =8 = 1. The solutions are x = 4(—1+2) =4 and v = 4(-1—-2) = —12 = 2.
Check: 42 +4+1=21=0and 2242+ 1 =7 =0 in F;. This agrees with Exercise
(C3), found there by trying all seven elements.

(d) InFy, 2 =0 and 4 = 0, so the first step, “a?+bx+c = 0iff 4(...) = 07, fails, and /2 has
no meaning. The conclusion of (b) is false there: for 22 +2+1=0,D =1-0=1= 12
is a square, yet the equation has no solution, since x = 0 and x = 1 both give 1.

Exercise. B3: When the integers embed
Let F be a field.

(a) Show that for n,n’ € Z, n-1=n'-1if and only if char F | n —n/.

(b) Deduce that the map Z — F, n+— n - 1, is injective if char F' = 0, and is not injective
if char FF'=p > 0.
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Solution.

(a) By Lemma 2.5.1 (d),n-1—n'"-1=(n—-n')-1. Son-1=n"-1iff (n—n')-1=0, iff
char F' | n — n’ by Proposition 2.5.2 (a).

(b) If char F =0and n-1=n'-1, then 0 | n —n' by (a), so n —n’ = 0 (Number Systems:
From \(\nN\) to \(\nR\), Proposition 3.1.1 (a)) and n = n’. If char F' = p > 0, then
p-1=0=0-1 with p # 0, so the map is not injective.

2.5.5.3 C. Going deeper

Exercise. C1: Exit check: the characteristic

Using only Definition 2.5.1, Lemma 2.5.1, division with remainder in Z, Sets, Relations,
and Cardinality, Definition 2.2.2 and the rules for divisibility in Z (Number Systems: From
\(\nN\) to \(\nR\), Proposition 3.1.1), and the field axioms with Theorem 2.1.1, prove:

(a) for a field F' and n € Z, n- 1 = 0 if and only if char F' | n;
(b) char F' is 0 or a prime.

Solution.

(a) Let ¢ := char F.

Case ¢ = 0. No positive n has n-1 = 0, by Definition 2.5.1. Forn < 0, n-1 = —((—n)-1),
and (—n) -1 # 0; since —z = 0 implies z = —(—x) = 0, also n-1 # 0. And
0-1=0.Son-1=0iff n =0, iff 0 | n (Number Systems: From \(\nN\) to \(\nR)),
Proposition 3.1.1 (a)).

Case ¢ > 0. Divide: n = gc+ r with ¢, € Z, 0 < r < ¢ (Number Systems: From
\(\nN\) to \(\nR)\), Theorem 3.1.2). By Lemma 2.5.1 (d), (¢¢)-1 = (g -1)(c-1) =
(¢g-1)0=0andn-1=(gc)-1+r-1=r-1. If ¢| n, then r = 0 by uniqueness of the
remainder,son-1=0-1=0. If n-1 =0, thenr-1=0with 0 <r < ¢; r > 0 would
contradict the minimality of ¢, so r =0 and ¢ | n.

(b) Let ¢ > 0. As1-1=1%#0, ¢ > 2. If ¢ were not prime, by Sets, Relations, and
Cardinality, Definition 2.2.2 it would have a positive divisor r ¢ {1, c}; write ¢ = rs.
Then s > 0, r, s < ¢ by Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1
(e), and s ¢ {1,c}, since s = 1 gives r = c and s = ¢ gives r = 1 (cancel ¢ # 0). So
l1<rs<cand (r-1)(s-1)=(rs)-1 =0 by Lemma 2.5.1 (b),sor-1=0o0rs-1=0
(Theorem 2.1.1 (f)), contradicting the minimality of ¢. So ¢ is prime.

Marking scheme. (10 points)

o 2: the case ¢ = 0, including negative n (a negative multiple is the negative of a non-zero
element, hence non-zero).

e 3: division of n by ¢ with remainder, and n-1 = r-1 justified by the rules for multiples
and c-1=0.

o 2: minimality of ¢ forces r = 0; the converse ¢ |n = n-1=0.

e 1: ¢c#1from1#0.

e 2: a factorization ¢ = rs with 1 < r, s < ¢, bounds justified, gives (r-1)(s-1) =0, and
the absence of zero divisors contradicts minimality.

Fatal errors (0 for the step): “c-1 =0, so ¢ | n” for every n with n -1 = 0, without the
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division step; treating n - 1 as the integer n (for instance “n-1 =0, so n = 0" in F)).

Exercise. C2: Find the error
Here is an argument.
Claim. A finite field F' has prime characteristic.

Proof. (1) The elements 1-1,2-1,3-1,... of F cannot all be different, since
F is finite. (2) So m -1 = k-1 for some positive integers k& < m. (3) Hence
(m—k)-1=m-1—k-1=0. (4) So m — k is the characteristic of F', and it is
prime by Theorem 2.5.3.

Is the conclusion true? Does the argument prove it? Name the failing step, say what is
wrong with it, and give a counterexample to the step.

Solution. The conclusion is true: it is Corollary 2.5.7 (a). Steps (1) and (2) are correct (they
are the pigeonhole argument of that proof, Sets, Relations, and Cardinality, Corollary 3.1.3),
and so is step (3), by Lemma 2.5.1 (d). Step (4) fails.

Step (4). The argument only produces some positive integer with a vanishing multiple.
The characteristic is the least one (Definition 2.5.1), and m — k need not be least: in Fs,
7-1=1=1-1 gives m — k = 6, while charF3 = 3. The step cites a property, “is the
characteristic”, that no line supplies, which is (N9) of Logic and Proof, Example (What is
not allowed).

Repair. By (2) and Lemma 2.5.1 (d), (m — k) - 1 = 0 with m — k > 0, so the set of positive
integers with a vanishing multiple is non-empty and char ' > 0 (Definition 2.5.1); then
Theorem 2.5.3 makes it prime.

Marking scheme. (10 points)

e 2: the conclusion is true, with the reference.

o 2: steps (1)—(3) are correct (including (m — k) - 1 = 0 via Lemma 2.5.1 (d)).

o 6: step (4) named: only some positive multiple vanishes, the characteristic is the least
one (Definition 2.5.1), with a counterexample to the step.

Exercise. C3: The four-element field

Let F' = {0,1, a, 5} be the four-element field of Exercise (Cl: A Field with Four Elements),
with 8=14a, o? = 5 and a8 = 1.

(a) Show that char F' = 2.
(b) Show that the prime subfield of F' is {0,1}, and that it is isomorphic to Fa.
(c) Show that the map F' — F, x — 22, is an automorphism of F' that exchanges o and j3.

Solution.

(a) 1-1=1#0,and2-1=1+1= (1+1)+ (0+0)a = 0 by the addition rule of Exercise
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(C1: A Field with Four Elements), coefficient by coefficient in Fa. So char F' = 2.

(b) By Theorem 2.5.5 (a), the prime subfield is the image of tp: Fo — F, which is {0-1,1-
1} ={0,1}, and ¢ is an isomorphism from Fy onto it.

(c) Let s(x) == x2. For z,y € F, (z +y)?> = 22 + 2xy + y? by Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (d), where 2zy = (14 1)(zy) = 0 (zy) = 0, since
1+1 =2-1 = 0 by part (a) and 0 (xy) = 0 by Theorem 2.1.1 (d); so s(z+y) = s(z)+s(y).
Next (zy)? = (zy)(zy) = (zx)(yy) = 2%y? by (F5) and (F6), and 12 = 1. So s is a
homomorphism (Definition 2.4.1). Its values are

s(0)=0, s(1)=1, s(a):oz2:ﬁ, s(ﬁ):(1+a)2:1+a2:1+ﬁ:a,

using the additivity just proved and 1+ 8 = 1+ 14+ a = a. So s permutes the
four elements, is bijective, and is an automorphism exchanging « and . (The next
section shows that x + zP is a homomorphism in every field of characteristic p, and
an automorphism when the field is finite.)

2.6 The Binomial Theorem, the Frobenius
Map, and Fermat’s Little Theorem

In F5, compute (1 + 2)® and 1° + 25, The first is 3% = 243, and 243 = 48 -5 + 3, so it is 3. The
second is 1+32 =33 =6-5+3, so it is 3 as well. The rule “(z+y)" = 2™ +y"”, the classic error
of school algebra, is a theorem when n is the characteristic p of the field. This section proves it,
and deduces Fermat’s little theorem from it with the rigidity of Section 2.5: a homomorphism
of I, to itself is the identity.

The tool is the binomial theorem. School proves it for numbers; we need it in an arbitrary
commutative ring, with the binomial coefficients acting as integer multiples, and so we first set
up finite sums in a ring.

Sums and powers in a commutative ring

Sets, Relations, and Cardinality, Chapter 2 defines finite sums, products and powers of real
numbers by recursion (Sets, Relations, and Cardinality, Definition 2.3.1, Sets, Relations, and
Cardinality, Definition 2.3.2, both from Sets, Relations, and Cardinality, Theorem 2.3.1). The
definitions use nothing about R except an addition with a 0 and a multiplication with a 1. So,
read on N = w through Number Systems: From \(\nN\) to \(\nR\), Corollary 1.7.3 (b), with
X = R, they define in every commutative ring R:

e sums y p_,, ax of elements a; € R, with the empty sum 0, and the three remarks after Sets,
Relations, and Cardinality, Definition 2.3.1: a sum depends only on the terms it adds (finite
lists), shifting the index, and splitting off the last term, Zﬁifn Ak = Y ey Ok + Qnt1
form <n+1;

e powers ¥ =1, 2" ;= 2"z for £ € R and n € N, with the laws of Sets, Relations, and
Cardinality, Proposition 2.3.4 (a)—(c):

m+n m,.n (xm)n — xmn’ (l,y)n — xnyn'

The proofs of those laws in Sets, Relations, and Cardinality use only (F1)—(F7), (F9) and

induction, so they run unchanged in R. We use this paragraph as a template and do not repeat

it. (Chapter 1 proves the same power laws for every commutative ring as Proposition 1.1.3; we
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compare, and cite the template.) In particular 1” = 1 for every n, by induction: 1Y = 1 and
l=1n.1=1.

The binomial theorem rearranges sums term by term, and the rules it needs are collected in the
next lemma. The sums start at £ = 0; by the definition, Zgzo ar = 0+ ag = aop.

Lemma 2.6.1. Finite Sums in a Commutative Ring

Let R be a commutative ring, n € N, ¢ € R, and let (ax)geny and (bg)ren be sequences in R.

() Zk—olak + br) = Xk—o ar + 2k—o bk-

(b) > p—oak =Y p—oCak.

(¢) Yh—om-ar=m- Yy p_gai for every m € Z.

(d) Let j € N, and suppose aj, = 0 for every k # j. Then Y} gar = a; if j < n, and
Yor—oar =0if j >n.

() —Xk=oar = Xk—o(—ax).

(f) (Splitting off the first term.) Y758 ax = ag + XF_o agpr1-

In words: a finite sum may be split termwise, multiplied termwise, and negated termwise; a sum
with one non-zero term is that term; and the first term may be split off, the rest being re-indexed
from 0. By the finite-lists remark, the lemma applies to finitely many terms ay, ..., a, as well.

Idea. A sum up to n + 1 is the sum up to n plus one term, so every rule that holds for one
term and survives adding one more term holds for all sums: an induction on n whose step
is a single axiom, (F1)-(F2) for (a), (F9) for (b), and associativity for (f). Parts (c) and
(e) need no induction, because a multiple is a product, m - a = (m - 1)a, so they are (b) in
disguise.

Proof. Each part is an induction on n (Logic and Proof, Axiom 4.2.1), splitting off the last
term at the step, except (c¢) and (e), which follow from (b).

(a) For n = 0 both sides are ag + bo. If (a) holds for n, then splitting off the last term,

n+1

> (ar+by) = (Z ap + Z bk) (ant1 + bnt1),
k=0

which is (37_gak + ant1) + (XCh—o bk + bnt1) by (F1) and (F2), and that is the right
side for n + 1.

(b) For n = 0 both sides are cag. At the step, ¢(>f_gak + ant1) = > p—gak + Cant1 by
(F9), and the induction hypothesis rewrites the first term.

(c) By Lemma 2.5.1 (c), which holds for m € Z by part (d) there, m - ar = (m - 1)a; and
m-Y ar=(m-1)Y ag. So (c¢) is (b) with c=m - 1.

(d) For n = 0: if j = 0 the sum is ap = a;; if j > 0, then 0 # j, so the sum is ap = 0.
Suppose (d) holds for n, and split off a,41. If j < n, the sum up to n is a; and ap41 =0
(as n+1 # j), so the total is a;. If j =n + 1, the sum up to n is 0 (as j > n) and the
total is 0 + ap4+1 = a;. If j > n+ 1, both parts are 0.

(e) By (c¢) with m = —1, since (1) -z = —(1-z) = —z (Lemma 2.5.1 (d)).
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(f) For n = 0 both sides are ag + a1. If (f) holds for n, then

n+2 n+1
Z ak = (ao + Z ak+1) + apt2 = ap + Z k415
k=0 k=0 k=0

by splitting off the last term, the induction hypothesis, (F2), and splitting off the last
term of the sequence (ak1)k, whose term at k = n+1 is a, 2. This proves the lemma.

|
Binomial coefficients
In (z + )", each product z¥y"~* appears a certain number of times, and that number is the

binomial coefficient. We define it by Pascal’s rule, which is how the coefficients arise when
(x + y)™ is multiplied by = + y, and we never divide.
Definition 2.6.1. Binomial Coefficients

The binomial coefficients () € N, for n,k € N, are defined by recursion on n (Sets,
Relations, and Cardinality, Theorem 2.3.1, with X the set of functions N — N):

(g) —1, (2) —0 (k>1),
n+1 n+1 n n
( 0 )ZZl’ <k+1> - <k>+<k+1> (k €N).

In words: row n + 1 starts with 1, and each later entry is the sum of the two entries of row n
above it (Pascal’s rule). Each row is a whole function N — N so the recursion has values for
every k, and a coefficient is a natural number, never a quotient.

Three facts follow by one induction on n each.

o (7) =0 for k > n. For n = 0 this is the definition. If it holds for n and k > n + 1, write
k=j+1 with j > n; then ("1])

i) =)+ () =0+0

e () =1 Indeed (J) =1, and (**]) = () + (,%,) = 1+ 0 by the first fact.

+ (}) =n. Indeed ((1)) =0, and ("H) o)+ @) =1+n.
The rows n =0, ...,6, with the zeros for £ > n shown:
n k=20 1 2 3 4 9 6
0 1 0 0 0 0 0 0
1 1 1 0 0 0 0 0
2 1 2 1 0 0 0 0
3 1 3 3 1 0 0 0
4 1 4 6 4 1 0 0
) 1 5 10 10 ) 1 0
6 1 6 15 20 15 6 1
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Remark. The formula (7) - k! (n — k)! = n! for k& < n is true, but we neither prove nor use
it. The route below needs one identity between neighboring coefficients and avoids division
altogether, which matters because in F, the factorial p! is 0.

The identity we need relates row n + 1 to row n by a factor. It is what makes a prime divide
the middle coefficients of row p.

Proposition 2.6.2. Absorption Identity

(k—i—l)(ZIi):(n—l—l)(Z).

Idea. The definition is a recursion on n, so we induct on n, proving the statement for all k
at once; the step then needs the hypothesis at two values of k. In the step, expand the left
side by Pascal’s rule, split the factor k£ + 2 as (k + 1) + 1 in front of one of the two terms,
apply the hypothesis twice, and recombine with Pascal’s rule. For n = 2, k = 0 it reads
1-3=3-1;forn=3,k=1,2-6=4-3.

For all n, k € N,

Proof. We prove by induction on n (Logic and Proof, Axiom 4.2.1) the statement “for every
keN, (k+ 1)) =m+1)(})"

Base n = 0. For k = 0: 1(}) =1= 1-(8). For k > 1: (k-lyl) = 0 since k +1 > 1, and
(2) = 0; both sides are 0.

Step. Suppose the statement holds for n. For k = 0, the claim for n + 1 reads ("Jlrz) =

(n+2)("1), and both sides are n + 2 by the facts above. For k = j + 1 with j € N, Pascal’s

il e
(j+2)<;ﬁ§> ~ (j+2)<?ﬂ> +(j+2)<?I;>
- (j+1)<’;ﬂ> + (?Ii) +(j+2><7;1;>
= (n—i—l)(?) + Cii) +(n+1)<jil>
= (n+1)<?j:i> + (?1;) :(n+2)<?1i>,

where the third line uses the hypothesis at k = j and at ¥ = j + 1, and the fourth line
Pascal’s rule again. This is the claim for n 4+ 1 at kK = j + 1. This proves the proposition.
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The binomial theorem

Expanding (x + y)™ multiplies out n factors = + y and collects the products z"y
commutative ring this collecting is legitimate, and the counts are the binomial coefficients,

In a

acting as integer multiples.

Theorem 2.6.3. The Binomial Theorem in a Commutative Ring
Let R be a commutative ring, x,y € R and n € N. Then

(z+y)" = Zn: (Z) (2FyF).

k=0
Here (Z) - z is the integer multiple of Section 2.5, and n — k € N since k < n.

Idea. Induct on n, with (z + y)"*!' = (x + y)"x + (x + y)"y. Multiplying the sum for
(x + y)" by z raises every power of x by one, which shifts the coefficients one place to the
right; multiplying by y leaves them in place. Adding the two rows entry by entry is exactly
Pascal’s rule. The work is in lining the two sums up over the same range £k = 0,...,n + 1:
the shifted sum gets a zero first term, and the other one a zero last term.

Proof. Induction on n (Logic and Proof, Axiom 4.2.1). For n = 0, (z+y)° = 1 and the right
side is () - (z%y%) =1-(1-1)=1.

Suppose the formula holds for n, and put ¢ = (}) - (z*y"~*) for 0 < k < n. By the power
recursion, (F9) and Lemma 2.6.1 (b) with (F6),

n n
@4y =(@+y) "+ @ty Y= tr+ Yty
k=0 k=0

By the rule (m-a)b = m- (ab) of Lemma 2.5.1 (d), with (F5), (F6) and the power recursion,

n _ n el
thr = <k> . ($k+1yn k:), thy = (k) . (xky +1 k)'

For 0 < k <n+1let z; :== 2¥y"T1=* and define

ug =0, ug:= (ki1>-zk (1<k<n+1), wg = <Z>zk (0<k<n+1).

Then t2 = ugy1 and ty = wy for 0 <k <n, and wy11 =0 2,41 = 0, since (,,'};) = 0. By
Lemma 2.6.1 (f) and up = 0, and by splitting off the last term w11 = 0,

n+1 n+1

n n
Zth:Zuk, Ztky:z:wk.
k=0 k=0 k=0 k=0
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So (z+y)" ! = Zié(uk +wg) by Lemma 2.6.1 (a). Finally, ug+wo =0+1-29 = (”31) - 20,

and for k = j 4+ 1 with 0 < j < n, the sum rule of Lemma 2.5.1 (d) and Pascal’s rule give

i n i n n+1 n+1
u wr = -z c 2 = R = * 2.

Hence (z +y)"*! = 2045 (") - (2Fy"17F), which is the formula for n+ 1. This proves the
theorem.

The proof used (F6) at every regrouping of zFy" %z, and the theorem needs it: the linear-algebra

volumes meet matrices, whose multiplication is not commutative, and there the expansion holds
only for pairs that commute. For R = 7Z the theorem is the familiar expansion, since there
m -z = mz (Section 2.5).

In row 5 of the table, the four middle entries 5,10, 10, 5 are all multiples of 5; in row 6 the middle

entries 15 and 20 are not multiples of 6. Primes are special.

Lemma 2.6.4. A Prime Divides the Middle Binomial Coefficients

Let p be a prime and k € N with 0 < k < p. Then p | (7).

Proof. We read the coefficients in N C Z. By Proposition 2.6.2 with n =p —1 and kK — 1 in

place of k,
py _ (p—1

sop | k(}). Since 0 < k < p, ptk: a positive multiple of p is at least p (Number Systems:
From \(\nN\) to \(\nR\), Proposition 3.1.1 (e)). Hence ged(p, k) = 1 by Number Systems:
From \(\nN\) to \(\nR\), Corollary 3.3.2 (a), and Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.3.1 gives p | (£). This proves the lemma.

[ |
The hypothesis “prime” is needed: (3) =6, and 4 1 6. In the proof, 4 | 2(3), but ged(4,2) = 2,
so Euclid’s lemma does not apply.
Quick check. Use Proposition 2.6.2 to compute (g) from (g) = 15, and check that 7 divides

it.

Solution. With n = 6, k = 2: 3(5) = 7(3) = 7-15 = 105, so (5) = 35, and 35 =5-7. (By
Pascal’s rule, (5) = (5) + (3) = 15+ 20 = 35, the same.)
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The Frobenius map

We can now expand (x + y)P in a field of characteristic p.

Theorem 2.6.5. The Frobenius Homomorphism
Let F be a field of characteristic p > 0.

(a) For all z,y € F,
(@+y)f =aP+4*,  (ay)’ =",
and 17 = 1. So the Frobenius map Fr: F — F, Fr(z) := 2P, is a homomorphism,
and it is injective.
(b) (x —y)P =aP —yP for all z,y € F.
(c) If F is finite, then Fr is an automorphism of F'.

By Theorem 2.5.3, the hypothesis char F' = p > 0 already makes p prime.

Try it first (ten minutes): expand (x +y)> and (x +y)° in Fs, using the rows n =5 and n = 6
of the table above, and see which coefficients survive.

Idea. For (x + y)® the coefficients 1,5, 10,10, 5,1 become 1,0,0,0,0,1 in F5, and (z + y)° =
25417, For (x+1y)° the coefficients 1,6, 15, 20,15, 6, 1 become 1,1,0,0,0,1,1, and (z+y)% =
28 4+ 2%y + 29° + 9/%: the extra terms survive because 6 is not the characteristic. So the plan
is: expand by the binomial theorem; every middle coefficient (i’) is a multiple of p; and a
multiple of p acts on F' as 0, because p-1 = 0. The product rule and 17 = 1 are power laws,
and injectivity is free for a homomorphism of fields.

Before reading on: where is it used that p is prime?

Proof.

(a) By Theorem 2.6.3, (z 4+ y)P = Y_0_,t, with ¢t = (}) - (zFyP7*). Let 0 < k < p. By
Lemma 2.6.4, p | (7), so () -1 = 0 by Proposition 2.5.2 (a), and then, by Lemma 2.5.1
(c) and Theorem 2.1.1 (d),

ty = ((Z) . 1) (zFyP~*) =0 - (zFyPF) = 0.

The end terms are tg = 1 - (2%yP) = y? and t, = 1 - (2Py?) = 2P. Let by =t} for k =0
and b = 0 otherwise, and ¢ := t; for k = p and ¢; = 0 otherwise. Since p # 0,
tr = by + ¢ for every 0 < k < p, so by Lemma 2.6.1 (a) and (d),

p p
@E+y)P =D b+ Y cp=to+t, =y" +a",
k=0 k=0

which is 2P + y? by (F1). Next, (zy)P? = aPyP is the third power law of this section’s
opening paragraph (Sets, Relations, and Cardinality, Proposition 2.3.4 (c), read in
F), and 1?7 = 1. So Fr is a homomorphism (Definition 2.4.1), and it is injective by
Proposition 2.4.1 (c).
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(b) By Proposition 2.4.1 (a), Fr(z — y) = Fr(z) — Fr(y).

(c) The image Fr(F) is a subset of F', and Fr, with codomain Fr(F'), is a bijection F' —
Fr(F) by (a). If Fr(F) # F, this would be a bijection from the finite set F' onto
a proper subset, which Sets, Relations, and Cardinality, Theorem 3.1.9 forbids. So

Fr(F) = F, Fr is bijective, and a bijective homomorphism F' — F' is an automorphism
(Definition 2.4.1). This proves the theorem.

Answer to the prompt. Primality is used in one place: Lemma 2.6.4, whose proof needs Euclid’s
lemma, and so needs p prime. It costs nothing here, since a positive characteristic is always
prime (Theorem 2.5.3).

In words: in characteristic p, raising to the p-th power respects sums. The map is not the
identity in general; Exercise C3 of Section 2.5 found that on the four-element field it exchanges
two elements. On I, itself it is the identity, and that is Fermat’s little theorem.

Warning. “(x+y)™ = 2™ +y™” is not a general rule. In a field of characteristic p > 0 it holds
for n = p (Theorem 2.6.5 (a)), and so for n = p? by Exercise B2 (and in the same way for
every power of p). With other exponents it can fail: in F3, (1+1)2 = 4 = 1, while 12+12 = 2.
In a ring of composite characteristic it can fail even with n equal to the characteristic: in
Z/AZ, which has characteristic 4, ([1] + [1])* = [16] = [0], while [1]* + [1]* = [2]; the
middle coefficient (3) = 6 is not a multiple of 4. In Z the identity fails for every n > 2:
(1+1)n =2n +£2,

Fermat’s little theorem

On F,,, the Frobenius map is a homomorphism F, — [F,,, and by Corollary 2.5.6 (b) there is only
one such map, the identity. That is the whole proof of the first part below.

Theorem 2.6.6. Fermat’s Little Theorem
Let p be a prime.

(a) a? = a for every a € I,
(b) aP~! =1 for every non-zero a € Fp; so a~! = aP~2.

(c) For every a € Z, p | a? — a; and if p{ a, then p | a?~ — 1.

Proof.

(a) charF, = p (Example (The characteristics of the standard fields)), so Fr: F, = F, is a
homomorphism by Theorem 2.6.5 (a). By Corollary 2.5.6 (b), the only homomorphism
F, — F, is the identity. Hence a” = Fr(a) = a for every a € F),.

(b) Let a # 0. Sincep >2, p—1€Nanda-a’~! =a’"la=a” =a=a-1, by (F6),
the power recursion and (a). Canceling a # 0 (Theorem 2.1.1 (b)) gives a?~! = 1.
Likewise p —2 € Nand a - a?™2 = a?~! = 1, so a~! = a?~? by uniqueness of inverses
(Theorem 2.1.1 (c)).

(c) Write [a] for the class of a € Z in F, = Z/pZ. Since [a][b] = [ab] (Number Systems:
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From \(\nN\) to \(\nR\), Theorem 3.4.1 (b)), induction on n gives [a]” = [a"] for
every n € N: [a]” = [1] = [a°], and [a]"™" = [a]"[a] = [a"][a] = [a""]. By (a), [a?] =
[a]? = [a], so p | a® — a (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1
(a), for the ideal pZ). If p t a, then [a] # [0] (Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.1 (d)), so [a?~!] = [a]P~! = [1] by (b), and p | a?~! — 1. This
proves the theorem.

Primality is needed in (c). For the modulus 4 and a = 2, 2% — 2 = 14 is not a multiple of 4 (in
Z/A7Z this is ([1] + [1])* = [0] # [2], from the warning above), and although 4 12, 23 — 1 = 7 is
not a multiple of 4 either.

Part (b) gives a second way to invert in [F,,, besides the Euclidean algorithm of Number Systems:
From N to R, Chapter 3: a=' = a?~2. It also reduces large exponents: for non-zero a, only
the remainder of the exponent on division by p — 1 matters, since a?®P—D+" = (aP~1)a" = a”.
Exercise C2 below gives a second proof of (a), by induction, and Chapter 4 gives another proof
of (b), from a product of all the non-zero elements.

Example. Powers and inverses in prime fields

(i) Compute 3'% in F;.

(ii) Compute 210

(iii) Find the inverse of 7 in F3; twice: by Theorem 2.6.6 (b), and by the Euclidean algo-
rithm.

(iv) What is the Frobenius map of F,?

in FIOI-

Solution.

(i) 7 is prime (the small-primes remark of Number Systems: From N to R, Section 3.1)
and 3 # 0 in F7, so 3% = 1 by Theorem 2.6.6 (b). Since 100 = 16-6 + 4, the power laws
give 3100 = (36)1634 = 1.81, and 81 = 11 -7+ 4. So 3! =4 in F;.

(ii) 101 is prime: by the remark after Number Systems: From \(\nN\) to \(\nR)),
Lemma 3.3.4 it suffices that no d with 2 < d and d-d < 101, that is 2 < d < 10, di-
vides 101, and the remainders of 101 on division by 2,3,...,10 are 1,2,1,1,5,3,5,2, 1.
Since 2 # 0 in Fyg1, Theorem 2.6.6 (b) gives 2!%° = 2101=1 = 1. No multiplication was
needed.

(iii) 31 is prime by the same test (d = 2,3,4,5 leave remainders 1,1,3,1). By Fermat:
since 7 # 0 in F3;, Theorem 2.6.6 (b) gives 77! = 7. Square repeatedly in F3;:
7?=49=18, 7 =182 =324 =14, 7® = 142 = 196 = 10, 76 = 10?2 = 100 = 7. With
29=164+8+4+1,

=777 =7.10-14-7=70-98 =85 =40 = 9.
By Fuclid: 31=4-7+3and 7=2-3+1, so
1=7-2-3=7-2(31-4-7)=9-7-2-31,

and 77! = 9 by Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.1. Both
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routes give 9. Check: 7-9 =63 = 2-31 + 1. For small p the Euclidean algorithm is
shorter; Fermat’s route needs no back-substitution, only squaring.

(iv) The identity, by Theorem 2.6.6 (a): Fr(a) = a” = a for every a € F,,.
Quick check. Compute 26 in F; and 3'° in Fy;, with and without Theorem 2.6.6.

Solution. Both are 1. Without it: 26 = 64 = 9.7+ 1; and 3° = 243 = 22-11 + 1, so
310 = (3%)?2 = 1. With it: 7 and 11 are prime, 2 # 0 in F; and 3 # 0 in Fy;, and the
exponents are 7 — 1 and 11 — 1.

Exercises

2.6.6.1 A. Check your understanding

Exercise. Al
These parts are about Theorem 2.6.5 and its proof.

(a) Where in the proof of (a) is it used that p is prime, and why does the theorem not
need “p prime” as a separate hypothesis?

(b) List (2) for 0 < k < 5 and (Z) for 0 < k < 6. Which are divisible by 5, and which by 67
(¢) Why is Fr injective? Does the proof use that F is finite?
(d) State the idea of the proof of (a) in two sentences.

Solution.

(a) In Lemma 2.6.4, through Euclid’s lemma: p | k() gives p | (¥) only because ged(p, k) =
1, which needs p prime. A positive characteristic is always prime (Theorem 2.5.3), so
“char F' = p > 0” already includes it.

(b) Row 5: 1,5,10,10,5,1; the four middle ones are divisible by 5, the end ones are not.
Row 6: 1,6,15,20, 15,6, 1; only the two 6’s are divisible by 6, and 15, 20 are not. This
is why (x 4+ 9)% # 2 4 ¢% in a ring of characteristic 6 such as Z/6Z.

(c) Every homomorphism of fields is injective (Proposition 2.4.1 (c)): Fr(a) = 0 only for
a = 0. The proof of injectivity does not use finiteness; finiteness is used only for
surjectivity in (c).

(d) Expand (x + y)? by the binomial theorem; every middle coefficient (¥) is a multiple of
p. In characteristic p, p-1 = 0, so every middle term vanishes and only P + P remains.

2.6.6.2 B. Practice

Exercise. Bl

Compute 538 in Fy3, and find the inverse of 5 in Fy3 by Theorem 2.6.6.
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Solution. 13 is prime (no d with 2 < d < 3 divides it, and 4-4 > 13; the remark after Number
Systems: From \(\nN\) to \(\nR\), Lemma 3.3.4), and 5 # 0 in Fy3. By Theorem 2.6.6
(b), 52 = 1. Since 38 = 3-12 + 2, 538 = (5!2)352 = 25 = 12 in Fy3. For the inverse,
571 = 5. Now 52 = 12 = —1, so 519 = (5?)% = (-1)°> = —1 and 5'! = -5 = 8. Check:
5-8=40=3-13+ 1. Hence 53®* = 12 and 57! = 8.

Exercise. B2
Let F be a field of characteristic p > 0.

(a) Show that (z +y)?* = 2" + y¥* for all z,y € F.
(b) Show that (X1, ;)" = 57, 2% for all m € N and 21,..., 2, € F.

Solution.

(a) FroFris a homomorphism, as a composite of homomorphisms (Proposition 2.4.1 (e)),
and (Fro Fr)(z) = (2P)? = 27" by the power law (z™)" = z™". Applying its additivity
to z + y gives the claim.

(b) Induction on m. For m = 0 both sides are 0: the empty sum is 0, and 0P = 0P~1.0 = 0
as p > 1. If the claim holds for m, split off the last term and use Theorem 2.6.5 (a):

m+1 m+1

(X o) = (Caitomn) = (So) +ab = 3. o,
=1 i=1

i=1 i=1

Exercise. B3

Let p be a prime. Show that the solutions x € F, of #P~1 = 1 are exactly the non-zero
elements, and that every a € [, satisfies a? —a = 0.

Solution. Every non-zero a satisfies a?~! = 1 by Theorem 2.6.6 (b). The element 0 does not:
since p—1>1,0P"1 =0P=2.0 =0 # 1. So the solutions are exactly the non-zero elements.
And a? — a = a — a = 0 for every a by Theorem 2.6.6 (a).

2.6.6.3 C. Going deeper

Exercise. C1: Exit check: the Frobenius identity

Let F be a field of characteristic p > 0. Using Theorem 2.6.3 and Lemma 2.6.4, prove that
Fr: FF — F, z — 2P, is an injective homomorphism.

Solution. Sums. By Theorem 2.6.3, (z +y)» = >7_, (%) - (zFyP=F). For 0 < k < p,
(®) - (zFyP=*) = ((?) - 1)(2*yP~*) by Lemma 2.5.1 (c). By Lemma 2.6.4, p | (), and since

char F = p, () -1 = 0 (Proposition 2.5.2 (a)); so the term is 0 (Theorem 2.1.1 (d)). The
terms k =0and k =pare 1-y? =y” and 1- 2P = 2P, since (§) = (g) =1and z° =¢° = 1.
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A sum whose terms vanish except at two places is the sum of those two terms (Lemma 2.6.1
(a), (d)), so (x +y)P = zP + yP.

Products and one. (xy)? = xPyP by the power law (zy)" = z"y", and 1» = 1. So Fr is a
homomorphism (Definition 2.4.1).

Injective. Every homomorphism of fields is injective (Proposition 2.4.1 (c)).
Marking scheme. (10 points)

o 2: the binomial expansion written with integer multiples (¥) - (zFyP=F).

e 2: each middle term reduced to a multiple that vanishes, with the rule named (for
example ((§) - 1)(zFy?=%) by (m-1)a=m-a, or () -z =q- (p- 2z) where (¥) = qp).

o 2: that multiple is 0 from p | (§) and char F' = p, with both reasons named.

e 1: the end terms y? and xP.

o 1: (zy)P = aPyP and 17 = 1.

o 2: injectivity, by Proposition 2.4.1 (c¢) or by any correct direct argument.

Second route for injectivity: af = y? = (z — y)? = 0 = = = y earns the 2 points, 1 for
(x — y)P = 2P — yP with its reason (Proposition 2.4.1 (a), or (—y)P = —yP for every prime p,
the even one included), and 1 for z —y = 0 because a field has no zero divisors.

Fatal errors (0 for the step): “(Y) = 0” as an integer; using (z + y)? = 2P + y? in its own
proof.

Exercise. C2: Fermat by induction

Let p be a prime. Give another proof of Theorem 2.6.6 (a) and of the first claim of Theo-
rem 2.6.6 (c), without Corollary 2.5.6. In (a) use only Theorem 2.6.5 (a) (with charF, = p,
Example (The characteristics of the standard fields)) and Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.4.3 (b), (d); in (b) you may also use Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.4.1.

(a) prove by induction on r € N that (r-1)? = r -1 in F,, and deduce a? = a for every
a € Fp;

(b) deduce that p | a? — a for every integer a.

Solution.

(a) Forr =0: (0-1)» =0P=0P"1.0=0=0-1,asp > 1. If (r-1)? = r - 1, then by
Theorem 2.6.5 (a) (char F), = p, Example (The characteristics of the standard fields)),

(r+1)-1P=@Fr-141)P=>0F-1)P+1P=r-141=(r+1)-1.

Every element of I, is [r] for some 7 € {0,...,p—1} (Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.4.3 (b)), and [r] = r - [1] (part (d) there). So a? = a for every
a € Fy.

(b) Let a € Z. Then [a] € F,, so [a]? = [a] by (a). By induction on n, [a]” = [a"], using
[a][b] = [ab] (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (b)), as in

the proof of Theorem 2.6.6 (c). So [a?] = [a], and p | a”? — a (Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.1 (a), for the ideal pZ). (This proves only what
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Theorem 2.6.6 already gives; it is practice with the Frobenius identity, and nothing
cites it.)

Exercise. C3: Roots of order p

Let F be a finite field of characteristic p. Show that for every a € F the equation 2P = a has
exactly one solution x € F. Deduce that in F,, the only solution of 2 = a is = a.

Solution. By Corollary 2.5.7 (a), p is a prime, so p > 0, and by Theorem 2.6.5 (c), Fr is a
bijection F' — F. Surjectivity gives a solution of Fr(z) = a, and injectivity says there is at
most one. In F,, z = a is a solution by Theorem 2.6.6 (a), a? = a, so it is the only one.
The uniqueness half needs only that Fr is injective, so it holds in every field of characteristic
p > 0 (Theorem 2.6.5 (a)); existence used the finiteness of F'.

2.6.6.4 R. Review

Exercise. R1

Find all z € C with 2?2 = —3 + 44, and explain why there are exactly two.

Solution. By the square-root formula of Proposition 1.4.1, with a = —3, b = 4: r =
| -3 4 4i| =5 (since 9+ 16 = 25), (r+a)/2=1, (r—a)/2=4,and b > 0, so w = 1 + 2i.
Check: (1 +2i)2 =1+ 4i + 4i2 = —3 + 4i. By Corollary 2.1.2 in the field C (Example (The
Fields Q, R and C)), 22 = w? if and only if z = w or 2 = —w. So the solutions are 1+ 2i and
—1 — 2¢. They are two, not one: w = —w would give 2w = 0, hence w = 0, since 2 # 0 in
C (char C = 0, Example (The characteristics of the standard fields), with Proposition 2.5.2

(b))-

Exercise. R2

Show that 7 has no square root in Q(v/2).

Solution. Suppose (a + b\/2)? = 7 with a,b € Q. Expanding, (a? + 2b%) + 2aby/2 = 7+ 0V/2,
so by unique representation (Number Systems: From \(\nN\) to \(\nR)\), Proposition 6.4.5
(a)), 2ab = 0 and a? 4 2b%> = 7. Since 2 # 0 in Q (char Q = 0, Example (The characteristics
of the standard fields), with Proposition 2.5.2 (b)), Theorem 2.1.1 (f) applied twice (to
2 - (ab) = 0, then to ab = 0) gives a = 0 or b = 0. If b = 0, then a® = 7. If @ = 0, then
2b? = 7, s0 (2b)? = 14. Both are excluded by the claim stated with Number Systems: From
\(\nN\) to \(\nR\), Proposition 6.4.6: no natural number n with ¥ < n < (k + 1)? for
some k € N is the square of a rational; take (n,k) = (7,2),as 4 < 7 < 9, and (n, k) = (14, 3),
as 9 < 14 < 16. So 7 has no square root in Q(1/2). This is the method of Number Systems:
From N to R, Chapter 6, which showed the same for 3.
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Exercise. R3

Show that no relation < makes Q(i) (Example (Rational and Integer Complex Numbers))
an ordered field, and none makes the four-element field F' of Exercise C1 of Section 2.2 an
ordered field.

Solution. F. In F; 1+1 = (14+1)4+(0+0)a = 0, by the definition of the sum, with coefficients
in Fo. So 2-1 =0 and char F' # 0, while every ordered field has characteristic 0 (Example
(The characteristics of the standard fields)). This is the method of Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.3 (e) and Number Systems: From \(\nN\) to \(\nR\),
Example (A field with two elements that cannot be ordered): in an ordered field n-1 > 0
for n > 1 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (L)), while here
2:-1=0.

Q(¢). This is the method of Proposition 1.4.3; the proposition itself does not apply, since
an order on the subfield Q(7) need not extend to C. Suppose < made Q(i) an ordered field.
Then i # 0 gives i2 > 0, and 1 # 0 gives 1 > 0 (Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.5 (e)). But i2 = —1 (Proposition 1.1.1; the operations of Q(i) are those of C),
and 1 > 0 gives —1 < 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (a)).
So 0 < —1 < 0, and 0 < 0 by transitivity, which is impossible for the strict part of an order.
The characteristic does not help here, since char Q(i) = 0 (Example (The characteristics of
the standard fields)): the obstruction for Q(¢) is a square, not a multiple of 1.

Exercise. R4

Find all homomorphisms Q(v/2) — R.

Solution. There are exactly two: the inclusion a + V2 — a+bv2, and a4+ bv2 — a — by/2.

Every homomorphism is one of them. Let o: Q(v/2) — R be a homomorphism. The in-
clusions Q — Q(v/2) and @ — R are homomorphisms (Example (Conjugation and Other
Automorphisms) (ii); Q is a subfield of both), so they are Lo(v3) and (g by the uniqueness
clause of Theorem 2.5.5 (b) (both fields have characteristic 0, Example (The characteristics
of the standard fields)). By Corollary 2.5.6 (a), o o Lloya) = R o(q) = q for every ¢ € Q.
Then

(V2 = a((V2)2) = 0(2) = 2 = (VI)?,

so 0(v/2) = V2 or 0(v/2) = —v/2 by Corollary 2.1.2 in R. Hence o(a + bv/2) = o(a) +
a(b)o(v/2) = a £ bV/2.

Both occur. The inclusion is a homomorphism (Example (Conjugation and Other Automor-
phisms) (ii)), and so is conjugation a + bv/2 — a — bv/2 of Q(v/2) followed by the inclusion
(Example (Conjugation and Other Automorphisms) (iii) and Proposition 2.4.1 (e)). They
differ at /2, since v2 > 0 > —v/2.

The tool, and the look-alikes. The tool is rigidity on the prime subfield (Corollary 2.5.6)
followed by “push the equation 22 = 2 through ¢”. The uniqueness theorem for complete
ordered fields of Number Systems: From N to R, Chapter 6 (Number Systems: From \(\nN\)
to \(\nR)\), Theorem 6.3.4) does not apply: it concerns maps of a complete ordered field to
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itself, and Q(\@) is not complete. Nor does “a homomorphism into an ordered field preserves
order”: the second homomorphism sends V2 >0to —v2<0.



Chapter 3

Chapter 3

Groups, Subgroups, and
Homomorphisms

The same four rules keep turning up. Add integers, multiply non-zero rationals, multiply the
units of Z /127, compose the bijections of a set: in each case two elements combine to give an
element of the same set, the combining is associative, one element changes nothing, and every
element can be undone. This chapter names that pattern a group and proves its basic laws
once, from three axioms, so that they hold in all four cases and in every later one. It then
makes two habits honest that school algebra uses without comment: dropping the brackets from
a product of many factors, and writing powers ¢g" for every integer n, negative ones included.
One warning runs through the whole chapter: a group need not be abelian, so no factor may be
moved past another unless a hypothesis allows it.

After the structure come its substructures, the subgroups, and its maps, the homomorphisms.
The subgroups of (Z,+) turn out to be exactly the sets nZ, by the move that gave greatest
common divisors in Number Systems: From N to R, Chapter 3. A homomorphism sends products
to products, and its kernel, the set of elements it sends to the identity, measures how much it
forgets. The chapter ends with one group studied in detail, the permutations of {1,...,n}, on
which every determinant in linear algebra is built. Every permutation breaks into disjoint cycles,
and every one, for n > 2, is a product of swaps of two points. Different words for the same
permutation can use different numbers of swaps; that the parity of the number never changes is
the theorem on the sign of a permutation, which later volumes prove.

A language more than a subject. Linear algebra and algebra both speak of groups, and this
chapter supplies the vocabulary and the few facts they use constantly. Much of group theory
is deliberately left out, and each omission is named once, where it would come up, as a pointer
and never as a claim. Cyclic groups and the least m > 1 with ¢ = e are studied in Groups, the
chapter “Cyclic Groups” (Section 3.2 points there). Cosets and Lagrange’s theorem are in its
chapter “Cosets and Lagrange’s Theorem” (Section 3.3, Exercise C2, and review exercise R4 of
Section 3.5). The uniqueness of the disjoint cycle decomposition, conjugacy in S,, and the sign
of a permutation are in its chapter “Symmetric Groups and the Sign of a Permutation” (Sections
3.4 and 3.5), and the sign is also proved in Determinants and the Structure of Operators, the
chapter “Determinants”. Quotient groups and the isomorphism theorems are in the chapter
“Normal Subgroups, Quotient Groups, and the Isomorphism Theorems” of Groups (the closing
remark of Section 3.3). Nothing in this chapter depends on any of them.

What you need. Sets, Relations, and Cardinality, Chapter 1 (functions, composition, bi-
jections and inverses), Chapter 2 (induction from any base and the recursion theorem, with
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equivalence relations for one exercise) and Section 3.1 (finite sets); Number Systems: From N
to R, Chapter 2 (commutative rings and Z) and Chapter 3 (division with remainder, Z/nZ and
units); induction from Logic and Proof, Chapter 3. Throughout, N is w and Z, Q are the integers
and rationals of Number Systems: From N to R, Chapter 2, and results of the first two volumes
about N are read on w through Number Systems: From \(\nN\) to \(\nR\), Corollary 1.7.3,
from its Chapter 1, as that volume does.

e From Sets, Relations, and Cardinality, Chapter 1: functions, Cartesian products, compo-
sition and its associativity, equality of functions, the empty function, and the theorem that
a composite of bijections is a bijection (Sets, Relations, and Cardinality, Definition 1.4.1,
Sets, Relations, and Cardinality, Definition 1.3.2, Sets, Relations, and Cardinality, Def-
inition 1.4.2, Sets, Relations, and Cardinality, Proposition 1.4.3, Sets, Relations, and
Cardinality, Proposition 1.4.1, Sets, Relations, and Cardinality, Proposition 1.4.2, Sets,
Relations, and Cardinality, Theorem 1.4.4), which make the bijections of a set a group
and Sy the trivial group; inverse functions, the uniqueness of inverses, and bijections as
the invertible functions (Sets, Relations, and Cardinality, Definition 1.5.2, Sets, Relations,
and Cardinality, Proposition 1.5.3, Sets, Relations, and Cardinality, Theorem 1.5.4), whose
argument Section 3.1 repeats with functions erased; images (Sets, Relations, and Cardi-
nality, Definition 1.6.1), for the image of a homomorphism; intersections of families (Sets,
Relations, and Cardinality, Definition 1.2.4), for intersections of subgroups.

o From Sets, Relations, and Cardinality, Chapter 2: induction from a base other than 0 (Sets,
Relations, and Cardinality, Theorem 2.2.1), in Section 3.5; the recursion theorem, with its
finite sums and products as the pattern for products of lists in a group and for n! (Sets, Re-
lations, and Cardinality, Theorem 2.3.1, Sets, Relations, and Cardinality, Definition 2.3.1),
in Sections 3.1 and 3.4; equivalence relations and their classes (Sets, Relations, and Cardi-
nality, Definition 2.5.1, Sets, Relations, and Cardinality, Theorem 2.5.1), in review exercise
R4 of Section 3.5. From its Chapter 3: finite sets, subsets and disjoint unions of finite
sets, the pigeonhole principle, and the uniqueness of size (Sets, Relations, and Cardinal-
ity, Definition 3.1.2, Sets, Relations, and Cardinality, Proposition 3.1.6, Sets, Relations,
and Cardinality, Proposition 3.1.5, Sets, Relations, and Cardinality, Corollary 3.1.3, Sets,
Relations, and Cardinality, Corollary 3.1.4), for counting S, for the decomposition into
cycles, and in exercises; a finite set has no proper subset of the same size (Sets, Relations,
and Cardinality, Theorem 3.1.9), in review exercise R3.

e From Number Systems: From N to R, Chapter 2: commutative rings and fields and their
algebra (Number Systems: From \(\nN\) to \(\nR)), Definition 2.3.1, Number Systems:
From \(\nN\) to \(\nR)\), Proposition 2.3.2), whose additive clauses are the group axioms
for (R,+); Z as an ordered commutative ring with a least element in every non-empty set
bounded below (Number Systems: From \(\nN\) to \(\nR\), Theorem 2.3.1, Number
Systems: From \(\nN\) to \(\nR\), Theorem 2.3.4, Number Systems: From \(\nN)\)
to \(\nR\), Proposition 2.3.5, Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.6); every integer as n or —n with n € N (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.2.3), which defines negative powers; the multiples n - a of the
“Multiples” paragraph of its Section 2.3, which Section 3.1 shows to be the multiples of
the group (R, +); and Q as an ordered field (Number Systems: From \(\nN\) to \(\nR)\),
Theorem 2.4.3, Number Systems: From \(\nN\) to \(\nR\), Theorem 2.5.1), with the rule
that the reciprocal of a positive element of an ordered field is positive (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.5.2), used for Q¢ in Sections 3.1 and 3.2 and
for Rsg in Section 3.3.

e From Number Systems: From N to R, Chapter 3: division with remainder, the rules for di-
visibility, and parity (Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.1.2, Number
Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1, Number Systems: From \(\nN)\)
to \(\nR)\), Corollary 3.1.3); integer linear combinations and Bézout’s identity (Number
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Systems: From \(\nN\) to \(\nR\), Definition 3.2.1, Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.2.1, Number Systems: From \(\nN\) to \(\nR\), Corollary 3.2.2),
whose proof is the model for the subgroups of Z and which Section 3.2’s Exercise B3
recovers; ideals, quotient rings and the rings Z/nZ (Number Systems: From \(\nN\) to
\(\nR\), Definition 3.4.1, Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1,
Number Systems: From \(\nN\) to \(\nR\), Definition 3.4.2, Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.3, Number Systems: From \(\nN\) to \(\nR\), Exam-
ple (Multiplication modulo six and modulo five)), the first finite groups of the chapter;
the principal ideals of Z (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.2),
compared with in Section 3.2; and units, the units of Z/nZ, the field Z/pZ and the Chinese
remainder map (Number Systems: From \(\nN\) to \(\nR\), Definition 3.5.1, Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.5.1, Number Systems: From \(\nN)\)
to \(\nR\), Theorem 3.5.2, Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.3).
Section 3.1 also uses the prime factorization (Number Systems: From \(\nN\) to \(\nR)),
Definition 3.3.1) as a second instance of the recursion pattern, and Section 3.2’s Exercise
C3 recovers Number Systems: From \(\nN\) to \(\nR)\), Exercise (B2: The least common
multiple).

e From Number Systems: From N to R, Chapter 5, in examples only: R as an ordered field
(Number Systems: From \(\nN\) to \(\nR)\), Theorem 5.3.3), for the groups (R, +) and
(R>0, ).

o From Logic and Proof: induction and strong induction (Logic and Proof, Axiom 4.2.1,
Logic and Proof, Theorem 4.2.2), from Section 3.2; and, for the two find-the-error exercises
(Exercise C2 of Sections 3.1 and 3.5), the catalogue of moves that are not allowed (Logic
and Proof, Example (What is not allowed)), from Section 5.6.

e From Chapter 1, in examples only: the complex numbers as a field, 2 = —1 with R
identified inside C, the modulus and its product rule, the unit circle T and the roots of unity
tn, (Definition 1.1.1, Proposition 1.1.1, Theorem 1.2.4, Definition 1.2.1, Theorem 1.2.2,
Proposition 1.5.1, Example (Roots of Unity)), for the subgroups T and p, of C\ {0} in
Section 3.2 and the modulus as a homomorphism in Section 3.3.

o From Chapter 2, in examples, remarks and review exercise R1 only: fields (Definition 2.1.1)
and the rule that a product of non-zero elements is non-zero (Theorem 2.1.1); integer multi-
ples in a commutative ring (Lemma 2.5.1), compared with the group multiples in a second-
reading fold of Section 3.1; field homomorphisms (Definition 2.4.1, Proposition 2.4.1), in
the closing remark of Section 3.3; and the characteristic (Definition 2.5.1, Theorem 2.5.3),
which review exercise R1 of Section 3.5 reaches again through the subgroups of Z.

No proof of a result of this chapter uses R, C or Chapter 2. The chapter also pays two debts of
Number Systems: From N to R, Chapter 3: its Exercise C2 of Section 3.4 becomes a theorem
here (Theorem 3.2.4), and its remark that the units of a commutative ring form a group is
proved in Section 3.1 (Proposition 3.1.4). Chapter 4 returns to groups and homomorphisms in
its review exercise R1.

Time. About 25 hours on the core track (all of A, one B and one C per section, the exit checks);
about 35 hours for everything.

Roadmap

e Groups. Four familiar situations with the same three rules; groups, abelian groups and
additive notation; (R,+) for a commutative ring, F'\ {0} for a field, the bijections of a
set, the trivial group and the rotations of a square, with non-examples and the warning to
check closure first; the basic laws, the uniqueness of the identity and of inverses, (ab)~! =
b~ta~!, cancellation and the unique solution of axz = b, proved once; products of lists by
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recursion and the laws that let us drop brackets; integer powers and the power laws, with
(gh)™ = ¢g"h™ only when gh = hg; and the units R* of a commutative ring as an abelian
group, with Z*, (Z/nZ)* and F*.

e Subgroups and the Subgroups of the Integers. Subgroups and the one-condition
subgroup test; examples from Z, Q\ {0}, Z/6Z, (Z/8Z)*, the bijections fixing a point, and
T and p, inside C\ {0}, with minimal-change non-examples; intersections of subgroups,
and a union that is not one; the subgroup (g) generated by one element, the smallest
subgroup containing g, listed explicitly when some g™ = e; and the theorem that the
subgroups of (Z,+) are exactly the sets nZ, each for exactly one n € N, with exercises
recovering Bézout’s identity and the least common multiple.

¢ Homomorphisms and Isomorphisms. Two tables that differ only in names; homo-
morphisms, isomorphisms and kernels, with no clause for the identity, which follows; the
product of two groups; examples Z — Z/nZ, k + g*, conjugation, squaring in an abelian
group, the Chinese remainder map and the modulus, and the non-example x — x + 1;
identities, inverses and powers preserved, kernels and images subgroups; composites and
inverses of homomorphisms, so that = behaves like equality; injective exactly when the
kernel is trivial; isomorphic and non-isomorphic small groups, with the warning that the
same number of elements decides nothing; and a remark on where homomorphisms go
next.

e Permutations and Cycle Notation. The symmetric groups Sx and .S, the support,
two-line notation and products read right to left; cycles and transpositions, computing
with them, S,, not abelian for n > 3, and two warnings, on the order of reading and on
(07)? # 0272; the permutations of n + 1 points fixing the last one as a copy of S,, and
|Sn| = n!; disjoint permutations commute; and every permutation a product of disjoint
cycles, by following the orbit of a moved point and peeling off the cycle found, with a
worked run and exercises on the table of S3, the number of k-cycles, the rotations of a
square and powers of disjoint cycles.

e Transpositions Generate the Symmetric Group. A k-cycle as a product of k — 1
transpositions; every permutation of n > 2 points a product of transpositions, proved by
fixing the last point and inducting, with the route through the cycle decomposition as
a remark; the word is not unique, and the parity of its length, the sign, is left to later
volumes; 3-cycles do not generate Ss3; adjacent transpositions suffice; and review exercises
on the kernel of £ — k- 1p and the characteristic of a field, on Z/6Z, (Z/7Z)* and
Z7.)27 x 7./3Z, on the permutations of a set with finite support, and on an element g # e
with ¢? = e in a group with an even number of elements.

Named moves

e Multiply by the inverse. To remove a factor from one side of an equation in a group,
multiply both sides on the same side by its inverse, then regroup with (G1); there is no
“dividing”, and the side matters because a group need not be abelian. Named in Section
3.1, where it proves the uniqueness of inverses and cancellation (Theorem 3.1.1 (2), (4)).
Section 3.3 uses it to show that a homomorphism sends the identity to the identity and
that a trivial kernel forces injectivity. Exercise B2 of Section 3.1 leaves its last step to you,
and Exercise C1 of Section 3.2 its last half.

o Check closure first. Before checking (G1)-(G3), check that combining two elements
of the set gives an element of the set: closure is not a fourth axiom but is built into
“binary operation”. The warning of Section 3.1 names it, with Z~g under subtraction, and
Example (Not Groups) and Exercise B1 of Section 3.1 show sets that fail at closure before
any axiom is in question. In Section 3.2 the subgroup test packs closure under products
and inverses into the one condition ab~! € H, and Exercise C1 there shows that for a finite
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subset closure under products is enough.

o Least positive element, then divide. In a subgroup of Z other than {0}, take the least
positive element n and divide any element by it: the remainder lies in the subgroup and
is smaller than n, so it is 0. It is the move of Number Systems: From N to R, Section 3.2,
now with only subtraction available. It proves Theorem 3.2.4 in Section 3.2, which turns
Exercises B3 and C3 there into one-line consequences and reaches the characteristic of a
field in review exercise R1 of Section 3.5.

o Follow the orbit, then peel it off. Start at a point the permutation moves and apply it
until the point returns; record the cycle found, remove it, and induct on what is left, which
moves fewer points. Named in Section 3.4, it proves Theorem 3.4.4 there, and Exercise Al
of Section 3.4 runs it by hand. Its one-transposition version, fix one point, then induct,
proves Theorem 3.5.2 in Section 3.5: one swap makes the permutation fix the last point,
and a permutation fixing the last point is a permutation of one point fewer (Lemma 3.4.1).
Exercise Al of Section 3.5 runs it, and its Exercise C1 asks for the proof as an exit check.

3.1 Groups

Several structures met so far behave alike: the integers under addition, the non-zero rationals
under multiplication, the units of Z/nZ (Number Systems: From N to R, Section 3.5), and the
bijections of a set under composition (Sets, Relations, and Cardinality, Chapter 1). This section
names their common structure, a group, and proves its basic laws once, from three axioms, so
that they hold in all of these at once. It then makes two habits honest: dropping brackets from
a product of many factors, and writing powers ¢" with n € Z.

Throughout the chapter N is w, and Z, QQ are the integers and rationals built in Number Systems:
From N to R, Chapter 2. Induction and recursion on N are Logic and Proof, Axiom 4.2.1 and
Sets, Relations, and Cardinality, Theorem 2.3.1, read on w through Number Systems: From
\(\nN\) to \(\nR\), Corollary 1.7.3 (b). Strong induction, Logic and Proof, Theorem 4.2.2,
holds on w too, since its proof uses only Logic and Proof, Axiom 4.2.1 and the order facts
Number Systems: From \(\nN\) to \(\nR\), Theorem 1.6.1 (a), (b), (d).

Four situations side by side

Look at four situations in which two things are combined into a third.

e In (Z,+) we add integers. The integer 0 does nothing, a + 0 = a, and —a undoes a,
a+(—a)=0.

e In Q\ {0} we multiply. The rational 1 does nothing, and a~! undoes a.

o Among the units of Z/12Z, which are [1], [5], [7], [11] by Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.5.1 (the classes of the integers coprime to 12), we multiply classes.
The class [1] does nothing, and each unit undoes itself: [5][5] = [25] = [1], [7][7] = [49] = [1]
and [11][11] = [121] = [1], since 25 =212+ 1,49 =4-12+ 1 and 121 = 10 - 12+ 1.

¢ Among the bijections X — X of a set we compose. The identity map idx does noth-
ing, and each bijection f is undone by its inverse f~! (Sets, Relations, and Cardinality,
Definition 1.5.2).

The objects differ, and so do the ways of combining them, but the rules used are the same three:
the combining is associative, one element changes nothing, and every element can be undone.
So we give the pattern a name.

A group is a set with one way of combining two elements into a third, in which combining is
associative, some element does nothing, and every element can be undone.
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Definition 3.1.1. Group

A group is a set GG together with a binary operation on G, that is, a function G x G — G,
(a,b) — ab (Sets, Relations, and Cardinality, Definition 1.4.1, with G x G the Cartesian
product of Sets, Relations, and Cardinality, Definition 1.3.2), such that:

(G1) (Associativity) (ab)c = a(bc) for all a,b, c € G;

(G2) (Identity) there is an element e € G with ea = ae = a for every a € G;

(G3) (Inverses) for every a € G there is b € G with ab = ba = e, where e is the element
of (G2).

The group is abelian if moreover ab = ba for all a,b € G.

In words: the operation is a function on pairs, so the combination of two elements of G lies
in G again. This “closure” is not a fourth axiom; it is built into the phrase “binary operation
G x G — G”. (G1) says that the two ways of combining three elements in a fixed order agree.
(G2) asks for an element that changes nothing, from both sides. (G3) asks that each element
can be undone, again from both sides, back to that same e.

We write a group as (G, ), or simply G when the operation is clear, and call ab the product of
a and b, whatever the operation is. When the operation is an addition we write a 4+ b, 0 and —a
in place of ab, e and the inverse of a. This additive notation is used only for abelian groups.

Example. Groups
Check that each of (a)—(d) is a group, and decide which are abelian.

(a) (R,+) for a commutative ring R (Number Systems: From \(\nN\) to \(\nR\), Defi-
nition 2.3.1); in particular (Z,+), (Q,+), (R,+) and (Z/nZ,+) for n € Zsy.

b) (Q\{0},-), and (F\ {0},) for any field F'; in particular (Z/pZ\ {[0]},-) for a prime p.
c¢) The set of bijections X — X of a set X, under composition o.
)
)

—~ —~

d

(&

A one-element set {e} with ee = e.

(A fifth situation, described here and checked in Section 3.4.) The four rotations of
a square about its center, by no turn, a quarter turn, a half turn and three quarter
turns. Label the corners 1,2, 3,4 in order around the square; the quarter turn moves
each label to the next corner, which is the bijection ¢ — ¢+ 1 for ¢ < 4, 4 — 1 of
{1,2,3,4}. Two rotations in a row make a rotation, the rotation by no turn changes
nothing, and each rotation is undone by turning back.

—

Solution. (a) Recall the clauses (F1)—(F4) of Number Systems: From \(\nN\) to \(\nR\),
Definition 2.3.1: addition is commutative (F1) and associative (F2), a + 0 = a (F3), and
a+ (—a) = 0 (F4). Addition is a function R x R — R by the definition, so it is a binary
operation. (G1)is (F2). For (G2), a+0=ais (F3), and 04+a = a+0 = a by (F1). For (G3),
a+(—a) =01is (F4), and (—a)+a = 0 by (F1). The group is abelian by (F1). The instances:
Z is a commutative ring by Number Systems: From \(\nN\) to \(\nR\), Theorem 2.3.1,
Q by Number Systems: From \(\nN\) to \(\nR\), Theorem 2.4.3, R by Number Systems:
From \(\nNN\) to \(\nR)\), Theorem 5.3.3, and Z/nZ by Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.3 (a).

(b) Let F be a field (in the form of Number Systems: From \(\nN\) to \(\nR\), Defini-
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tion 2.3.1; Chapter 2 restates the definition as Definition 2.1.1), for instance F' = Q (Number
Systems: From \(\nN\) to \(\nR)\), Theorem 2.4.3). The first thing to check is that multi-
plication lands in F'\ {0}. If z # 0 and y # 0, then x is a unit by (F8), and a unit is not a zero
divisor (the paragraph after Number Systems: From \(\nN\) to \(\nR\), Definition 3.5.1),
so xy # 0. So a product of two non-zero elements is non-zero, and multiplication restricts to
a binary operation on F'\ {0}. (G1) is (F5). For (G2), 1 # 0 in a field, so 1 € F'\ {0}, and
a-1=1-a=aby (F7) and (F6). For (G3), let a # 0; then aa~! = a~'a = 1 by (F8) and
(F6), and a=! # 0, since a~! = 0 would give 1 = a -0 = 0 (Number Systems: From \(\nN))
to \(\nR\), Proposition 2.3.2 (b)). The group is abelian by (F6). For a prime p, Z/pZ is
a field by Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.2, so Z/pZ \ {[0]} is a
group under multiplication.

(¢) Composition of two bijections X — X is a bijection X — X by Sets, Relations, and
Cardinality, Theorem 1.4.4 (c), so o is a binary operation on the set of bijections. (G1) holds
by Sets, Relations, and Cardinality, Proposition 1.4.3, and the same result gives f oidx =
f =1idx of, so idx, a bijection, satisfies (G2). For (G3), a bijection f has a two-sided inverse
f~! by Sets, Relations, and Cardinality, Theorem 1.5.4, with f o f = idy and fof~! =idy
(Sets, Relations, and Cardinality, Definition 1.5.2). These two equations also say that f is
a two-sided inverse of f~!, so f~! is a bijection, again by Sets, Relations, and Cardinality,
Theorem 1.5.4.

Whether it is abelian depends on X; the fold below decides it.

O Second reading - When is the group of bijections abelian?

If X has three distinct elements x,y, z, let f swap = and y and fix every other point, and let
g swap y and z and fix every other point. Each is its own inverse (f o f = idx), so each is a
bijection. Then (fog)(x) = f(z) =y, while (go f)(z) = g(y) =2 #y. So fog# go f, and
the group is not abelian. If X has at most two elements, there are at most two bijections,
idx and the swap, and any two of them commute, since each commutes with idyx and with
itself. Section 3.4 meets this group again for X = {1,...,n} and computes in it.

(d) All three axioms reduce to ee = e: (ee)e = e = e(ee), e is an identity, and e is its own
inverse. This trivial group is the degenerate case. It is abelian, and it reappears in Section
3.2 as the smallest subgroup of every group.

(e) is not checked here. Section 3.4 writes the four rotations as permutations of {1,2,3,4},
and its Exercise B3 shows that they behave exactly like Z /47 under addition.

Remark. The invertible n x n matrices over a field form a group under matrix multiplication;
Spaces and Maps, the chapter “Matrices”, proves it. Nothing in this volume uses it.

Now non-examples, each a minimal change of an example above.

Example. Not Groups
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For each of the following, say which of (G1)—(G3), or the binary operation itself, fails: (Z,-);
(N, +); Z with axb:=a—b; Z/6Z \ {[0]} under multiplication.

Solution. (Z,-). Replace addition by multiplication in (a). Multiplication is a binary opera-
tion on Z, it is associative by (F5), and 1 is an identity by (F7) and (F6) (Number Systems:
From \(\nN\) to \(\nR\), Theorem 2.3.1). But (G3) fails at a = 2: if 2b = 1 for some
b € Z, then 2 | 1, and Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1 (g)
gives 2 =1 or 2 = —1, which is false.

(N, +). Keep addition but shrink Z to N. Addition still lands in N (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.2.3 (a)), it is associative, and 0 is an identity, by (F1)—
(F3) in Z. But (G3) fails at @ = 1: in Z the only b with 1 + b = 0 is —1 (uniqueness of
negatives, Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (a)), and —1 < 0,
so —1 ¢ N by Number Systems: From \(\nN\) to \(\nR\), Theorem 2.3.4 (b).

a*xb:=a—>bonZ. It is a binary operation, but (G1) fails: (1*1)*1=0—1= —1, while
1x(1x1)=1-0=1.

Z/6Z \ {[0]} under multiplication. Replace the prime p of (b) by 6. Here the operation
itself fails: [2] and [3] lie in the set, but [2][3] = [6] = [0] does not (Number Systems: From

\(\nN\) to \(\nR\), Example (Multiplication modulo six and modulo five)), so (G1)—(G3)
are not even in question.

Warning. Check closure first. “Z-g under subtraction” is not a group, and not because
an axiom fails: 1 and 2 are positive integers, but 1 — 2 = —1 is not, so subtraction is not
a binary operation on Zs( at all. Before checking (G1)—(G3), check that combining two
elements of the set gives an element of the set.

The basic laws, proved once

The rules we proved separately for functions (uniqueness of inverses) and for rings (uniqueness
of 0, of —a, of u™!) follow from the three axioms alone. We prove them once:

Theorem 3.1.1. Basic Properties of Groups
Let G be a group and a,b,c € G.
1

2) The inverse of a is unique. We denote it by a

(1)
(2)
(3) (a!)'=aand (ab)~! =b"ta"l.
(4)
(5)

The identity element of G is unique.
—il

4) (Cancellation) If ab = ac, then b = c. If ba = ca, then b = c.

5) The equations ax = b and ya = b have exactly one solution z € G and exactly one
solution y € G: x = a~'b and y = ba~".

Idea. Uniqueness is proved by taking two candidates and showing they are equal. For the
identity, play the two identity properties against each other. For inverses, the only tools are
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(G1)—(G3), so insert e in a clever form and regroup. The candidate b~la~! for the inverse
of ab is found by undoing the last step first, as with putting on socks and then shoes.

Proof. For (1), suppose e and €’ both satisfy (G2). Then e = e€/, using that €’ is an identity,
and ee’ = ¢/, using that e is one. Hence e = €'.

For (2), suppose b and b’ both satisfy (G3) for a: ab = ba = e and ab’ = b'a = e. Multiply
the equation ab’ = e on the left by b, and regroup by (G1):

b=be =bab) = (ba)b' = eb =V,

where the first and last equalities are (G2), and ba = e is used in the fourth.

For (3), the equations aa~! = a~'a = e say that a is an inverse of a~ !, so (a™!)

(2). Next, by (G1) twice, then (G3), (G2) and (G3),

1 =g by

(ab)(b~ta™ 1) = ((ab)b Y at = (a(bb))a™ = (ae)a™! =aa"! =e,

z(m)d i(nbt)he1 san;e 1way1' (b~ ta7Y)(ab) = (b~ta Ha)b = (b (a"ta))b= (b~te)b = b 1b=e. By
2), (ab)™  =b""a"".

For (4), suppose ab = ac. Multiplying on the left by a~! and using (G1),

b=eb=(a"ta)b=a"(ab) =a"(ac) = (e la)c=ec=c.

The second statement follows by multiplying on the right by a=!.

For (5), z = a~ b is a solution, since a(a=1b) = (aa=1)b = eb = b by (G1), (G3) and (G2).
If ax = b and a2’ = b, then az = az’, so x = 2’ by (4). In the same way y = ba~! solves
ya = b, since (ba=1')a = b(a~'a) = b, and it is the only solution by the second half of (4).
This proves the theorem.

Parts (2) and (4) use one move, and we give it a name: multiply by the inverse. To remove
a factor from one side of an equation in a group, multiply both sides on the same side by its
inverse, then regroup with (G1). The side matters, since a group need not be abelian; there is
no “dividing by a”.

Part (2) is the argument of Sets, Relations, and Cardinality, Proposition 1.5.3, that a left inverse
and a right inverse of a function agree, with functions erased; the uniqueness of the inverse of
a unit in Number Systems: From \(\nN\) to \(\nR)\), Definition 3.5.1 is the same argument
once more. Part (1) is the argument for the uniqueness of 0 and 1 in Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (a). That is the point of the definition: a proof that uses
only (G1)-(G3) holds in every group at once.

Products of many factors

Part (3) had to write every bracket out. To write g1g2 - - - g, with no brackets at all, we must
say which product it means, and then check that the brackets do not matter. The definition
uses the recursion that defined finite sums and products of reals.
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Definition 3.1.2. Product of a List

Let G be a group and r € N. A list of length r in G is a function {1,...,r} — G, written
(91, --,9r); for r = 0 it is the empty list. Its product g192 - - - g, € G is given by recursion:
the product of the empty list is e, and

g1+ gj+1:=(91---95) gj+1 for 0 <j <,

where g; - - - g; is the product of the shortened list (g1, ..., g;).

In words: start with e, and multiply on the right by one more entry at each stage. The product
of a list of length 1 is eg; = g1, the product of (g1,92) is g1g2, and g1g2g3 means (g1g2)gs: the
brackets are nested to the left by definition.

This is the recursion of Sets, Relations, and Cardinality, Definition 2.3.1, stated there for prod-
ucts of real numbers and used here as a pattern with the group G in place of R and e in place
of 1, as Number Systems: From N to R, Section 3.3 used it for products of integers (Number
Systems: From \(\nN\) to \(\nR\), Definition 3.3.1). The recursion runs on N by Sets, Rela-
tions, and Cardinality, Theorem 2.3.1, after extending the list by gi = e for k > r; the “Finite
lists” remark after Sets, Relations, and Cardinality, Definition 2.3.1 shows that the products up
to r do not depend on the extension. That remark only multiplies on the right; it never reorders
factors, so it holds in a group that is not abelian.

Proposition 3.1.2. Laws for Products of Lists
Let G be a group, and let (g1,...,9,) and (hq,...,hs) be lists in G.

(a) (Concatenation) (g1---gr)(h1---hs) = g1---grhi---hs, the product of the list
(g1,--+59r,h1,...,hs) of length r + s.

(b) (Brackets) If r > 1, every bracketing of g1, ..., g., in this order, has the value g; - - - g,

(c) (Inverses) (g1---g-) ‘=g ' g "

Here a bracketing of a list of length » > 1 is a way of inserting brackets, built by one rule:
a single entry g; is a bracketing of (g1), with value g1; and for r > 2, a bracketing is (B)(B’),
where B is a bracketing of a first part (g1,...,9x) with 1 < k < r and B’ is a bracketing of
the rest (gxi1,-..,9r), with value the product of their values. For instance, (g192)(g3g4) and
91(92(g394)) are bracketings of a list of length 4.

Idea. Each part is an induction that follows the recursion. For (a), induct on the length s of
the second list: adding one entry to it multiplies both sides on the right by that entry, and
(G1) moves the bracket. For (b), the outermost product of a bracketing joins two shorter
bracketings, which the induction hypothesis turns into list products, and (a) joins those. For
(c), part (3) of Theorem 3.1.1 reverses two factors at a time.

Proof.

(a) Fix the list (¢1,...,9,) and write P := g;---g,. We prove the statement for every
list (h1,...,hs) by Logic and Proof, Axiom 4.2.1 on s. For s = 0, the right side is
the product of (g1,...,g,) itself, and the left side is Pe = P by (G2). Suppose the
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statement holds for lists of length s, and let (hq,...,hs11) be a list. Then

P(hl : "hs+1) = P((hl "'hS)herl) = (P (hl"'hS))herl
2(91"'grh1"'h5)h5+1291"'grh1"'hs+1,

by the recursion of Definition 3.1.2, then (G1), then the induction hypothesis for the
shortened list (hy,...,hs), and finally the recursion for the concatenated list at its last
entry, hsi1.

Parts (b) and (c) are proved in the fold below. This proves (a).

O Second reading - Proofs of (b) and (c): brackets and inverses

Proof.

(b) We use Logic and Proof, Theorem 4.2.2 on r, for the property “if r > 1, every bracketing
of every list of length r has the value g; ---g,”; for r = 0 there is nothing to prove.
Let » > 1, and suppose the property holds for every smaller length. If + = 1, the only
bracketing is g1, and g1 = eg; is the product of (g1) by (G2) and the recursion. If
r > 2, a bracketing is (B)(B’) with B a bracketing of (g1,...,gx) and B’ a bracketing
of (gk+1,---,9r), where 1 < k < r. Both lengths, k and r — k, are at least 1 and smaller
than r, so by the hypothesis the value of B is ¢g; - - - gx and the value of B’ is gg11 -+ gr-
By (a), their product is the product of the concatenated list, which is (g1,...,g,). So
the value of (B)(B') is g1 - - - g». This completes the induction.

(¢) By Logic and Proof, Axiom 4.2.1 on r. For » = 0, both sides are e, since ee = e makes
e its own inverse (Theorem 3.1.1 (2)). Suppose the statement holds for lists of length
r, and let (g1,...,9r+1) be a list. Then

_ =1l - -
(91 000 gr—l—l) = ((91 T gr) gr+1) = gr—i}l (gl e g’") !

-1 (-1 ~1 -1 -1 ~1
=91 (9 91 ) =919 91
by the recursion, Theorem 3.1.1 (3), the induction hypothesis, and (a) with the list
(9, J:I) of length 1, whose product is g, ﬁl. This proves the proposition.

By part (b), from now on we drop brackets from products in a group, regrouping in any
way that keeps the order of the factors. The order itself may not change, unless the group is
abelian (Exercise C3).

Integer powers

The commonest list is a constant one. A product of n copies of g is the power ¢g", and the
inverse of g deserves to be a power too.
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Definition 3.1.3. Integer Powers

Let G be a group and g € G. For n € N, the power ¢" is the product of the constant list
(g,...,9) of length n; so

@ =e, gt =g"g forneN.

For n € Z with n < 0, write n = —m with m € N (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.2.3 (c)), and set g" := (g~ !)™. In additive notation the power is the
multiplen-¢g: 0-g=0,(n+1)-g=n-g+g,and (—m)-g=m-(—g).

The two clauses do not overlap, since n < 0 and n € N exclude each other (Number Systems:
From \(\nN\) to \(\nR\), Theorem 2.3.4 (b)), and for n < 0 the m is —n, so g" is well defined.
The new notation agrees with the old one: g' = eg = g, and g~! = (¢g7!)! is the inverse of g.

So g2 =gg and g -2 = g_lg_l.

The power laws look like school algebra, but the school proofs commute factors; here only (d)
may, and it says so:
Proposition 3.1.3. Power Laws in a Group

Let G be a group, g, h € G and m,n € Z.

(a) mgn — m+n.

(b) (™) =g = (g™

(©) (g™)" =g™.

(d) If gh = hg, then (gh)" = g"h™.

(e) Let R be a commutative ring. In the group (R, +), for a € R and n € N, the multiple

n - a of Definition 3.1.3 is the multiple n - a of Number Systems: From N to R, Section
2.3. In (Z,+), n - a = na, the product in the ring Z, for all n,a € Z.

Idea. For exponents in N, a power is a list product, and (a) is concatenation. Negative
exponents are reduced to natural ones by one fact: g” and (¢g~!)™ are inverse to each other,
because the factors cancel in pairs from the middle out, g---gg~'---¢g~' = e. With that,
each sign case of (a) is a natural-number case for g or for g~!. Parts (c) and (d) are inductions

on n € N, extended to n < 0 by (b).

O Second reading - Proof of the power laws

Proof. (a) for m,n € N. The left side is the product of the constant list of length m times
that of length n. By Proposition 3.1.2 (a) it is the product of the concatenated list, the
constant list of length m -+ n, which is g™*™.

(b). First let m € N. We show ¢g™(g~ )™ = e by Logic and Proof, Axiom 4.2.1 on m. For
m = 0, ee = e. For the step, ¢! = glg™ = g¢™ by (a) on N, and (¢~ 1)+l = (g~ 1)mg~!
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by the definition, so, dropping brackets (Proposition 3.1.2 (b)),

1

Y =g(g™(g )™ g =geg ' =e.

—1)m+1

g 9

So x = (g~1)™ solves g™x = e. By Theorem 3.1.1 (5) the only solution is (¢") 'e = (¢™)~;
hence (¢g™)~! = (¢g~1)™. This is also g~™: for m > 0 by the definition of negative powers,
and for m = 0 because ¢° = e = (g71)°.

Now let m < 0, and write m = —k with k¥ € N. By the definition, g (g R, The Case Just

~1 and the exponent k, gives ((g~ ) =((g~ ) = g,
by Theorem 3.1.1 (3). So (¢™)~! = ¢* = g~™. Finally (¢-1)™ = ((¢7 1)~ 1) = g”€ by the
s

definition of negative powers, applied to the element g—!. This proves (b). In particular,

proved, applied to the element g

(g7 =g* forevery p € Z. (+)

(a) in general. We first show, for m, k € N,

m —k mfk‘ (**)

By (b), g% = (¢~ 1)*, and ¢*(¢~")* = e (shown in (b)). If m > k, then m — k € N and
g™ = g™ Fg" by (a) on N, so g™ (g )k = gmFgF(g=1)k = g™k If m < k, then k —m € N,
and (g_l)k = (g7)™(¢~H¥ ™ by (a) on N for the element g~!; since g™ (g~ 1)™ = e, we get
g™ (gTHk = (g7 = g = gk by (x).

1 —1)—1 _

Now let m,n € Z, and write u := g~ ", so that g? = u™P for every p € Z by (x) and (g
g. There are four cases. If m,n > 0, thisis (a) on N. If m > 0 > n, write n = —k; this is ().
If m < 0 < n, write m = —j; then ¢™g" = w/u™" = u/™" = g"~J = g™ by (xx) for u and
then (x). If m,n < 0, write m = —j, n = —k; then ¢"g" = wul = uitk = g=U+k) = gm+n
by (a) on N for u and (*). The identities between exponents used here, such as n—j = m+n,
are ring arithmetic in Z (Number Systems: From \(\nN\) to \(\nR\), Theorem 2.3.1).

(c). For n € N, by Logic and Proof, Axiom 4.2.1 on n: (¢™)° = e = ¢°, and (¢™)"*! =
(g™)g™ = gmrg™ = gmntm = g™+ by the definition, the hypothesis, (a), and (F9) in
Z. For n < 0, write n = —k; then

by the definition, (b), the case k € N for the exponent —m, and Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (c).

(d). Suppose gh = hg. First, gh™ = h™g for n € N, by Logic and Proof, Axiom 4.2.1: for
n = 0 both sides are g, and gh"*t! = (gh™)h = h"gh = h"hg = h"*1g. Next, (gh)" = g"h"
for n € N, again by induction: for n = 0 both sides are e, and

(gh)"*" = (gh)" gh = g"h"gh = g"gh"h = "' h"*,

using h"g = gh™ and (a). For n < 0, write n = —k. Taking inverses in gh = hg gives
h=tg=! = g7'h~! (Theorem 3.1.1 (3)), so g~! and h~! commute too. Hence

(gh)" = ((gh) ™) = (" lg™HF = (g7t HF = (¢ Y)F = gnhn,

by the definition, Theorem 3.1.1 (3), the commuting just shown, the case k¥ € N for the
commuting pair ¢~ !, h~!, and the definition again.
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(e). For n € N, both multiples are given by the same two clauses, 0-a =0and (n+1)-a =
n - a4+ a, so they are the same function N — R by the uniqueness in Sets, Relations, and
Cardinality, Theorem 2.3.1. In Z, Number Systems: From N to R, Section 2.3 shows n-a = na
for n € N (the paragraph “Multiples”, before Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.5). For n = —m with m € N, (—=m) -a = m - (—a) = m(—a) = (—m)a,
by Definition 3.1.3, the case n € N, and Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.2 (c). This proves the proposition.

Part (d) needs gh = hg: without it the law fails, and Section 3.4 exhibits a failure with two
permutations of {1,2,3}.

O Second reading - Multiples in Chapters 2 and 3 agree

Remark. For n = —m < 0, part (b) in additive notation reads m - (—a) = —(m - a), so the
multiple (—m) - a = m - (—a) of Definition 3.1.3 equals —(m - a). That is how Section 2.5
defines n - a for n < 0 in a commutative ring. So “n -a” means the same thing in Chapters 2
and 3 for every n € Z, and the identities of Lemma 2.5.1 apply to the multiples of the group
(R,+). No proof in this chapter rests on this comparison; Exercise R1 of Section 3.5 needs
only part (e).

The units of a commutative ring form a
group

Number Systems: From N to R, Section 3.5 found the units of a commutative ring R, the elements
u with uv = 1 for some v € R (Number Systems: From \(\nN\) to \(\nR\), Definition 3.5.1),
and showed in the paragraph after the definition that 1 is a unit, that products and inverses of
units are units, and that the inverse v ! is unique. In the language of this section:

Proposition 3.1.4. The Units Form a Group

Let R be a commutative ring. Then R*, the set of units of R, is an abelian group under the

multiplication of R, with identity 1, and the inverse of v in this group is u .

Proof. By the paragraph after Number Systems: From \(\nN\) to \(\nR)\), Definition 3.5.1,
a product of two units is a unit, so multiplication restricts to a binary operation on R*. (G1)
holds by (F5) of Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1. For (G2), 1
isa unit since 1-1=1,and u-1=1-u=u by (F7) and (F6). For (G3), let u € R*. Then
uu~! = u~lu = 1 by Number Systems: From \(\nN\) to \(\nR)\), Definition 3.5.1 and (F6),
and u~! is itself a unit, by the same paragraph. The group is abelian by (F6). This proves
the proposition.
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So the third situation at the start of the section was the group (Z/12Z)*. More examples:

o Z* = {1,—1} (the examples after Number Systems: From \(\nN\) to \(\nR\), Defini-
tion 3.5.1), a group with two elements.

o (Z/nZ)* = {[a] : ged(a,n) = 1} for n € Zso, by Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.5.1. For n = 8 it is {[1],[3],[5],[7]}, and every element is its own
inverse: [3][3] = [9] = [1], [5][5] = [25] = [1], [7][7] = [49] = [1].

o F* = F\ {0} for a field F: every non-zero element is a unit by (F8), and 0 is not, since
0-v=0% 1 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)). So the
group of Example (Groups) (b) is F*.

Quick check. In (Z/7Z)*, find [3]~! and [3]72.

Solution. [3]7! = [5], since 3-5 = 15 = 2-7 + 1, so [3][5] = [1]. By Definition 3.1.3,
[3]72 = ([3]71)* = [5][5] = [25] = [4], since 25 = 3- 7+ 4. Check: [3]?[4] = [9][4] = [36] = [1],
as 36 =5-7+1.

Exercises

3.1.6.1 A. Check your understanding

Exercise. Al

(a) State the axioms (G1)—(G3), and say where in the definition of a group closure is
required.

(b) Is Z with a xb:=a+ b+ 1 a group? Justify your answer.
(c) True or false: in every group, (ab)~! = a~'b~!. Justify your answer.
(d) Compute 3 - [5] and (—2) - [5] in the group (Z/7Z,+).

Solution.

(a) (G1) (ab)c = a(be) for all a,b,c € G; (G2) there is e € G with ea = ae = a for every
a € G; (G3) for every a € G there is b € G with ab = ba = e. Closure is not an axiom
of its own: it is required by “binary operation”; a function G x G — G, whose values
lie in G.

(b) Yes. The rule is a function Z x Z — Z. (G1): both (a*b)xc=(a+b+1)+c+1 and
ax(bxc)=a+(b+c+1)+1equala+b+c+2, by (F1) and (F2). (G2): e = —1
works, since a ¥ (—=1) =a+ (—1) +1 =a and (—1) * a = a likewise. (G3): the inverse
of ais —a — 2, since a * (—a —2) =a—a— 2+ 1= —1, and the other order gives the
same by (F1). It is abelian, sincea+b+1=b+a+ 1.

(c) False. Let f and g be the bijections of {1,2,3} with f swapping 1,2 and g swapping
2,3, each fixing the third point; each is its own inverse. Then f o g sends 1 — 2,
2 — 3, 3 — 1 (for instance (f o g)(2) = f(3) = 3), so its inverse sends 1 — 3.
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ut f~lo = fogsends 1+ 2. So (fog)™t # f~1og™!. The correct rule is
( ) b = b la_l (Theorem 3.1.1 (3)); in an abelian group b=la=! = a~!b71, so there
the statement is true.

(d) By Definition 3.1.3, 3 - [5] = [5] + [5] + [5] = [15] = [1], since 15 = 2-7 + 1. Next
—[B] =[5 =2}, 50 (=2) - [5] =2 [2] = [4].

3.1.6.2 B. Practice

Exercise. B1: Groups or not
Determine which of the following are groups. Justify your answer.

(a) Qs under multiplication.

(b) {1,—-1} C Z under multiplication.

(c) The odd integers under addition.

(d) {[1],[3],[5],[7]} € Z/8Z under multiplication.
)

(e) Z/6Z\ {[|0]} under multiplication.

Solution.

(a) A group. Q is an ordered field (Number Systems: From \(\nN\) to \(\nR\), Theo-
rem 2.5.1), so a product of positive rationals is positive by (O4), and multiplication is
a binary operation on Qsg. Associativity is (F5), and 1 > 0 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (e)) is an identity. For z > 0, 27! exists since
x # 0, and 2! > 0 by Number Systems: From \(\nN\) to \(\nR)), Proposition 2.5.2
(a). So the inverse stays in Qxo.

(b) A group: it is Z*, a group by Proposition 3.1.4.

(c) Not a group: addition is not a binary operation on the odd integers, since 1 + 1 = 2
is even and so not odd (Number Systems: From \(\nN\) to \(\nR)\), Corollary 3.1.3

(a))-
(d) A group: it is (Z/8Z)* (the examples after Proposition 3.1.4), and every element is its
own inverse.

(e) Not a group: [2][3] = [0], so multiplication is not a binary operation on the set (Example
(Not Groups)).

Exercise. B2: An element equal to its square
Let G be a group and g € G with gg = g. Prove that g = e.
The first step is given: by (G2), gg = g = ge.

The last step is blank. Name the move, then complete it.

Solution. The move is multiply by the inverse: g appears on the left of both sides, so
multiply both sides on the left by ¢~' and regroup.

Completion: from gg = ge, cancellation (Theorem 3.1.1 (4)) gives g = e. Written out,
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9=1(9""9)9=9"(99) =9 (ge) = (g7 'g)e =e.

Exercise. B3: Powers of a conjugate

Let G be a group and g, h € G. Prove that (ghg=!)" = gh™g~! for every n € Z.

Solution. Forn € N, by Logic and Proof, Axiom 4.2.1 on n. For n = 0, both sides are e, since
geg~' = gg~! = e. Suppose (ghg~)™ = gh™g~'. Then, dropping brackets (Proposition 3.1.2

(b)),
(ghg™ )" = (ghg )" ghg™ = gh™g 'ghg~" = gh"hg~* = gh" g1,

by Definition 3.1.3, the hypothesis, g~'¢g = e, and Definition 3.1.3 again.

For n < 0, write n = —k with k£ € N. By Proposition 3.1.3 (b), the case just proved, and
Proposition 3.1.2 (c),

(ghg )" = ((ghg )F) ™ = (ghFg 1)L = (¢ )1 ()Tt = ghFg Y,

where the last step uses Theorem 3.1.1 (3) and Proposition 3.1.3 (b). This proves the identity
for every n € Z.

3.1.6.3 C. Going deeper

Exercise. C1: Exit check: the basic laws of a group

Prove parts (1)—(3) of Theorem 3.1.1 from (G1)—(G3) only: the identity is unique; the inverse
of each element is unique; and (a=!)~! = a, (ab)™! =b"la"L.

Solution (Hint 1). For uniqueness, take two candidates and compute one expression in two
ways.

Solution (Hint 2). For inverses, let b and b’ both be inverses of a, and start from b = be.

Solution. The proof of (1)—(3) in Theorem 3.1.1 is a complete answer. In outline: two
identities e, ¢’ give e = e¢’ = €’; two inverses b, b’ of a give b = be = b(ab’) = (ba)t/ = eb/ = ¥V';
a is an inverse of a~!, so (a7!)~! = a by uniqueness; and (ab)(b~ta™1) = ((ab)b~!)a! =
(a(bb1))a"t = e and (b71a)(ab) = ((b~ta H)a)b = (b~ (a"ta))b = e, so (ab)~! = b~ ta™!
by uniqueness.

Marking scheme. (10 points) - 2: uniqueness of the identity, with each of the two identity
properties named where it is used. - 3: uniqueness of inverses, by inserting e = ab’ (or an
equivalent use of (G2) and (G3)) and regrouping, with each step named. - 1: (a=1)~!
a, by reading aa~! = a~la = e as “a is an inverse of a~!” and citing uniqueness. -
(ab)(b"ta™!) = e, with (G1) named, and (b~'a~')(ab) = e. - 1: the conclusion (ab)~*

b='a~!, citing uniqueness of inverses. Fatal errors (0 for the step): using commutativity;

I
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“dividing” by an element. Checking only one product earns 1 of those 3 points (not fatal),
or all 4 points for (ab)~! with a proof from (G1)—(G3) that a one-sided inverse is the inverse
(ry = e or yz = e implies y = #~1). A proof of uniqueness of inverses through cancellation
earns the 3 points only if cancellation is itself proved from (G1)-(G3).

Exercise. C2: Find the error

Here is a statement and an argument for it.

Claim. In every group, (ab)~! =b"ta"!.

Argument. (1) By (G1)-(G3), (b"ta 1) (ab) =b (a ta)b=b"teb =b"1b =e.
(2) Since xy = yx for all z,y in a group, also (ab)(b~'a™!) = (b La=1)(ab) =

(3) So b=ta~!is a two-sided inverse of ab, and (ab)~! = b~ta~! by uniqueness of

inverses.

Is the claim true? Does the argument prove it? If not, name the line that fails, explain why,
and give a counterexample to the step.

Solution. The claim is true: it is Theorem 3.1.1 (3). The argument does not prove it.

Lines (1) and (3) are correct. The failing line is (2), and only (2). It rests on the general
“fact” that any two elements of a group commute. That is not an axiom, it has not been
proved, and it is false, so the line cites nothing: entry (N9) of Logic and Proof, Example
(What is not allowed). A counterexample to the step: the bijections f, g of {1,2,3} in Al
(c), with (fog)(1) =2 and (go f)(1) = g(2) =3, s0 fog # go f. There is no counterexample
to the conclusion, which is true.

The repair is to compute the second product as the first one was computed, with (G1):
(ab)(b~ta™t) = a(bb~Ya™! = aea™! = aa™! = e. Alternatively, line (1) alone suffices: it
says that b~la~! solves y(ab) = e, whose only solution is e(ab) ™! = (ab)~! by Theorem 3.1.1

(5)-

Exercise. C3: Rearranging in an abelian group
Let G be an abelian group and (g1, ...,¢9,) a list in G with r > 2.

(a) Prove that swapping two adjacent entries g¢;,gi+1 (1 < ¢ < r) does not change the
product of the list.

(b) Deduce that the product does not change under any rearrangement obtained by finitely
many such adjacent swaps.

Solution.

(a) By Proposition 3.1.2 (a) and (b), the product of the list is the bracketing

(91 9i-1)(9igi+1)(gi+2 "~ gr),

where an empty product is e. The list with g; and g;+1 swapped has, in the same way,
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the product (g1 - gi—1)(9i+19i)(git+2 - - - gr). Since G is abelian, g;gi+1 = ¢i+19i, S0 the
two products are equal.

(b) By Logic and Proof, Axiom 4.2.1 on the number k of swaps: for & = 0 the list is
unchanged, and a rearrangement by k-1 swaps is one swap applied to a rearrangement
by k swaps, whose product equals the original product by the hypothesis; the last swap
does not change the product, by (a).

Section 3.5 proves that every permutation of {1,...,7} is a product of adjacent transposi-
tions; read for lists, every rearrangement is obtained by adjacent swaps, and so the product
of a list in an abelian group does not depend on the order of the factors.

Marking scheme. (10 points) - 3: (a) brackets both products as (g1 -+ ¢i—1)(*)(gi+2 - gr),
citing Proposition 3.1.2, with the empty product read as e when ¢ = 1 or i+ 1 =1r. - 2
(a) uses gigi+1 = gi+19; (abelian) to conclude that the products agree. - 1: (b) names the
induction and its variable, the number of swaps. - 2: (b) base case: zero swaps leave the list
unchanged. - 2: (b) step: writes a rearrangement by k 4+ 1 swaps as one swap after k swaps
and applies (a) to the intermediate list. Fatal errors (0 for the step): (a) swaps the two
entries inside a product written without brackets, with no appeal to the list-product laws;
(b) “and so on” in place of an induction.

3.2 Subgroups and the Subgroups of the
Integers

Section 3.1 defined groups and proved their basic laws. After a structure comes the substructure.
The even integers sit inside (Z,4) and form a group on their own, with the same addition; so
do the multiples of 7, of 12, and of 0, which is just {0}. Are there any other subgroups of
7?7 Number Systems: From N to R, Section 3.4 answered the same question for ideals, which
are closed under multiplication by every integer (Number Systems: From \(\nN\) to \(\nR)),
Theorem 3.4.2). Here the multiplication is gone, and the answer is the same: this section proves
that the subgroups of (Z,+) are exactly the sets nZ with n € N.

Subgroups

A subset of a group can fail to be a group with the inherited operation in three ways: a product
can leave it, the identity can be missing, or an inverse can be missing. The definition rules out
all three.

A subgroup is a subset that contains the identity and is closed under products and inverses.

Definition 3.2.1. Subgroup

Let G be a group. A subset H C G is a subgroup of G ife € H,and ab€ H and a~' € H
for all a,b € H.

In words: the identity of G is in H; multiplying two elements of H never leaves H; and the
inverse in GG of an element of H lies in H. We say “H is a subgroup of G” in words and use no
symbol for it; in this chapter < always means the order of Z.

Then the operation of G restricts to a binary operation H x H — H, and H is a group with it:
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(G1) holds in H because it holds in G, and (G2), (G3) hold because e and the inverses lie in H.
The identity of the group H is the identity e of GG, and the inverse of a in H is its inverse in G,
by the uniqueness in Theorem 3.1.1 (1) and (2). Three conditions are a lot to check; in practice
one checks that H is non-empty and a single combined condition.

Theorem 3.2.1. Subgroup Test

Let G be a group and H C G. Then H is a subgroup of G if and only if H # () and ab~! € H
for all a,b € H.

Proof. (=) If H is a subgroup, then e € H, so H # (). For a,b € H we have b=! € H, and
then ab~! € H, since H is closed under products.

(<) Suppose H # () and ab~! € H for all a,b € H. Pick h € H. Taking a = b = h gives
e=hh~' € H. For b € H, taking a = e gives b=! = eb~! € H. For a,b € H, we now know
b=l € H,s0 ab=a(b~1)"! € H by Theorem 3.1.1 (3). Hence H is a subgroup. This proves
the theorem.

In additive notation the test reads: H # 0 and a—b € H for all a,b € H, where a—b := a+ ().

Example. Subgroups
Check that each of the following is a subgroup.

(a) {e} and G, in any group G.
(b) nZ in (Z,+), for n € Z; more generally aZ + bZ, for a,b € Z (Number Systems: From
\(\nN\) to \(\nR\), Definition 3.2.1).

(c¢) {1,—1} and Qs in (Q\ {0}, ).

(d) {[0], 2], [4]} in (Z/6Z,+); {[1],[3]} in (Z/8Z)*.

(e) In the group of bijections of a set X (Example (Groups) (c)), the bijections o that fix
a chosen point zg € X, that is, o(z¢) = .

(f) {1,4,—1,—i}, the unit circle T, and, for n > 1, the set p, of n-th roots of unity, in
(C\ {0},-) (Chapter 1).

Solution. In each case we use Theorem 3.2.1, or Definition 3.2.1 directly.

(a) {e} is non-empty, and ee™! = e. G is non-empty, since e € G, and ab~! € G because
the operation is a binary operation. The trivial subgroup {e} is the smallest subgroup of
every group: by the definition, every subgroup contains e.

(b) 0 = On € nZ (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b), with
(F6)). For kn,ln € nZ,

kn—In=kn+ (=l)n=(k —I)n € nZ,

by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (c), then (F9) with (F6).
In the same way 0 = a0 + b0 € aZ + bZ, and (ax + by) — (az’ + by') = a(z — ') + b(y — /).
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So both are subgroups, by the additive form of the test. For instance 27Z is the set of even
integers, and 0Z = {0}.

(c) For {1,—1}: (—=1)(—=1) = 1 (Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.2 (c)), so each of 1, —1 is its own inverse, and the products 1-1=1,1-(-1) = —1,
(=1)(=1) = 1 lie in the set; so it is a subgroup by the definition. For Q=¢: it contains 1,
which is positive (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e)). Let
a,b > 0. Then b=! > 0 by Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.5.2
(a). So ab~! > 0 by (0O4), Q being an ordered field (Number Systems: From \(\nN\) to
\(\nR\), Theorem 2.5.1).

(d) For classes, [a] —[b] = [a—b] (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1
(b)). For a,b € {0,2,4}, the difference a — b is one of 0, £2, +4, and [-2] = [4], [-4] = [2] in
Z/6Z (since 6 | —2 —4 and 6 | —4 — 2). So every difference lies in {[0], [2], [4]}. For {[1],[3]}:
[3]7! = [3], since [3][3] = [9] = [1], so the four quotients [1][1]~* = [1], [1][3]~' = [3],
[3][1]71 = [3], [3][3] ! = [1] lie in the set.

(e) The identity map fixes xg, so the set is non-empty. Let o and 7 fix 29. Applying 7! to
7(z0) = 20 gives zg = 7 (x0), 50 (0077 1) (z0) = o(x) = 7. Section 3.4 uses this subgroup
for X ={1,...,n+1} and xg =n + 1.

(f) C is a field (Theorem 1.2.4), so (C\ {0}, ) is a group by Example (Groups) (b). Recall
that 72 = —1 (Proposition 1.1.1, with the identification of R inside C made after it).

For {1,i,—1,—i}: products of two of £1 are +1, products of +£1 with +i are +i, and
products of two of +i are +i%2 = F1 (signs by Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.2 (c)). So the set is closed under products, and it contains 1. Each of 1, —1
is its own inverse, and i(—i) = —i? =1, s0i~! = —i and (—i)~! = i. It is a subgroup by the
definition.

For T = {u € C : |u| = 1}: by Proposition 1.5.1 (a), which rests on the modulus rule
|zw| = |z||w| of Theorem 1.2.2 (d), 1 € T, uv € T for u,v € T, and each u € T is non-zero
with u™! =@ € T. So T C C\ {0}, and T is a subgroup by the definition.

For pi,,, the set of z € C with 2™ = 1 (Chapter 1’s notation, after Example (Roots of Unity)):
0 & jin, since 0" =0""1.0=0#1for n > 1; s0 p, C C\ {0}, and there 2" is the power of
Definition 3.1.3, defined by the same recursion. Also 1 € p,. For {,n € py,, since C\ {0} is
abelian,

Cn =)= =111 =1,

by Proposition 3.1.3 (d) and (b). So (n~! € pun, and pu, is a subgroup by the test. Chapter
1 also notes that p, C T. Its Section 1.6, Exercise R2 builds a bijection Z/nZ — p, that
sends sums to products; in the words of Section 3.3 this is an isomorphism of groups. That
exercise rests on the facts about cosine and sine that Chapter 1 borrows, and nothing in this
chapter cites it.

Now non-examples, each a minimal change of an example. The set N C Z contains 0 and is
closed under +, but 0 —1 = —1 ¢ N: the inverses are missing. The odd integers fail more badly:
they do not contain 0, which is even (0 = 2-0) and so not odd (Number Systems: From \(\nN\)
to \(\nR\), Corollary 3.1.3 (a)). And Z~¢ C Q¢ is non-empty and closed under multiplication,
but 27! = 1/2 ¢ Z: an integer m with 2m = 1 would make 1 even, and 1 = 2-0+1 is odd. Each
fails the test at one clause, and each is an infinite set; for a finite non-empty subset, closure
under products alone suffices (Exercise C1).
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Subgroups can be combined. If two subgroups are given, the elements they share form a subgroup
again, and so do the elements shared by any family of subgroups:
Proposition 3.2.2. Intersections of Subgroups

Let G be a group and (H;)ics a family of subgroups of G. Then (;c; H;, taken inside G
(Sets, Relations, and Cardinality, Definition 1.2.4 (b)), is a subgroup of G.

Proof. Write H := (;c; H;. Since e € G and e € H; for every i € I, e € H, so H # (). Let
a,b € H. Then ab~! € G, and for each i € I, a,b € H;, so ab~! € H; by Theorem 3.2.1
applied to the subgroup H;. Hence ab~!' € H, and H is a subgroup by Theorem 3.2.1. This
proves the proposition.

For the empty family the intersection is G itself, which is a subgroup.

Warning. A union of two subgroups need not be a subgroup. 2Z U 3Z contains 3 and 2, but
not 3—2=1: 1¢ 2Z and 1 ¢ 3Z, since neither 2 nor 3 divides 1 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 3.1.1 (g)). Intersections are safe; unions are not.

The subgroup generated by one element

Fix g € G. Which subgroups contain g7 Each of them contains gg, ggg, ..., and their inverses,
so it contains every power ¢g". The powers themselves form a subgroup, and so they are the
smallest possible answer.

Definition 3.2.2. Subgroup Generated by an Element

Let G be a group and g € G. The subgroup generated by g is
(9) ={g" :n €},
with the powers of Definition 3.1.3. In additive notation, (a) = {n-a:n € Z}.
In (Z,+), (n) ={k-n:ke€Z} ={kn:k € Z} = nZ, since the group multiple k - n is the
product kn (Proposition 3.1.3 (e)). The name is justified by the next result.

Proposition 3.2.3. The Subgroup Generated by an Element

Let G be a group and g € G. Then (g) is an abelian subgroup of G that contains g, and
every subgroup of G that contains g contains (g).

Idea. Both halves are the power laws at work. The test asks for ¢g™(¢g")~!, which the
laws turn into the single power ¢™~". Conversely, a subgroup containing g is closed under
products and inverses, and every power is built from ¢ by those two operations.
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Proof. First, g = g' € (g), so (g) # 0. For g™, g" € (g),

by Proposition 3.1.3 (b) and (a); so (g) is a subgroup by Theorem 3.2.1. It is abelian:
gmgt = g"mtn = g"t™ = g"g™ by Proposition 3.1.3 (a) and (F1) in Z.

Now let H be a subgroup of G with ¢ € H. By Logic and Proof, Axiom 4.2.1, g" € H for
every n € N: ¢ = e € H, and if ¢" € H, then ¢"t! = ¢g"g € H, since H is closed under
products. For n € N, also g~" = (¢")~! € H (Proposition 3.1.3 (b)), since H is closed under
inverses. Every integer is n or —n for some n € N (Number Systems: From \(\nN)\) to
\(\nR\), Proposition 2.2.3 (c)), so (¢9) € H. This proves the proposition.

So (g) is the smallest subgroup containing g. A group that equals (g) for one of its elements g
is called cyclic; Groups, the chapter “Cyclic Groups”, studies these groups and the least m > 1
with ¢ =e.

Examples. If g™ = e for some m > 1, the subgroup (g) is finite and easy to list. Indeed, divide
any n € Z by m: n = gm + r with 0 < r < m (Number Systems: From \(\nN\) to \(\nR\),
Theorem 3.1.2 (a)). Then

g"=g"g" = (9")1g" =elg" =g ,

by Proposition 3.1.3 (a) and (c), and e? = (¢°)¢ 0
{907917‘--797%_1}-

o In (Z/6Z,+), k - [2] = [2k] for kK € N, by Proposition 3.1.3 (c) and (e) and Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (d), where (e) identifies the group
multiples with the ring multiples to which (d) applies: k- (2 - [1]) = (2k) - [1] = [2k]. So
the multiples are [0], [2], [4], and 3 - [2] = [6] = [0]. By the paragraph above (with m = 3),
([2]) = {[0], 2], [4]}, the subgroup of Example (Subgroups) (d).

o In (Z/7Z)*, the powers of [2] are [1],[2],[4], and [2]3 = [8] = [1]. So ([2]) = {[1],[2], [4]}

e In (Z/7Z)*, the powers [3]!,...,[3]® are [3],[2],[6],[4],[5],[1], each obtained from the one
before by multiplying by [3] (for instance [6][3] = [18] = [4]). Since Z/7Z is a field
(Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.2), (Z/7Z)* = (Z/7Z) \ {[0]},
as in any field (the paragraph “Why this definition” after Number Systems: From \(\nN\)
to \(\nR\), Definition 3.5.1), so it has the six elements [1],.. ., [6] (Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.3 (b)), and all of them are powers of [3]: ([3]) = (Z/7Z)*.

e by (c) again. So (g9) =

I
Q
I

The subgroups of the integers

Every set nZ = (n) is a subgroup of (Z,+). The theorem says that there are no others, and
that n is determined by the subgroup.

Theorem 3.2.4. Subgroups of the Integers

Let H be a subgroup of (Z,+). Then H = nZ for exactly one n € N: n =0 if H = {0},
and otherwise n is the least positive element of H.

Try it first (ten minutes): find the smallest subgroup of Z containing 6 and 15. List a few of its
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elements, guess what it is, and say why its least positive element should divide 6.

Idea. The attempt finds elements by subtracting: 15 —6 = 9, 9 — 6 = 3, and then every
multiple of 3. That suggests “the multiples of 3”, but listing gives no reason why nothing
else can be in the subgroup. The guess also points at the right candidate for n: the least
positive element, 3 here. Why should every element be a multiple of it? Divide an element
a by n. The remainder is @ minus a multiple of n, so it lies in the subgroup, and it is smaller
than n. It cannot be positive, so it is 0. This is the move of Number Systems: From N to
R, Section 3.2, least positive element, then divide, now with nothing but subtraction
available.

Before reading on: where is H # {0} used, and why is the least positive element taken, not
the least element?

Proof. If H = {0}, then H = 0Z. Suppose H # {0}, and pick a € H with a # 0.
Then —a € H, and one of a, —a is positive (Number Systems: From \(\nN\) to \(\nR)),
Proposition 3.1.1 (h)). So H N Z~( is non-empty, and it has the lower bound 0; by Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.6 it has a least element n, the least
positive element of H.

(D) Since n € H and nZ = (n) (Proposition 3.1.3 (e)), Proposition 3.2.3 gives nZ C H.

(C) Let a € H. Since n > 0, Number Systems: From \(\nN\) to \(\nR\), Theorem 3.1.2
(a) gives ¢,r € Z witha=gn+r and 0 <r <n. Here gqn € nZ C H,sor =a—qn € H,
since H is a subgroup. If » > 0, then r is a positive element of H smaller than n, against
the choice of n. So r =0, and a = gn € nZ.

Hence H = nZ. For uniqueness, let nZ = mZ with n,m € N. Then n =1-n € mZ, som | n,
and in the same way n | m; hence n = m by Number Systems: From \(\nN)) to \(\nR)),
Proposition 3.1.1 (f). This proves the theorem.

The answer to the prompt. The hypothesis H # {0} is used once, in the first paragraph: it
supplies a non-zero element, hence a positive one, so that the set of positive elements of H is
non-empty and has a least element. The least element of H itself does not exist when H # {0}:
if m were least, then m—n € H and m—n < m. And 0 € H is useless as a divisor, since division
with remainder needs a positive divisor; the minimality of n among the positive elements is
exactly what forces r = 0.

Remark. This is the statement of Number Systems: From \(\nN\) to \(\nR)\), Exercise
(C2: Closed under subtraction), an exercise in Number Systems: From N to R, Section 3.4,
promoted to a theorem, and it is the additive half of Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.2 (b). In Z, being an ideal comes free: every subgroup H = nZ of Z
is an ideal (Number Systems: From \(\nN\) to \(\nR\), Definition 3.4.1), since for jn € H
and k € Z, k(jn) = (kj)n € nZ by (F5).

The theorem turns questions about subgroups of Z into questions about one number: the least
positive element.



CHAPTER 3.2. SUBGROUPS AND THE SUBGROUPS OF THE INTEGERS 177

Quick check. Which n € N has nZ = 6Z N 1577

Solution. n = 30. The intersection is a subgroup (Proposition 3.2.2), and it contains 30 =
5:6 =2-15 # 0, so by Theorem 3.2.4 it is nZ with n its least positive element, the least
positive common multiple of 6 and 15. The positive multiples of 15 below 30 are 15 alone,
and 15 = 2 -6 + 3 is not a multiple of 6 (by the uniqueness of the remainder in Number
Systems: From \(\nN\) to \(\nR)\), Theorem 3.1.2 (a)), while 30 is. So n = 30.

Exercises

3.2.4.1 A. Check your understanding

Exercise. Al
These parts are about the proof of Theorem 3.2.4.

(a) Where is the minimality of n used?

(b) Run the proof on H = 47 + 6Z: find n, and the division of 6 by n.

(c) The conclusion fails for the subset N of Z. Which condition of Definition 3.2.1 does N
lack, and which step of the proof breaks?

(d) State the idea of the proof in two sentences.

Solution.

(a) In the step (C): the remainder r lies in H and 0 < r < n, and minimality forbids
r>0,so0r=0.

(b) H is a subgroup (Example (Subgroups) (b)). Its least positive element is n = 2:
2=6-4¢€ H,and 1 ¢ H, since every element 4z + 6y = 2(2z + 3y) is even and 1 is
odd (Number Systems: From \(\nN\) to \(\nR\), Corollary 3.1.3 (a)). Dividing 6 by
2 gives 6 = 3 - 2 4 0, with remainder 0, as the proof predicts. So H = 2Z.

(c) N lacks inverses: 1 € N, but —1 ¢ N. The step (2) breaks: there n = 1, and
nZ C H went through nZ = (n) and Proposition 3.2.3, which needs a subgroup;
indeed —1 = (—1) -1 ¢ N. The first paragraph’s step —a € H also fails for N (take
a = 1), but harmlessly: a non-zero a € N is already positive, so n = 1 still exists. The
step whose failure breaks the conclusion is (2). The other inclusion still holds for N:
eachaeNisa=a-14+0,s0o NC1Z =Z.

(d) The least positive element n of H is the only candidate. Division by n leaves a re-
mainder in H smaller than n, so the remainder is 0 and every element is a multiple of
n.

3.2.4.2 B. Practice

Exercise. B1: Put the proof in order

The following lines contain the proof of the direction (<) of Theorem 3.2.1, shuffled, together
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with two lines that do not belong. Write the seven correct lines in an order that makes a
proof, say which other orders are also admissible, and say why each of the other two lines
fails.

(i) For a,b € H, we know b~! € H.
(ii) Hence H is a subgroup of G.
(iii) Choose h € H.
(iv) Takinga =eand b=h: h™' =eh~' € H;soe=hh"! € H.
(v) Suppose H # () and ab~! € H for all a,b € H.
(vi) So ab=a(b~1)~! € H, by Theorem 3.1.1 (3).
(vii) For b € H, taking a = e: b-! =eb~! € H.
(viii) ab € H, because H is closed under products.
(ix) Taking a =b=h: e=hh~! € H.

Solution. The admissible order is (v), (iii), (ix), (vii), (i), (vi), (ii). Each line uses the one
before it: (iii) uses H # () from (v); (ix) uses the h of (iii); (vii) takes a = e, which needs
e € H from (ix); (i) is (vii) applied to an arbitrary b; (vi) needs b~' € H from (i); and (ii)
collects e € H, inverses and products. So no other order is admissible: the dependencies
form a single chain.

The distractor (iv) is circular. It takes a = e in the hypothesis, which is allowed only once
e € H is known, and then concludes e € H. Placed before (ix), it uses what it is meant to
prove; placed after (ix), its first half is a special case of (vii) and its second half repeats (ix).

The distractor (viii) assumes what is being proved: closure under products is one of the three
conditions of Definition 3.2.1 that the direction (<) must establish, and the hypothesis (v)
does not state it.

Exercise. B2: Subgroups of the integers modulo twelve

Determine which of the following subsets of (Z/127Z,+) are subgroups. Justify your answer.

(a) {[0], [4], [8]}-
(b) {[0], (3], [6], [9]}-
(c) {10, [5]}-

(d) {[0], (6]}

Then show that every subgroup of Z/127Z that contains [5] is all of Z/127Z.

Solution. We use the additive form of Theorem 3.2.1, with [a] — [b] = [a — b] (Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (b)).

(a) A subgroup. For a,b € {0,4,8}, a — b € {0,+4, £8}, and [—4] = [8], [-8] = [4], since
12 divides —4 — 8 and —8 — 4.

(b) A subgroup. For a,b € {0,3,6,9}, a — b € {0,£3,£6,+9}, and [-3] = [9], [-6] = [6],
(9] = [3].

(c) Not a subgroup: [0] — [5] = [—5] = [7], which is not in the set (the remainders 7, 0, 5
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are distinct, Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (b)). Equally,
[5] + [5] = [10] is not in the set.

(d) A subgroup: [6] — [6] = [0], [0] — [6] = [—6] = [6], and the other differences are [0] and
[6].

Now let H be a subgroup with [5] € H. By Proposition 3.2.3, ([5]) C H, so 5 [5] € H. By
Proposition 3.1.3 (c¢) and (e) and Number Systems: From \(\nN\) to \(\nR\ ), Theorem 3.4.3
(d),5-[5] =5-(5-[1]) = 25-[1] = [25] = [1], since 25 = 2- 124 1. So [1] € H, and then
k-[1] = [k] € H for every k € N (Proposition 3.2.3, Proposition 3.1.3 (e) and Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (d) again). Taking k =0,1,...,11 gives
every class of Z/127Z (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (b)).
Hence H = Z/127Z.

Exercise. B3: Integer combinations, once more

Let a,b € Z, not both 0. Use Theorem 3.2.4 to prove that aZ + bZ = dZ, where d is the least
positive element of aZ + bZ. Compare the proof with the one in Number Systems: From N
to R, Section 3.2.

Solution. aZ + bZ is a subgroup of (Z,+) (Example (Subgroups) (b)). It is not {0}: it
contains a =a-14+b-0and b = a-0+b-1, and one of them is non-zero. So by Theorem 3.2.4,
aZ + bZ = nZ with n its least positive element, which is d.

This is Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.2.1 (e), whose d is the same
least positive combination. The two proofs are one argument. Number Systems: From N
to R divided a and b by d and used that the remainder is again a combination; the proof
of Theorem 3.2.4 divides an arbitrary element of the subgroup by n and uses only that a
subgroup is closed under subtraction. The second form applies to every subgroup of Z, not
only to sets of combinations.

3.2.4.3 C. Going deeper

Exercise. C1: Finite subsets closed under products

Let G be a group, and let H C G be finite, non-empty and closed under products (ab € H
for all a,b € H). Prove that H is a subgroup of G. Then explain why N C Z, which is
non-empty and closed under + but not a subgroup, does not contradict this.

The first half of a proof is given.

Let h € H, and let k := |H| (Sets, Relations, and Cardinality, Definition 3.1.2).
The powers h,h2,...,h*"1 all lie in H, by induction on the exponent, since
hItl = hih.

The last half is blank. Name the mowve, then complete it.

Solution. The move is multiply by the inverse: two equal powers h! = h? become e = h7~*
once h* is removed from both sides.
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Completion. The map {1,...,k+ 1} — H, j — h/, goes from a set with k + 1 elements to
a set with k elements, so it is not injective (Sets, Relations, and Cardinality, Corollary 3.1.3
(a)): h* = h/ for some 1 < i < j < k+ 1. Multiplying both sides on the left by (h%)~! = b~
gives

e=h""h' =h7"h =K'

(Proposition 3.1.3 (b), (a)). Since 1 < j —i < k, k= is one of the listed powers, so
e € H. Next, if j —i > 2, then hh/~i~1 = W=i=1h = K=" = ¢ (Proposition 3.1.3 (a)), so
h=! = W==! by Theorem 3.1.1 (2), and W/ ~""' € Hsince 1 <j—i—-1<k. Ifj—i=1,
then h = h! = e, and h™! = e € H. As h € H was arbitrary, H is closed under inverses; it
contains e and is closed under products, so it is a subgroup by Definition 3.2.1.

The set N is not finite, so the result does not apply to it. Read backwards, the result even
proves this: if N were finite, it would be a subgroup of Z, and it is not, since —1 ¢ N.

Marking scheme. (10 points) - 1: names the move (multiply by the inverse, or cancel h?).
- 2: gets h' = W with 1 <i < j < k + 1 from the pigeonhole principle, cited. - 2: derives
hi~" = e with the power laws named, and concludes e € H from 1 < j —i < k. - 3: shows
h~' e H: h~' = /="~ when j —i > 2, and h = e when j —i = 1. - 1: concludes that H
is a subgroup, by Definition 3.2.1 or Theorem 3.2.1. - 1: explains that N is infinite, so the
result does not apply. Fatal errors (0 for the step): h? = e taken as one of the listed powers
(the list starts at h'); h~! € H asserted without exhibiting it as a positive power; the case
j — 4 = 1 mishandled so that h° is claimed to lie in the list.

Exercise. C2: Exit check: subgroups of the integers

State and prove Theorem 3.2.4.

Solution (Hint 1). Look at the positive elements of H, and take the least one.

Solution (Hint 2). To show that an element a € H is a multiple of that least positive element
n, divide a by n.

Solution. The statement and proof of Theorem 3.2.4 are a complete answer. In outline: H =
{0} = 0Z, or H has a non-zero element a, and then a or —a, both in H, is positive; the least
positive element n exists by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.6;
nZ C H because H is a subgroup containing n (all multiples kn, negative k included); for
ac€ H a=qgn+rwith0<r <nandr=a—qgn € H, sor =0 by minimality; and nZ = mZ
with n,m € N forces n = m.

Marking scheme. (10 points) - 3: the case H = {0}; otherwise the existence of a positive
element, with the reason when the chosen element is negative (its inverse lies in H). - 1: the
least positive element, by a cited well-ordering result for sets of integers bounded below. - 2:
nZ C H by closure, with the negative multiples included. - 2: division of a € H by n, with
the remainder shown to lie in H. - 1: minimality of n forces » = 0. - 1: uniqueness of n € N.
Fatal errors (0 for the step): assuming that H is an ideal, or citing Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.2 for H (closure under multiplication by integers is not
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given; that it comes free is a consequence of the theorem); “the least element of H” without
positivity. A proof by induction showing kn € H for k € N, followed by inverses for k < 0,
earns the 2 points for nZ C H. A descent proof (for a € H with a > 0, strong induction on
a: if a > n, then a —n € H and 0 < a — n < a; negative a handled through —a € H) earns
the 2 points for division when it shows a —n € H and treats negative a, and the 1 point for
minimality when it rules out 0 < a < n.

Exercise. C3: Inclusions and intersections
Let m,n € Z~g.

(a) Prove that mZ C nZ if and only if n | m.

(b) Prove that mZ NnZ = LZ, where L is the least positive common multiple of m and n.
Deduce that L divides every common multiple of m and n.

Solution (Hint 1). For (a), ask where m itself lies. For (b), ask what kind of set the
intersection is.

Solution (Hint 2). For (b): mZ NnZ is a subgroup of Z by Proposition 3.2.2, and mn lies in
it.

Solution.

(a) (=) m=1-m € mZ C nZ, so m = kn for some k € Z, that is, n | m. (<) If m = kn,
then every jm = (jk)n lies in nZ, by (F5).

(b) By Proposition 3.2.2, mZNnZ is a subgroup of (Z,+). It contains mn =n-m =m-n,
which is positive by (O4), so it is not {0}. By Theorem 3.2.4 it equals LZ, with L its
least positive element. Its elements are exactly the common multiples of m and n, so
L is the least positive common multiple. A common multiple ¢ lies in mZ NnZ = LZ,
so L |ec.

This is Number Systems: From \(\nN\) to \(\nR\), Exercise (B2: The least common mul-
tiple), there proved by dividing ¢ by L directly; here the division is done once and for all
inside Theorem 3.2.4.

Marking scheme. (10 points) - 2: (a) (=) uses m € mZ to get m = kn. - 1: (a) (<) shows
jm = (jk)n € nZ. - 2: (b) the intersection is a subgroup of (Z,+), by Proposition 3.2.2. -
2: (b) it is not {0} (mn is a positive element), so Theorem 3.2.4 gives LZ with L its least
positive element. - 2: (b) identifies the intersection with the set of common multiples, so L
is the least positive common multiple. - 1: (b) deduces L | ¢ for every common multiple c.
Fatal errors (0 for the step): (b) applies Theorem 3.2.4 without checking that the intersection
is a subgroup; (b) assumes L = mn or L = mn/ ged(m,n) without proof.
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3.3 Homomorphisms and Isomorphisms

Section 3.1 named the pattern shared by (Z,+), the units of a ring and the bijections of a set,
and Section 3.2 looked inside one group at a time, at its subgroups. This section compares two
groups. A map between groups that respects the two operations is a homomorphism; a bijective
one is an isomorphism, and it says that two groups differ only in the names of their elements.
The elements a homomorphism sends to the identity form its kernel, a subgroup that measures
how much the map forgets.

Maps that respect the operation

Write out the addition table of Z/2Z (Number Systems: From \(\nN\) to \(\nR\), Defini-
tion 3.4.2) and the multiplication table of {1,—1} C Z, the group Z* of Proposition 3.1.4:

+ [0 [1
(0] [0} [1]
(1 [1 [0]
1 -1
11 -1
-1 -1 1

Rename [0] as 1 and [1] as —1, and the first table becomes the second, entry for entry. The two
groups are the same table with different names. The renaming is a function ¢ with ¢([0]) =1
and ¢([1]) = —1, and “entry for entry” says that the entry for a,b is sent to the entry for
w(a), p(b): pla+b) = ¢(a)p(b). Maps with this property are worth having even when they are
not bijections. The map Z — Z/27Z, a — [a], keeps only the parity of an integer, and it still
turns sums into sums.

A homomorphism is a map between groups that sends products to products; an isomorphism is
a bijective one, a renaming of the elements.

Definition 3.3.1. Group Homomorphism

Let G and H be groups. A function ¢: G — H is a homomorphism if ¢(ab) = ¢(a)p(b)
for all a,b € G. A bijective homomorphism is an isomorphism. The groups G and H are
isomorphic, written G = H, if there exists an isomorphism G — H. The kernel of ¢ is

kerp:={g € G:¢(g9) =en},

where e is the identity of H.

In words: the product ab on the left is taken in G, and the product ¢(a)p(b) on the right
is taken in H. So “gp respects the operation” compares two different operations, and either
group may be written additively. For ¢: (Z/2Z,+) — ({1,—1},-) above, the condition reads
w(a+b) = p(a)p(b). The kernel is a subset of the source G; the identity it is measured against
is that of the target H. We write e and ey whenever both groups are in play.
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The definition asks for one equation and nothing else. It does not ask that ¢(eq) = ey or that
© respect inverses: both follow, by Theorem 3.3.1 below. This differs from the field homomor-
phisms of Chapter 2, which must send 1 to 1 by a clause of their own: the map sending every
element of a field to 0 respects + and -, yet 1 — 0. In a group, every element can be canceled,
and that is what makes the clause redundant.

Two homomorphisms exist between any two groups, or from any group to itself:

o the trivial homomorphism G — H, g — ep: since egey = eg by (G2), ¢(ab) = eg =
w(a)p(b). Its kernel is all of G. It forgets everything.

o the identity idg: G — G: idg(ab) = ab = idg(a)idg(b). It is bijective (Sets, Relations,
and Cardinality, Theorem 1.5.4, with inverse idg), so it is an isomorphism, and its kernel
is {eq}. It forgets nothing.

These two extremes are why we say that the kernel measures what ¢ forgets: the larger ker ¢,
the more elements ¢ sends to the same place. Proposition 3.3.3 below makes the slogan exact
at the end where nothing is forgotten.

The product of two groups. Several examples below have a pair of groups as their target. For
groups G and H, take the set G x H of pairs (Sets, Relations, and Cardinality, Definition 1.3.2)
with the operation in each coordinate:

(9,R)(g", 1) = (g9, h').

This is a binary operation on G x H, since g¢’ € G and hh/ € H. It makes G x H a group, the
product of G and H:

e (G1) For (g,h),(¢’,h),(¢", 1) € G x H, both bracketings give (g¢’¢”, hh'h"), because
G1) holds in G in the first coordinate and in H in the second.

G2) (eg,en)(g,h) = (eqg,emh) = (g,h), and (g, h)(eq,em) = (g, h) in the same way.
G3) (9. h)(g~ k") = (9o, hhY) = (eq,em), and (g%, A1) (g, h) = (eq em) in the

same way.

o~ o~~~

If G and H are abelian, so is G X H, coordinate by coordinate. For abelian groups written
additively, the product is written additively too, (g,h) + (¢',h') = (g + ¢',h + h'); this is
the componentwise sum on Z/mZ x 7Z/nZ of Number Systems: From \(\nN\) to \(\nR)),
Theorem 3.5.3 (b).

Example. Homomorphisms
Check that each map is a homomorphism, and find its kernel.

(a) For n € Zg, the map (Z,+) — (Z/nZ,+), a — [a].
(b) For a group G and g € G, the map (Z,+) — G, k ~— g*. Find its image as well.

(c) For a group G and g € G, conjugation by g, ¢;: G — G, cy(z) == gzg~!. Show that
it is an isomorphism, and that it is the identity map exactly when g commutes with
every element of G.

(d) For an abelian group G, the map G — G, z > 2.

(e) For m,n € Zso with ged(m,n) = 1, the map Z/mnZ — Z/mZ x Z/nZ, []mn —
([z]m, [x]n), of additive groups. Show that it is an isomorphism.

(f) The modulus (C\ {0}, ) — (Rso,"), z — |z|, where Ryp :={z € R: z > 0}.

Then show that z — x + 1 is not a homomorphism (Z, +) — (Z, +).
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Solution.

(a) (Z/nZ,+) is a group by Example (Groups) (a). By Number Systems: From \(\nN\)
o \(\nR\), Theorem 3.4.1 (c), applied to the ideal nZ of Z (Number Systems: From
\(\nN\) to \(\nR\), Definition 3.4.2), [a+b] = [a]+ [b]: a homomorphism. By Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (d), [a] = [0] exactly when a € nZ,
so the kernel is nZ. Every element of Z/nZ is a class [a], so the map is surjective.

(b) By Proposition 3.1.3 (a), g¢¥t' = g¢¥¢! for all k,I € Z, which is the homomorphism
property with + in the source and the product of G in the target. The kernel is
{k€Z:g"=eg}. Theimageis {g*: k € Z} = (g), by Definition 3.2.2. For instance,
for the group G = (Z/7Z)* (Proposition 3.1.4) and g = [3], the image is all of (Z/7Z)*:
the powers [3]°, ..., [3]% are [1],[3], [2], [6], [4], [5], and [3]® = [1], so 6 lies in the kernel.

(c) For x,y € G, inserting e = g~'g between x and y and dropping brackets (Proposi-
tion 3.1.2 (b)),

co(2)eg(y) = grg tgyg ™ = greyg™' = gryg Tt = c4(ay).

So ¢ is a homomorphism. Next, since (¢~!)~! = g (Theorem 3.1.1 (3)),

cg-1(cy(z)) = g 'grg g ==,

and in the same way cg4(c,-1(2)) = g9~ 'agg™! = 2. So ¢,-1 is a two-sided inverse of ¢,
(Sets, Relations, and Cardinality, Definition 1.5.2), and ¢, is bijective (Sets, Relations,
and Cardinality, Theorem 1.5.4): an isomorphism. Finally, ¢, = idg means grg l=u
for every x (Sets, Relations, and Cardinality, Proposition 1.4.1). Multiplying on the
right by ¢ turns grg~! = z into gz = xg, and multiplying gz = g on the right by
g~ ! turns it back. So ¢y = idg exactly when gx = zg for every x € G. In an abelian
group every conjugation is the identity. The kernel of ¢, is {e}: if gxg~' = e, then
z=cy1(e) =g leg=c.

(d) Since G is abelian, Ty = yz, and Proposition 3.1.3 (d) gives (vy)? = 2%y?. The kernel
is {x € G: 22 =e}. In (Z/7Z)* the squares of [1],...,[6] are [1], [4],[2],[2],[4], 1], so
the kernel is {[1],[6]}. In (Z/8Z)* = {[1],[3],[5],[7]} the squares are [1],[9], [25], [49],
all equal to [1], so the kernel is the whole group.

(e) The target is the product of the groups (Z/mZ,+) and (Z/nZ,+), written additively.
The rule is the map ® of Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.5.3
(b), a well-defined bijection, and it satisfies @ ([2]mn+[Y]mn) = P([Z]mn) +P([Y]mn) with
the componentwise sum, which is the product operation above. So it is an isomorphism
of additive groups, and its kernel is {[0]m,}. For example, Z/12Z = Z/3Z x Z/AZ,
since 1 = 4 — 3 shows gecd(3,4) = 1 (Number Systems: From \(\nN\) to \(\nR)\),
Corollary 3.2.2).

(f) Cisafield (Theorem 1.2.4), so (C\ {0}, -) is a group by Example (Groups) (b). (R0, )
is a group by the rules of the ordered field R (Number Systems: From \(\nN)\) to
\(\nR\), Theorem 5.3.3): a product of positive reals is positive by (O4), associativity
and the identity law are (F5)—(F7), and 1 > 0 (Number Systems: From \(\nN\) to
\(\nR)), Proposition 2.3.5 (e)). For z > 0 we have = # 0 by (O1), so 2~ ! exists by (F8),
and it is positive by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.5.2
(a). For z # 0, |z] > 0 by its definition as a non-negative square root (Definition 1.2.1)
and |z| # 0 by Theorem 1.2.2 (e), so |z| € Rsg. The homomorphism property is
|zw| = |z||w|, Theorem 1.2.2 (d). The kernel is {z € C : |z| = 1} = T, the unit circle of
Proposition 1.5.1.
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The non-example. Let ¢(z) = x + 1. Then ¢(0 4+ 0) = 1, while ¢(0) + ¢(0) = 2. So
©(0+0) # ¢(0)+¢(0), and ¢ is not a homomorphism. It is a minimal change of the identity
map x — x, which is one: the shift keeps the map bijective and destroys only the equation.

Part (b) says that every element g of every group is the image of 1 under a homomorphism out
of Z. Part (c) gives the first isomorphisms of a group with itself that can differ from the identity:
cg # idg exactly when g fails to commute with some element of G, as for the two swaps of the fold
after Example (Groups) (c), there called f,g: writing h for the second, cg(h) = foho f~1 #h
because foh # ho f. Part (f) shows a kernel that is not a set of integers.

Basic properties of homomorphisms

The definition asks only for products. Identities, inverses and powers come with them, and
kernels and images are subgroups.

Theorem 3.3.1. Basic Properties of Homomorphisms

Let ¢: G — H be a homomorphism of groups, and let a € G.

(a) ¢lec) = en.

(b) p(a™!) = p(a)~".

(c) ker ¢ is a subgroup of G.

(d) p(a™) = ¢(a)™ for every n € Z.

(e) The image ¢(G) is a subgroup of H.

C

Idea. For (a), apply ¢ to egeg = eq: the equation ¢(eq)p(eq) = ¢(eq) has the shape
gg = g, and multiply by the inverse of ©(eg) leaves ¢(eg) = eg. For (b), p(a~!) undoes
¢(a), and inverses are unique. Then (c) and (e) are the subgroup test, and (d) is induction
along the definition of powers.

Proof.
(a) Since egeg = eq by (G2) in G, and p(eq) = p(eg)em by (G2) in H,

plea)plec) = plegea) = vlea) = pleg)en

Canceling p(e¢) on the left (Theorem 3.1.1 (4)) gives p(eq) = ep.
(b) By the homomorphism property, (G3) in G and (a),

pla)p(a™) = p(aa™) = p(ec) = e,
and in the same way ¢(a~!)p(a) = ¢(a ta) = ey. So ¢(a~!) is an inverse of ¢(a),
and since inverses are unique (Theorem 3.1.1 (2)), p(a™1) = ¢(a)~!.

(c¢) By (a), eq € kerp, so kerp # (). Let z,y € ker . By the homomorphism property
and (b),
pley™) = o(@)p(y) " = eney' = en,
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where e; = ey because egey = ey and inverses are unique. So :nyl € ker p, and
ker ¢ is a subgroup by the subgroup test (Theorem 3.2.1).

(d) First let n € N; we use induction on n (Logic and Proof, Axiom 4.2.1). For n = 0,
¢(a®) = ¢(eq) = en = ¢(a)? by Definition 3.1.3 and (a). If p(a™) = ¢(a)", then by
the recursion a™*! = a™a of Definition 3.1.3, in G and in H,

n n+1

p(a™t!) = p(a”a) = p(a™)p(a) = p(a)"¢(a) = ¢(a)

Now let n < 0, and write n = —m with m € N. By Definition 3.1.3, " = (a~!)™ and
o(a)™ = (p(a)~1)™. By the case just proved, applied to a~!, and by (b),

p(a™) = o((a™)™) = @)™ = (pla) ™)™ = p(a)™

(e) By Sets, Relations, and Cardinality, Definition 1.6.1, ¢(G) = {¢(z) : x € G} C H.
It contains ¢(eq), so it is non-empty. For two of its elements ¢(z) and ¢(y), with
z,y € G, the homomorphism property and (b) give

p(@)eW) ™ = p(@)ey™) = p(zy™) € 9(Q).
So (@) is a subgroup by Theorem 3.2.1. This proves the theorem.
|

So a homomorphism carries the whole structure of Section 3.1, identity, inverses and powers,
and not just the products it was defined by. In additive notation, (a), (b) and (d) read ¢(0) = 0,
o(—a) = —p(a) and p(n-a) = n-¢(a). Conversely to Example (Homomorphisms) (b), every
homomorphism ¢: (Z,+) — G is k + ©(1)*: k = k- 1 (Proposition 3.1.3 (e)), so ¢(k) = ¢(1)*
by (d). Part (c) gives a supply of subgroups: the unit circle T is a subgroup of C\ {0} because
it is the kernel of the modulus (Example (Homomorphisms) (f)), and nZ is a subgroup of Z
because it is the kernel of a — [a].

Quick check. Is a — 3a a homomorphism (Z,+) — (Z,+)? What is its kernel? Is it an
isomorphism?

Solution. Yes: 3(a+0b) = 3a + 3b by distributivity in Z (Number Systems: From \(\nN\) to
\(\nR\), Theorem 2.3.1). The kernel is {0}, since 3a = 0 with 3 # 0 forces a = 0 (Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (f)). It is injective, since 3a = 3b gives
3(a—b) =0 and so a = b by the same rule, but not surjective: 1 is not of the form 3a, since
341 (Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1 (g)). So it is not an
isomorphism.

Homomorphisms compose, and the inverse of an isomorphism is again one. These are the facts
that let “isomorphic” behave like “equal up to renaming”.

Proposition 3.3.2. Composites and Inverses of Homomorphisms
Let G, H and K be groups.

(a) If p: G — H and ¢: H — K are homomorphisms, then so is o p: G — K.
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(b) If ¢: G — H is an isomorphism, then its inverse function ¢~': H — G is an isomor-
phism.

(c) idg is an isomorphism. Consequently G = G; if G = H, then H = G; and if G = H
and H =2 K, then G = K.

Idea. Part (a) is the homomorphism property applied twice. For (b), we cannot compute
¢~ directly, but we can compare ¢~ '(zy) with o~ '(x)o~!(y) after applying ¢, which is
injective.

Proof.

(a) For a,b € G, by Sets, Relations, and Cardinality, Definition 1.4.2 and the homomor-
phism property of ¢ and then of v,

(¥ o p)(ab) = ¥ (p(a)p(b)) = ¢(p(a)) Y(p(b)) = (¢ o )(a) (¢ 0 ) (b).

(b) Since ¢ is bijective, it has a two-sided inverse ¢! (Sets, Relations, and Cardinality,
Theorem 1.5.4), which is bijective by the same theorem, with inverse ¢. Let z,y € H.
Then, since ¢ is a homomorphism and p o ¢! = idy,

el @) ¢ () = el (@) (e (¥) = 2y = (" (zy)).
Since ¢ is injective, 1 (z)p " (y) = o~ (zy). So ¢!
bijective, an isomorphism.

is a homomorphism, and being

(c) idg is an isomorphism (the second of the two homomorphisms listed after Defini-
tion 3.3.1), so G = G. If ¢: G — H is an isomorphism, so is ¢~ ': H — G by
(b). If p: G — H and ¢: H — K are isomorphisms, then 1o ¢ is a homomorphism by
(a) and bijective by Sets, Relations, and Cardinality, Theorem 1.4.4 (c). This proves
the proposition.

The kernel was introduced to measure what a homomorphism forgets. At the end where it
forgets nothing, the measurement is exact:

Proposition 3.3.3. Injective Exactly When the Kernel Is Trivial

A homomorphism ¢: G — H is injective if and only if ker ¢ = {eg}.

Idea. Injectivity compares two elements a,b with the same image; the kernel looks at one
element with the image ey. The quotient ab™! turns the first question into the second:
¢(a) = ¢(b) says exactly that ab—! lies in the kernel.

Proof. (=) Suppose ¢ is injective. By Theorem 3.3.1 (a), e¢ € kerp. If g € ker ¢, then
©(g9) = eg = ¢(eq), so g = eq by injectivity. Hence ker p = {eq}.
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(<) Suppose kerp = {eg}, and let a,b € G with p(a) = ¢(b). By the homomorphism
property and Theorem 3.3.1 (b),

o(ab™") = p(a)p(d) ™" = (b)p(b) ' =eq.

So ab~! € ker ¢, that is, ab~! = eg. Multiply by the inverse: multiplying on the right by
b and using (G1)—(G3), a = ab~'b = egb = b. So ¢ is injective. This proves the proposition.

To decide injectivity we now check one equation, ¢(g) = ep, instead of all pairs a,b. Linear
maps in linear algebra satisfy the same statement, with the same proof read additively: Spaces
and Maps, the chapter “Linear Maps”, proves that a linear map is injective exactly when its
kernel is {0}.

Quick check. Use the proposition to show that k — [3], from (Z,+) to (Z/7Z)*, is not
injective.

Solution. It is a homomorphism by Example (Homomorphisms) (b). Its kernel contains 6,
since [3]8 = [729] = [1] (729 = 104 -7+ 1). So the kernel is not {0}, and by Proposition 3.3.3
the map is not injective; indeed [3]° = [3]°.

Isomorphic and non-isomorphic groups

An isomorphism is a renaming, so we expect two isomorphic groups to agree on every property
that is stated with the operation alone. For the three properties used here this is a one-line
check; let ¢: G — H be an isomorphism. A bijection preserves the number of elements. If G is
abelian, then any two elements of H are ¢(a), p(b), and ¢(a)p(b) = ¢(ab) = p(ba) = ¢(b)p(a).
And 22 = eg exactly when o(z)? = ep, by the homomorphism property, Theorem 3.3.1 (a)
and injectivity, so ¢ maps the solutions of 22 = e in G bijectively onto those in H. This
gives a method in both directions. To show G = H, write down a bijection and check the
homomorphism property. To show G 2 H, find such a property that one group has and the
other lacks.

Example. Isomorphic and Non-lsomorphic Small Groups

Show that
Show that
Show that
Show that

(a
(b
(c
(d

727, +) = ({1,-1}, ).

Z|AZ, +) = ((Z/5Z),-), by [k] — [2]F.

Z/4Z +) and ((Z/8Z)*,-) are not isomorphic.
+) = (

~— — ~—
AA,_\,_\

2Z,+), by x +— 2.

Solution.

(a) By Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (b), each element of
ZJ2Z is [r] for exactly one r € {0,1}, so ¢([0]) =1, ¢([1]) == —1 defines a function.
It is bijective, since it pairs off the two elements. The homomorphism property is the
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comparison of the two tables at the start of the section, four equations:

D=¢(0)=1=1-1, ([0] + 1 )=-1=1-(-1),
D=¢(l)=-1=(-1-1, o([i]+1 ) =1= (D=1,

using [1] + [1] = [2] = [0] and (—1)(—1) = 1 (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (c)).

(b) The target is a group by Proposition 3.1.4. Its elements are the four non-zero classes

[1],12], [3], [4] (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (b), (c)):
each is a unit, since [1][1] = [1], [2][3] = [6] = [1] and [4][4] = [16] = [1], while [0] is not,
since [0][v] = [0] # [1].
Well defined. The rule must not depend on the representative k. The powers
1219, [2]%, [2)%, [2]3, [2]* are [1],[2],[4],[8] = [3],[16] = [1]. If [k] = [K'] in Z/AZ, then
k' — k € 4Z (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (a)), so
k' = k + 4q for some ¢ € Z, and by Proposition 3.1.3 (a) and (c),

2* = 217217 = (2117 = [2)%,

where [1]9 = ([2]°)? = [2]°¢ = [1], again by (c).

Homomorphism. [k] + [I] = [k +1] = [2]¥T! = [2]¥[2]!, by Proposition 3.1.3 (a).
Bijective. The four distinct classes [0], [1], [2], [3], which are all of Z/4Z (Number Sys-
tems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (b)), go to [1], [2], [4], [3]: four different

elements, which are all of (Z/5Z)*. So the map is injective and surjective.

(c) Both groups have four elements (Number Systems: From \(\nN\) to \(\nR)\), Theo-
rem 3.4.3 (b)). In (Z/8Z)* = {[1],[3],[5],[7]} (the even classes are not units: [0], and
[2][4] = [4][2] = [6][4] = [0] with [4],[2] # [0], and a unit is not a zero divisor, the
paragraph after Number Systems: From \(\nN\) to \(\nR\), Definition 3.5.1), every
element y has y? = [1]: the squares are [1], [9] = [1], [25] = [1], [49] = [1]. Suppose
p: LJAZ — (Z/8Z)* were an isomorphism. Then, by the homomorphism property and
Theorem 3.3.1 (a),

Since [2] # [0] in Z/4Z, this contradicts injectivity. So no isomorphism exists.

(d) 2Z is a subgroup of Z (Example (Subgroups) (b)), so a group. The map =z — 2x
is a homomorphism by distributivity, 2(z + y) = 2z 4+ 2y (Number Systems: From
\(\nN\) to \(\nR\), Theorem 2.3.1). It is surjective onto 2Z by the definition of 2Z,
and injective because its kernel is {0}: 2z = 0 forces x = 0 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (f)), and Proposition 3.3.3 applies. So Z = 2Z:
a group can be isomorphic to a subgroup of itself other than itself.

The square of Section 3.1, turned by quarter turns, gives another group with four elements; once
its rotations are written as permutations, Exercise B3 of Section 3.4 matches them with Z/47.

Warning. Two groups with the same number of elements need not be isomorphic. Z/47 and
(Z/8Z)* both have four elements, yet part (c) shows that no isomorphism exists between
them. Equal counts decide nothing by themselves: different counts prove G 2 H, but equal
counts never prove G = H. To prove G 2 H, find a property that an isomorphism would
carry over and that one group has and the other lacks; in (c) it was “some element x has
22 # e”, which holds in Z/47Z (in additive form, [1] + [1] # [0]) and fails in (Z/8Z)*.
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Remark (Where homomorphisms go next). In linear algebra, a linear map is in particular
a homomorphism of the additive groups, and its kernel is the kernel of this section (Spaces
and Maps, the chapter “Linear Maps”). The determinant will be a homomorphism from
the invertible matrices to F'* (Determinants and the Structure of Operators, the chapter
“Determinants”). Quotient groups and the isomorphism theorems are in Groups, the chapter
“Normal Subgroups, Quotient Groups, and the Isomorphism Theorems”.

Remark (Field homomorphisms as group homomorphisms). In the terms of Chapter 2 (no
proof in this chapter rests on this remark): a field homomorphism ¢: F — L (Defini-
tion 2.4.1) is a homomorphism of the additive groups (F,+) — (L,+); it sends F* into
L*, and is a homomorphism of these multiplicative groups (Proposition 2.4.1 (a)—(c)). The
automorphisms of F' form a group under composition (Proposition 2.4.1 (e)), a subgroup of
the group of bijections of F' (Example (Groups) (c)). And the multiplicative group F,* of
the field with p elements is the group (Z/pZ)* of Proposition 3.1.4.

Exercises

3.3.4.1 A. Check your understanding

Exercise. Al

(a) In the proof of (<) of Proposition 3.3.3, where is it used that ¢ is a homomorphism?

(b) The map Z — Z/6Z x Z/AZ, a — ([a],[a]), is a homomorphism of additive groups.
Find its kernel.

(c) True or false: a homomorphism ¢: G — H sends every subgroup K of G onto a
subgroup ¢(K) of H. Justify your answer.

(d) The map x +— x + 1 on (Z,+) sends 0 to 1. Could it become a homomorphism
(Z,+) = (Z,+) if 1 were declared the identity of the target, keeping its operation +7
Explain.

Solution.

(a) In the first displayed step, ¢(ab™!) = p(a)@(b)~!: the homomorphism property gives

o(ab™) = p(a)p(b~1), and Theorem 3.3.1 (b), itself a consequence of the homomor-

phism property, gives ¢(b~1) = (b)~1. Without it, ¢(a) = ¢(b) says nothing about
ab=!.

(b) The map is a homomorphism into the product group, coordinate by coordinate (Exam-
ple (Homomorphisms) (a) in each coordinate). Its kernel is {a : [a]¢ = [0]¢ and [a]s =
[0]4a} = 6Z N 4Z, by Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (d).
This is a subgroup of Z (Proposition 3.2.2), so it is dZ with d its least positive element
(Theorem 3.2.4). The positive multiples of 6 are 6,12,..., and 416, 4 | 12; so d = 12
and the kernel is 127Z.

(¢c) True. A subgroup K is a group with the operation of G (the paragraph after Def-
inition 3.2.1), and the restriction of ¢ to K is a homomorphism K — H, since the
homomorphism property for a,b € K is a special case of that for a,b € G. Its image is
¢(K), a subgroup of H by Theorem 3.3.1 (e).
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(d) No. The identity of a group is not chosen; it is the element with (G2), and it is unique
(Theorem 3.1.1 (1)). In (Z,+) it is 0, since 1 + 1 # 1. Every homomorphism into
(Z,+) must send 0 to 0 (Theorem 3.3.1 (a)), and = — x + 1 does not. Changing the
operation does change the identity: with a *b:=a + b — 1, the check of Exercise (A1)
(b) with —1 in place of +1 shows that (Z, ) is a group: both bracketings of a * b * ¢
equal a + b+ ¢ — 2, the identity is 1, and the inverse of a is 2 —a. The map z — z + 1
is a bijection Z — Z (its inverse is x — x — 1), and (a+ 1) *x (b+1) = (a + b) + 1, so it
is an isomorphism (Z,+) — (Z, *). But that is a different group.

3.3.4.2 B. Practice

Exercise. Bl
Find all homomorphisms (Z,+) — (Z/6Z,+), and the kernel of each.

Hint: Theorem 3.5.1 (d), applied to k =k - 1.

Solution. Let ¢ be a homomorphism and write ¢(1) = [¢] with ¢ € {0,...,5} (Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (b)). For k € Z, k = k-1 in (Z,+)
(Proposition 3.1.3 (e)), so Theorem 3.3.1 (d), in additive notation, gives

o(k) = o(k-1) = k- p(1) =k - [d].

So ¢ is determined by c¢. Conversely, for each ¢, the map k — k - [c] is a homomorphism by
Example (Homomorphisms) (b) with g = [¢]. So there are exactly six homomorphisms, one
for each class [c].

Kernels. The quotient map a — [a] is a homomorphism (Example (Homomorphisms) (a)), so
Theorem 3.3.1 (d) and Proposition 3.1.3 (e) give k- [¢] = [k - ¢] = [kc]. Hence, since [kc] = [0]
exactly when ke € 6Z (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (d)), the
kernel is {k € Z : 6 | kc}, a subgroup of Z, so it is dZ with d the least positive k with 6 | kc
(Theorem 3.2.4). Running through k£ =1,2,...:

c 0 1 2 3 4 5
least k 1 6 3 2 3 6
with 6 | kc

kernel Z 67 37 27, 37 67

For instance, for ¢ = 4: 4, 8 are not multiples of 6, and 12 is. For ¢ = 5: 5,10, 15,20, 25 are
not, and 30 is.

Exercise. B2

(a) Let G and H be groups. Show that G — G x H, g — (g,ep), is an injective homo-
morphism into the product group.

(b) Show that Z/2Z x 7./27 and Z/4Z (additive groups) are not isomorphic.
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Solution.

(a) Forg,g' € G, (99',en) = (99',enen) = (9,en)(¢’, en), by (G2) in H and the definition
of the product operation. The kernel is {g : (¢9,er) = (eg,en)} = {ea}, since two pairs
are equal exactly when their coordinates are. By Proposition 3.3.3 the map is injective.

(b) The invariant is that of Example (Isomorphic and Non-Isomorphic Small Groups) (c).
In Z/27 x 7Z./27, every element satisfies x + x = 0: ([a], [b]) + ([a], [b]) = ([2a], [20]) =
([0], [0]). Suppose ¢: Z/AZ — 727 x 7./2Z were an isomorphism. Then

e([2) = e([1] + [1]) = @([1]) + »([1]) = ([0, [0]) = «([0])

by Theorem 3.3.1 (a), against injectivity, since [2] # [0] in Z/4Z. An isomorphism in
the other direction would have an inverse that is an isomorphism (Proposition 3.3.2
(b)), so it cannot exist either.

Exercise. B3

Give an example of a homomorphism from (Q\ {0}, ) onto ({1,—1},), and find its kernel.

Solution. What any answer must have. A function ¢: Q \ {0} — {1,—1} with p(ay) =
o(x)p(y) for all non-zero x,y, taking both values 1 and —1. Its kernel is then a subgroup
(Theorem 3.3.1 (c)) that is not the whole group.

One answer: the sign. Let o(x) == 1if x > 0 and ¢(z) := —1 if < 0. This defines a
function on Q\ {0}, since the order of Q is total (Number Systems: From \(\nN\) to \ (\nR\),
Theorem 2.5.1; Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5 (i)). By the
rules of the ordered field Q (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5
(c), (d)), the product of two positives is positive, of a positive and a negative is negative,
and of two negatives is positive. In each of the four cases ¢(zy) = ¢(z)p(y): for example,
if £ >0 >y, then zy < 0 and p(zy) = —1 = 1-(—1). Both values are taken, at 1 and —1.
The kernel is Q.

Other answers exist. For instance, writing a non-zero rational as +2*a/b with a,b odd, the
parity of k gives another one; we do not prove that this is well defined here.

3.3.4.3 C. Going deeper

Exercise. C1

(a) Let ¢: G — H be a homomorphism, with G abelian. Prove that the subgroup ¢(G) of
H is abelian.

(b) Deduce that there is no homomorphism from Z/6Z onto the group of bijections of
{1,2,3}.

Solution.

(a) Let u,v € o(G), say u = ¢(a) and v = p(b) with a,b € G (Sets, Relations, and
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Cardinality, Definition 1.6.1). Then

uv = p(a)p(b) = p(ab) = p(ba) = ¢(b)p(a) = vu,

using that G is abelian in the middle step.

(b) Z/6Z is abelian (Example (Groups) (a)). If ¢ were a homomorphism from it onto the
group of bijections of {1,2,3}, then that group would be ¢(Z/6Z), abelian by (a). It
is not: the bijections f swapping 1,2 and g swapping 2, 3 satisfy (fog)(1) = f(1) =2
and (go f)(1) = g(2) = 3, as in the fold after Example (Groups) (c). So no such
homomorphism exists. (Size alone could not decide this: Section 3.4 shows that both
groups have six elements.)

Marking scheme. (10 points) - 2: (a) writes arbitrary u,v € ¢(G) as ¢(a), p(b). - 3: (a)
the chain uwv = p(ab) = ¢(ba) = vu, with the homomorphism property and commutativity
of G named. - 1: (b) notes that Z/6Z is abelian. - 1: (b) “onto” makes the target equal to
©(Z/6Z), so (a) applies. - 3: (b) exhibits two bijections of {1,2,3} that do not commute,
with a point where the two composites differ. Fatal errors (0 for the step): (a) takes u,v in
all of H rather than in the image; (b) argues from the number of elements alone.

Exercise. C2
Let ¢: G — H be a homomorphism and a,b € G.

(a) Prove that the following are equivalent: (i) p(a) = ¢(b); (ii) ab~! € ker ; (iii) a=1b €
ker ¢.

(b) Deduce that the set of elements with the same image as a, the fiber o~ ({p(a)}),
equals {ak : k € ker ¢}.

(c) For the quotient map Z — Z/5Z, x + [x], write out the fiber of 7.

Solution.

(a) (i) = (ii): as in the proof of Proposition 3.3.3, p(ab™!) = p(a)p(b) ™! = p(b)p(b)~! =
er.

(i) = (i): if p(ab™!) = eq, then p(a)p(b)~! = ey; multiplying on the right by ¢(b),

pla) = ¢(b)-

(ili) < (iii): the same two arguments with a=1b: ¢(a=1b) = p(a)~t¢(b) (Theorem 3.3.1

(b)), which is ey exactly when ¢(b) = ¢(a), multiplying on the left by ¢(a) or by

p(a)~.

(C) Let b lie in the fiber, so p(b) = ¢(a). By (a), k == a~'b € ker ¢, and b = a(a~1b) =

ak. (D) If k € ker ¢, then p(ak) = p(a)ex = ¢(a).

(c) The kernel is 5Z (Example (Homomorphisms) (a)), so by (b) the fiber of 7 is {7+ 57 :
jezy=A{...,-3,2,7,12,...}, the class [7] = [2] itself. The sets {ak : k € ker ¢} are
the cosets of the kernel, which Groups, the chapter “Cosets and Lagrange’s Theorem”,
studies for every subgroup.

(b)

Marking scheme. (10 points) - 2: (a) (i) = (ii), using p(b~!) = @(b) 7L, cited. - 2: (a) (ii)
= (i), multiplying by ¢(b) on the right. - 2: (a) (i) < (iii), both directions, by the mirror
argument. - 2: (b) both inclusions, with k := a=!b for (C). - 2: (c) kernel 5Z, and the fiber
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{7+57:j € Z}. Fatal errors (0 for the step): (a) “divides” by ¢(b), or uses commutativity
of H; (b) proves one inclusion and calls it equality.

3.4 Permutations and Cycle Notation

Shuffle three cards, then shuffle them again. Two shuffles in a row are a shuffle, every shuffle can
be undone, and the order of the two shuffles matters. This is the group of bijections of a finite
set (Example (Groups) (c)), and it is the one group of this chapter studied in detail, because
every determinant in linear algebra is built from it. This section gives it a compact notation,
cycle notation, learns to multiply in it, counts its elements, and proves that every permutation
breaks into independent loops: follow the orbit, then peel it off.

Permutations and two-line notation

Section 3.1 showed that the bijections of a set form a group under composition. On the set
{1,...,n} they are the rearrangements of n objects, and they get a name of their own.

A permutation is a rearrangement: a bijection of a set to itself.

Definition 3.4.1. Permutations and the Symmetric Group

Let X be a set. A permutation of X is a bijection X — X. The permutations of X, with
the operation o7 = o o 7, form the group Sx of Example (Groups) (c). For n € N, the
symmetric group is

Sp, = S{l,...,n}7

where {1,...,n} is empty for n = 0. The support of o € Sx is the set of points it moves,

suppo = {x € X : o(x) # x}.

In words: S is not a new group. It is the group of bijections of X, with the product written as
juxtaposition. Its identity is idx, written id when X is clear, and the inverse of ¢ is the inverse
function o~! (Sets, Relations, and Cardinality, Definition 1.5.2). The support of id is empty,
and the support is empty only for id: if o(z) = = for every z, then o = idx (Sets, Relations,
and Cardinality, Proposition 1.4.1).

The product is read right to left. In Sx the product o7 is the composite o o 7: first apply
7, then o, exactly as g o f applies f first (Sets, Relations, and Cardinality, Definition 1.4.2).
So (o7)(z) = o(7(x)), and a longer product o103 - - - o, applies o, first and o; last.

Two-line notation. A permutation o € .S, is given by its values, and we write them under the

points:
U_( 1 2 - n >
~\e(1) o2 - o(n))’

1 2 3 4
31 2 4
2 — 1, 3 — 2 and fixes 4; its support is {1,2,3}. The bottom row of a permutation lists each
of 1,...,n exactly once: once at least, because o is surjective, and at most once, because it is
injective.

This array is a table of values, not a matrix. For example, € Sy sends 1 — 3,

The smallest symmetric groups. Sy has one element, the empty function @ — @ (Sets,
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Relations, and Cardinality, Proposition 1.4.2 (a)), which is a bijection because there is nothing
to check; it is the trivial group. S; has one element, id, since the only function {1} — {1} sends
1+ 1. Sy has two elements, id and the permutation swapping 1 and 2: a bijection of {1,2}
either fixes 1, and then also 2, or sends 1 — 2, and then 2 +— 1. These degenerate cases are
where inductions on n start, here and in Section 3.5.

Cycles

Two-line notation lists every value, even the values of points that do not move. Most permuta-
tions met in practice move a few points around a loop and leave the rest alone, and a notation
that records only the loop is shorter and shows more.

A cycle moves a list of distinct points one step along the list, the last back to the first, and fixes
everything else.

Definition 3.4.2. Cycle, Transposition

Let n € Nand k > 2, and let iy, ..., € {1,...,n} be distinct. The k-cycle (i1 i3 --- ix) €
Sy, is the permutation v with

Y(ij) =ij41 for 1 <j <k, v(ix) = i1,

and y(z) = zx for every x € {1,...,n} not among iy, ...,i,. A 2-cycle (i j) is a transposi-
tion. Two cycles are disjoint if their supports are disjoint.

In words: iy + ig > -+ > i — i1, and the points off the list stay put. A transposition (i j)
swaps ¢ and j.

Well-definedness. Because the entries are distinct, each point of {1,...,n} receives exactly one
value from the rule, so v is a function. It is a bijection: the cycle (iy --- ig 1), the list read
backwards, undoes it point by point (i;41 +— ; and i; — i, and the other points are fixed by
both), so it is a two-sided inverse and Sets, Relations, and Cardinality, Theorem 1.5.4 applies.
Hence

(i1 iy -+ i)t = (i -~ g 1)
Every entry is moved, since 7,11 # ¢; and i1 # i by distinctness and k > 2; so supp(i1 -+ i) =
J+ J
{i1,...,ix}. A transposition is its own inverse: (i j)(i j) = id.

Examples. In Sy, (1 2 3) sends 1 — 2, 2 — 3, 3 — 1 and fixes 4; in two-line notation it is
1 2 3 4
2 31 4

(3 1 2), since all three describe the loop 1+ 2+ 3 — 1. But (1 3 2) is a different permutation:

it sends 1 — 3. The cycles (1 2) and (3 4) are disjoint; (1 2) and (2 3) are not.

. The same cycle may be written starting at any of its entries: (123)=(231) =

O Second reading - Why a cycle has at least two entries

The identity is not a cycle. The definition asks for & > 2: a “l-cycle” (i) would be the
identity, and so would every one of them, so the notation would not be telling us anything. The
identity is instead the empty product of cycles (Definition 3.1.2), and that is how it will appear
in the decomposition theorem below.
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Quick check. Which of these are equal in Sy: (24 1), (12 4), (14 2)? Write the one that
differs in two-line notation.

Solution. (24 1) is the loop 2 — 4+ 1+ 2, and (1 2 4) is the same loop started at 1: both
send 1+ 2, 2+ 4, 4+ 1 and fix 3. So they are equal. (1 4 2) runs the loop backwards: it
sends 1 — 4, 4 — 2, 2 — 1, so it differs from the other two at 1. In two-line notation it is

1234 ; it is the inverse of the other two.
4 1 3 2

Products of cycles are computed by following each point through the factors, from right to
left.

Example. Computing with Cycles

In S3, compute (1 3)(1 2) and (1 2)(1 3). In S5, write

1 2 3 4 5
g =
3 51 2 4
as a product of cycles.

Solution. For (1 3)(1 2), follow each point through (1 2) first, then (1 3): 1 — 2 — 2,
2—1—3,3—3—1. S0 (13)(12)=(123). For (12)(13): 1—3—~3,3—1— 2,
2+—2+—1. So (12)(13)=(132). The two products differ, so S is not abelian. For every
n > 3, the same two transpositions lie in S,, the same computation applies at 1,2,3, and
both products fix every point > 4; so .S, is not abelian for every n > 3.

For o, start at 1 and follow: 1+ 3 +— 1, a loop (1 3). The smallest point not yet used is 2:
2+— 54+ 2 aloop (25 4). Every point is now used, so o = (1 3)(2 5 4). To check,
follow each point through (2 5 4) first, then (1 3): 1+— 1+~ 3,2 — 5+ 5, 3 +— 3 — 1,
4+— 2~ 2,5 — 4 4, which is the bottom row 3,5,1,2,4. The two cycles move disjoint
sets of points, and the product in the other order, (2 5 4)(1 3), is also o, as the same check
shows.

O Second reading - The small symmetric groups are abelian

For S,, with n < 2 the situation is different: Sy, S1 and Sy have at most two elements, and
any two of their elements commute, since one of them is id or both are equal. So S, is abelian
exactly when n < 2.

Warning. Mind the order. o7 applies 7 first, as g o f applies f first. Reading a product
of cycles from left to right gives a wrong answer: read that way, (1 3)(1 2) would send
1= 3—3,3—=1+ 2 2+ 2 1, that is, “(1 3 2)”; but the example computed
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(1 3)(12) = (12 3). The left-to-right reading computes the product in the other order.

Section 3.1 noted that the power law (gh)™ = g"h™ of Proposition 3.1.3 (d) needs gh = hg. In
Sy it fails without that hypothesis.

Warning. (o7)? = 0?72 is false in general. Take o = (1 2) and 7 = (1 3). By the example,
o7 =(132),and (132)(132)sends 1+ 3+2, 21+ 3, 321,50 (o7)% = (123).
But transpositions are their own inverses, so 0272 = id - id = id. Here o7 # 70, and the law
fails.

Quick check. Compute (1 2 3)(1 2) in Ss.

Solution. Apply (1 2) first: 1+—2+— 3,21+ 2,3+— 3+— 1. So 1 and 3 are swapped and
2 is fixed: (12 3)(12) = (1 3).

Counting permutations

How many permutations does S,, have? There are n choices for o(1), then n — 1 for ¢(2), and
so on, which suggests n!. We make this precise by induction on 7, and the induction needs
one structural fact: the permutations of {1,...,n + 1} that fix the last point are, in effect, the
permutations of {1,...,n}. Section 3.5 uses the same fact for a different induction.

Lemma 3.4.1. Permutations Fixing the Last Point
Let n € N, and let S' .= {0 € S;,41 : 0(n+ 1) = n+ 1}, a subgroup of Sy, 1.

(a) For o € S, the restriction ¢’ of o to {1,...,n}, with codomain {1,...,n}, is a permu-
tation of {1,...,n}.

(b) The map S" — S,,, o +— o', is an isomorphism. Its inverse sends p € S, to its extension
p € S’, defined by p(i) :== p(i) for i < n and p(n + 1) :==n+ 1.

That S’ is a subgroup is Example (Subgroups) (e), with X = {1,...,n + 1} and the chosen
point n + 1.

Idea. A permutation fixing n 4+ 1 cannot send any other point to n + 1, since that value is
taken; so it maps {1,...,n} into itself. It also reaches every point there, because whatever
reaches j < n cannot be n + 1. Restricting and extending undo each other, and restriction
respects composition.

Proof.

(a) Let c € S"and i € {1,...,n}. If0(i) =n+1=o0(n+1), then i = n+ 1 by injectivity,
which is false; so (i) € {1,...,n}, and ¢’: {1,...,n} — {1,...,n}, o/'(i) = o(i), is



CHAPTER 3.4. PERMUTATIONS AND CYCLE NOTATION 198

a function. It is injective because o is. It is surjective: for j € {1,...,n} there is
i€ {l,...,n+ 1} with o(i) = j, since o is surjective, and i # n + 1, since o(n+ 1) =
n+1+#j. Soo €85,.
(b) Write R(o) := o’ and E(p) := p.
E maps into S'. The extension p is a function on {1,...,n + 1} with values in that set, and
p~1 undoes it point by point: for i < n, p~1(p(i)) = p~(p(i)) = i, and both fix n + 1; the
other composite is the same with p and p~! exchanged. So p is a bijection (Sets, Relations,
and Cardinality, Theorem 1.5.4) fixing n + 1.

R and E are mutually inverse. For o € S, o/ agrees with ¢ at every i < n and at n + 1, so
E(R(0)) = o (Sets, Relations, and Cardinality, Proposition 1.4.1). For p € Sy, (p)’ agrees
with p at every i < mn, so R(E(p)) = p. Hence R is a bijection with inverse E (Sets, Relations,
and Cardinality, Definition 1.5.2, Sets, Relations, and Cardinality, Theorem 1.5.4).

R is a homomorphism. Let o,7 € §" and i < n. By (a), 7(i) < n, so
(07)'(i) = o(7(4)) = o' (7' (i) = (o'7") ().

So (o7) = o'7', and R is an isomorphism. Its inverse F is an isomorphism by Proposi-
tion 3.3.2 (b). This proves the lemma.

So inside Sy, 41 sits a copy of Sy, the permutations that leave the last point alone. The factorial
n! is that of Sets, Relations, and Cardinality, Definition 2.3.1, read in N: 0! =1 and (n 4 1)! =
n!(n+1).

Proposition 3.4.2. The Symmetric Group Has n! Elements

For every n € N, S, is finite and has n! elements: |S,| = n!.

Idea. Sort the permutations of {1,...,n + 1} by where they send the last point. Those
sending it to n 4+ 1 are a copy of .S, by the lemma. Those sending it to & < n are matched
with the first kind by composing with the swap (kK n+1). So there are n + 1 classes of n!
permutations each.

Proof. We use induction on n (Logic and Proof, Axiom 4.2.1). For n = 0, Sy has exactly one
element, the empty function (Sets, Relations, and Cardinality, Proposition 1.4.2 (a)), and
0l =1.

Suppose S, has n! elements. For k € {1,...,n+ 1} let
Ay ={o € Sp41:0(n+1) =k}

Every o € Sp4+1 lies in exactly one Ay, namely for £ = o(n + 1). So the sets Ay, ..., Ayy1
are pairwise disjoint and their union is Sy, 4.

The class Api1. Apyq is the subgroup S’ of Lemma 3.4.1. By the induction hypothesis
there is a bijection {1,...,n!} — S,, (Sets, Relations, and Cardinality, Definition 3.1.2);
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composing it with the bijection S,, — S’ of the lemma gives a bijection {1,...,n!} — A, 14
(Sets, Relations, and Cardinality, Theorem 1.4.4 (c)). So A,+1 has n! elements.

The classes A, k < n. Let 7 := (k n+1), a transposition with 77 = id. If o € Ay, then
(to)(n+1)=7(k) =n+1,s0 70 € Apt1; if p € Aptq, then (7p)(n+1) =7(n+1) =k, so
Tp € Ag. The maps Ay — A,q1, 0 — 70, and A,+1 — Ag, p — Tp, are mutually inverse,
since 7(70) = (77)0 = o by (Gl), 77 = id and (G2), and likewise for p. So o — 70 is a
bijection Ay, — A,+1 (Sets, Relations, and Cardinality, Theorem 1.5.4), and composing as
before, A has n! elements.

Adding up. We prove, by Sets, Relations, and Cardinality, Theorem 2.2.1 with base 1 (read
on w by Number Systems: From \(\nN\) to \(\nR\), Corollary 1.7.3 (b)), the statement
P(j): “if j <n+1, the union A; U---UA; has jn! elements”. For j = 1 this is the count of
A1, and the step adds the n! elements of A;;1, disjoint from A; U---UA;, by Sets, Relations,
and Cardinality, Proposition 3.1.5, with jn! +n! = (j + 1)n!l. For j = n+ 1, S,4+1 has
(n+1)n! = (n+ 1)! elements. This completes the induction and proves the proposition.

So S3 has 6 elements, S4 has 24, and Sig already has 3628800. For Ss all six can be listed: id,
the three transpositions (1 2), (1 3), (2 3), and the two 3-cycles (1 2 3), (1 3 2). These are six
different permutations, so by the proposition they are all of S3: a proper subset of a 6-element
set has fewer elements (Sets, Relations, and Cardinality, Proposition 3.1.6, Sets, Relations, and
Cardinality, Corollary 3.1.4).

Disjoint cycles and the decomposition
theorem

In Example (Computing with Cycles), o came apart into the loops (1 3) and (2 5 4), which
move disjoint sets of points, and the order of the two factors did not matter. Both observations
hold in general. We start with the second: permutations moving disjoint sets of points do not
interfere with each other.

Proposition 3.4.3. Disjoint Permutations Commute

Let n € N and 0,7 € S, with suppo NsuppT = 0. Then o7 = 70. Moreover, every
permutation o maps supp o onto itself: o(suppo) = suppo.

In particular, disjoint cycles commute.

Idea. A point moved by o is fixed by 7, and so is its image under o, because o keeps its
moved points among its moved points. So on suppo only ¢ acts, on supp7 only 7, and
elsewhere neither: the order of application cannot matter.

Proof. o maps its support onto itself. Let i € suppo. If o(i) ¢ suppo, then o(o(i)) = o (i),
and injectivity gives o(i) = i, against ¢ € suppo. So o(suppo) C suppo. Conversely, let
j € suppo and i = o~ 1(j). If i ¢ suppo, then j = o(i) = i ¢ suppo, a contradiction; so
i € suppo and j = o(i) € o(suppo). Hence o(suppo) = suppo.
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Commuting. Let i € {1,...,n}. There are three cases, since 7 lies in at most one of the
disjoint supports.

Case 1: i € suppo. Then i ¢ suppT, so 7(i) = i. Also o(i) € suppo by the first part, so
o(i) ¢ supp T and 7(0(i)) = o(i). Hence (o7)(i) = o(i) = (10)(i).

Case 2: i € supp7. The same argument with o and 7 exchanged gives (70)(i) = 7(i) =
(o7)(1).

Case 3: i lies in neither support. Then o(i) =i = 7(i), and both products send i to i.

So o7 and To agree at every point, and o7 = 7o (Sets, Relations, and Cardinality, Proposi-
tion 1.4.1). This proves the proposition.

The hypothesis “disjoint” cannot be dropped: (1 2) and (1 3) share the point 1, and Example
(Computing with Cycles) shows that they do not commute. Exercise C1 looks at the dropped
hypothesis more closely.

Now the main theorem. To break a permutation into loops, start at a point it moves and follow
it until it comes back. The loop found is a cycle; remove it, and fewer points are moved, so
induction finishes the job.

Theorem 3.4.4. Disjoint Cycle Decomposition

Let n € N. Every o € 5, is a product ¢ = vy1y2 - - - 7vs, s € N, of pairwise disjoint cycles, each
with support contained in supp o. For o = id the product is empty (s = 0).

The clause about supports is part of the statement because the induction needs it: it is what
makes the new cycle disjoint from the old ones. The theorem says nothing about uniqueness;
that the decomposition is unique up to the order of the factors is proved in Groups, the chapter
“Symmetric Groups and the Sign of a Permutation”.

Idea. Induction on the number m of points that ¢ moves. (O Pick a moved point ¢ and follow
its orbit 4,0 (i), 02(),.... There are only n points, so the orbit repeats, and it repeats first
at ¢ itself. (2) The points before the return form a cycle v on which o acts exactly as v does.
®) Peel it off: p := 1o fixes the orbit and everything o fixes, so it moves fewer points, and
the induction hypothesis decomposes it. Then o = yp.

Before reading on: why must the orbit of i return to i itself, and not to some later point?

Proof. We use strong induction (Logic and Proof, Theorem 4.2.2) on m € N, for the state-
ment: every o € .S, whose support has m elements is a product of pairwise disjoint cycles
with supports in supp o. Every support is a subset of {1,...,n}, which has n elements, so it
is finite (Sets, Relations, and Cardinality, Proposition 3.1.6), and every o is covered by the
statement for some m.

Let o € Sy, let supp o have m elements, and suppose the statement holds for every smaller
number. If m = 0, then suppo = (), so o = id, the empty product (Definition 3.1.2). Let
m > 1 and choose 7 € suppo.
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Follow the orbit. Powers are taken in the group S,, (Definition 3.1.3). The map {0,1,...,n} —
{1,...,n}, ¢ — 0°(i), goes from a set of n + 1 elements to a set of n elements, so it is not
injective (Sets, Relations, and Cardinality, Corollary 3.1.3 (a)): ¢%(i) = o°(i) for some
0 <a<b<n. Apply 072 to both sides. By Proposition 3.1.3 (a), 0= %® = ¢" = id and
o %"0 = gb % g0

i=0""%), b—a>1.

So the set of ¢ € Z~o with 0¢(i) = i is non-empty and bounded below by 0, and it has a least
element r (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.6). Since o(i) # 1,
r > 2.

The points i, 0(i),...,0" "1 (i) are distinct. Indeed, if 0¢(i) = ¢%(i) with0 < c<d <r —1,
the argument just given yields 097¢(i) = i with 0 < d — ¢ < r, against the minimality of 7.
Let

O={0°(i):0<c<r—1}, yi=(i a(@) - o"1(3)),

an r-cycle (Definition 3.4.2) with suppy = O.

o acts on O as vy does. For 0 < c <1 —1,v(c°(i)) = 0°T1(i) = 0(0¢(3)), where 0¢*! = go°
by Proposition 3.1.3 (a). Forc=r—1, v(o""1(i)) =i = 0"(i) = (6" 1(4)). So o(x) = v(x)
for every x € O. In particular ¢ moves every point of O, since v does, and O C suppo.

Peel it off. Let p ==~ 1o. For z € O, p(x) = v 1(o(x)) = v 1 (y(x)) = x. For z ¢ suppo,
we have z ¢ O, so y(z) = = and hence v~ !(z) = z; then p(z) = v~ !(z) = z. So p fixes every
point of O and every point outside supp o:

supp p C suppo \ O.

Since i € O, the set suppo \ O is a proper subset of supp o, so it has fewer than m elements,
and so does its subset suppp (Sets, Relations, and Cardinality, Proposition 3.1.6, twice).
By the induction hypothesis, p = 71 ---7, with pairwise disjoint cycles v; and supp~y; C
supp p C suppo \ O. Each v; is therefore disjoint from ~, whose support is O.

Finally, yp = vy~ o = 0, so by Proposition 3.1.2 (a)

O =7971"""7s»

a product of pairwise disjoint cycles, with suppy = O C supp o and suppy; C suppo. This
completes the induction and proves the theorem.

The answer to the prompt. The orbit returns to ¢ itself because ¢ is injective; in the proof, that
is the step “apply o~¢”. If the first repetition were o®(i) = ¢%(i) with a > 1, applying o~ !
would give the earlier repetition o*~1(i) = 0% 1(i). For a function that is not injective this fails:
f:A{1,2} — {1,2} with f(1) = f(2) = 2 has the orbit 1,2,2,2, ..., which never comes back to 1.

The proof is an algorithm. Here it is run on one permutation.

A worked run. Let 0 € Sgsend 1 +— 4,2+— 6,3 +— 3,4+— 1,5 2, 6 — 5. Its support is
{1,2,4,5,6}. Start at 1: 1+ 4+ 1,507 =2 and v = (1 4). Peel it off: p=(14)"lo = (1 4)o
fixes 1 and 4 and agrees with o elsewhere, with support {2,5,6}. Start again at 2: 2 +— 6 —
5+ 2, 80 r = 3 and the next cycle is (2 6 5). Peeling it off leaves the identity, and the point 3,
fixed by o, never enters. So

o=(14)(265).
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1 2 3 45 6

Quick check. Decompose
36 5 41 2

) € Sg into disjoint cycles.

Solution. Start at 1: 1 — 3 — 5 +— 1, the cycle (1 3 5). The next moved point is 2:
2 +— 6 +— 2, the cycle (2 6). The point 4 is fixed. So the permutation is (1 3 5)(2 6), and by
Proposition 3.4.3 also (2 6)(1 3 5).

By Proposition 3.4.3, two neighboring factors of a disjoint cycle decomposition may be ex-
changed; for instance (1 3 5)(2 6) = (2 6)(1 3 5). The next section breaks each cycle further,
into transpositions.

Exercises

3.4.5.1 A. Check your understanding

Exercise. Al

(a) Compute (123 4)(24) and (2 4)(1 2 34) in Sy, as products of disjoint cycles.
(b) Find the inverse of (1 5 2 7) in S7, written as a cycle starting at 1.
(¢) Run the proof of Theorem 3.4.4 on

1 2 3 4 5 cs
g =
2 5 4 3 1 >
starting at ¢ = 1: give the orbit of 1, the number r, the cycle v, and p = v~
finish the run. Which step of the proof uses that o is injective?

(d) Compute ((12)(2 3))* and (1 2)%(2 3)2 in Ss.

lo; then

Solution.

(a) For (123 4)(24), apply (24) first: 1 —>1—2,2—4—1,3—3—4,4— 2+ 3.
So the product is (1 2)(3 4). For (2 4)(1 2 3 4), apply (1 2 3 4) first: 1 — 2 — 4,
4—1—1,2~— 3+~ 3,3~ 4~ 2. So the product is (1 4)(2 3). The two orders give
different permutations.

(b) By the inverse formula after Definition 3.4.2, (1 52 7)~! = (7 2 5 1), which, started at
1,is (1725).

(c) Theorbit of 1is 1+ 2+ 5+ 1,s0r =3 andy = (125), withy ! =(521) = (152).
Then p=~"losends 1 = 2—1,2—5—2 515 3—4—4,4+— 3~ 3
p = (3 4). Running the proof on p, starting at 3: 3 — 4 +— 3, so the cycle is (3 4), and
peeling it off leaves id. Hence o = (1 2 5)(3 4). Injectivity is used where the orbit is
shown to return to i itself: the step that applies 0=% to 0%(i) = o®(3).

(d (12)(23):1—1—2,2—3—3,3—2—1,s0itis (12 3), and its square sends
1—-2—33—>1—22-3—1 ((1 2)(23))2:(132). On the other hand

(1 2)%(2 3)2 = id, since transpositions are their own inverses. A second instance of the
warning on (o7)2.
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3.4.5.2 B. Practice

Exercise. B1: The table of S3

List the six elements of S3 in cycle notation and write out the table whose entry in row x
and column y is zy. Hence find all x € S5 with 22 = id, and all  that commute with every
element of Ss.

Solution. By the list after Proposition 3.4.2, the elements are id, (1 2), (1 3),(23), (12 3), (13 2).
Computing each product right to left, as in Example (Computing with Cycles), the entry in
row x, column y is zy:

zy id (12) (13) (2 3) (123) (132)
id id (12) (13) (2 3) (123) (132)
(12) (12) id (132) (123) (2 3) (13)
(13) (13) (123) id (132) (12) (2 3)
(2 3) (2 3) (132) (123) id (13) (12)
(123) (123) (13) (2 3) (1 (132) id

(132) (132) (2 3) (12) (1 id (123)

For example, the entry in row (1 2), column (2 3) is (1 2)(23): 1 +— 1+ 2,2 — 3 — 3,
3+ 2+ 1, which is (1 2 3).

Reading the diagonal, 22 = id exactly for z = id, (1 2), (1 3), (2 3). An element z commutes
with every element exactly when row x equals column x. This holds for id. It fails for every
other element: (12)(13)=(132)# (123)=(13)(12)handles (12)and (13); (23)(12) =
(132)#(123)=(12)(23)handles (23); and (123)(12)=(13)#(23)=(12)(123)
handles (1 2 3), while (1 32)(12)=(23) # (13)=(12)(132) handles (1 3 2). Hence only
id commutes with everything.

Exercise. B2: Counting cycles
Let n € N and 2 < k < n. Show that .S, contains exactly

n!
(n—Fk)k

k-cycles. Check the formula for n = 4 by listing the cycles of Sy.

Solution. We use one counting fact: if a finite set is the union of N pairwise disjoint
subsets with q elements each, it has Nq elements. This is Sets, Relations, and Cardinality,
Proposition 3.1.5 applied N —1 times, by induction on N, as in the proof of Proposition 3.4.2.

Lists. Let Ty, be the set of lists (i1,...,7) of distinct elements of {1,...,n}. Then T} has
n(n —1)---(n — k + 1) elements, by induction on k: Tj has one element, the empty list,
and T4 is the disjoint union, over the lists ¢t € Tj, of the sets of lists extending ¢ by a
point x of the complement C' of its entry set £. Here E has j elements, since the entries are
distinct, so j + |C| = n (Sets, Relations, and Cardinality, Proposition 3.1.6, Sets, Relations,
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and Cardinality, Proposition 3.1.5, Sets, Relations, and Cardinality, Corollary 3.1.4) and C
has n — j elements. By the counting fact, Tj;1 has (n — j) times as many elements as Tj.
Since n(n —1)---(n —k+1) - (n — k)! = n!, this number is n!/(n — k)!.

Lists to cycles. Each list in T} defines the k-cycle (i; --- i), and every k-cycle arises this
way. Two lists give the same cycle exactly when one is a rotation of the other. Indeed,
rotations give the same cycle (the remark after Definition 3.4.2). Conversely, if (i1 --- i) =
(J1 -+ Jk) = 7, then j; lies in the support {i1, ..., i}, say j1 = ic, and then jo = v(j1) = ict1,
and so on around the loop: the second list is the first rotated to start at i.. The k rotations
of a list are k different lists, since their first entries differ. So the lists fall into pairwise
disjoint classes of k elements, one class per k-cycle, and by the counting fact, with Ny the
number of k-cycles,

kN, =

(n— k)"
Dividing by k gives the formula.

Check, n = 4. Transpositions: 4!/(2!-2) = 6, namely (1 2), (1 3),(1 4),(2 3),(24),(3 4). 3-

cycles: 4!/(1!-3) = 8, two for each of the four sets of three points: (123),(132),(124),(142),(134),(143),(:
4-cycles: 4!/(0!-4) = 6, starting at 1 with the other three points in any of their 3! = 6 orders:
(1234),(1243),(1324),(1342),(1423),(1432).

Exercise. B3: The rotations of a square

Label the corners of a square 1,2, 3,4 in order around it. The quarter turn moves each label
to the next corner, which is the permutation p = (1 2 3 4) € Sy (Example (Groups) (e)).

(a) Compute p? and p? as products of disjoint cycles, and show p* = id.
(b) Show that (p) = {id, p, p*, p°}.
(c) Show that [k] — p* is a well-defined isomorphism (Z/47Z, +) — (p).

Solution.

(a) p> =ppsends 1+ 23,34+ 1,2+ 34,4 1+ 2: p> = (13)(24). Then
pP=p’psends 1 — 24,4 1+3,3—~42,2 3 1: p>=(1432). Finally
pt=pdpsends 121,232 343 414 p* =id.

(b) By Definition 3.2.2, {p) = {p* : k € Z}. For k € Z, divide by 4: k = 4q + r with
0 < r < 4 (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.1.2 (a)). By
Proposition 3.1.3 (a) and (c),

Pt = (p")ip" =id?p" =",

where id? = (p°)? = p° = id, again by (c). So every p* is one of p° = id, p, p?, p3, and
all four lie in (p).

(c) Well defined. 1f [k] = [k'] in Z/AZ, then k' — k € 4Z (Number Systems: From \(\nN\)
to \(\nR\), Definition 3.4.2), so k' = k + 4q for some q € Z, and p¥ = pF(p*)? = pF
as in (b). Homomorphism. [k] +[I] = [k +1] — pFt' = p¥p! by Proposition 3.1.3
(a). Bijective. The four distinct classes [0], [1],[2], [3], which are all of Z/47Z (Number
Systems: From \(\nN\) to \(\nR)\), Theorem 3.4.3 (b)), go to id, p, p?, p>, which are
four different permutations by (a) (they differ at the point 1: 1,2,3,4) and are all of
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(p) by (b). So the map is a bijection, hence an isomorphism, and the four rotations of
the square form a copy of Z/4Z, as Section 3.1 announced.

3.4.5.3 C. Going deeper

Exercise. C1: Dropping “disjoint”
Proposition 3.4.3 assumes that the supports are disjoint.

(a) Find two transpositions that share exactly one point and do not commute.
(b) Find two cycles in S3 with the same support that do commute.

(¢) In the proof of Proposition 3.4.3, which step fails for the pair of (a)?

Solution.

(a) (12)and (2 3) share only the point 2. By the table of Exercise B1, (1 2)(2 3) = (1 2 3)
and (2 3)(1 2) = (1 3 2), which differ (at 1: 2 versus 3).

(b) (1 2 3) and (1 3 2) both have support {1,2,3}. They are inverse to each other (the
inverse formula after Definition 3.4.2), so both products are id: (1 2 3)(1 3 2) =id =
(132)(123). More generally every permutation commutes with its inverse and with
its own powers (Proposition 3.1.3 (a)). So disjointness is sufficient for commuting, not
necessary.

(c) Case 1 at the point ¢ = 1 € supp(1l 2): the proof needs o(i) = 2 ¢ suppr, so that 7
fixes it. Here 7 = (2 3) moves 2, so (70)(1) = 7(2) = 3, while (o7)(1) = o(1) = 2.

Exercise. C2: Powers of disjoint cycles
(a) Let 0 = (i1 --- ix) € Sy be a k-cycle and m € Z~o. Prove that ¢ = id if and only if

(b) Let o be a k-cycle and 7 an I-cycle in S, disjoint. Prove that, for every m € Zy,
(o7)™ =1id if and only if k£ | m and [ | m.

(c) Deduce that the least m > 1 with (o7)™ = id is the least positive common multiple of
k and [.

(d) Find the least m > 1 with ((1 2)(3 4 5))" =id in Ss.

Solution (Hint 1). For (b): a power of 7 fixes every point that 7 fixes.

Solution (Hint 2). Converse of (b): evaluate c™7™ = id at a point of suppo.

Solution.

(a) Read the indices of the entries modulo k: for j € Z let i; = i, where t € {1,...,k}
and j =t (mod k). Write j — 1 = kq + s with 0 < s < k (Number Systems: From
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(d)

\(\nN\) to \(\nR\), Theorem 3.1.2 (a)) and take ¢ := s + 1; ¢ is unique because s
is. Then o(i;) = ;41 for every j, which is Definition 3.4.2. By induction on m € N
(Logic and Proof, Axiom 4.2.1), 0™ (ij) = ij4m, for every j: for m = 0 both sides are i ,
and 0™ 1(i;) = 0(6™ (i) = 0(ij4m) = ij+m+1, using o™+ = oo™ (Proposition 3.1.3
(a)). Every point off the cycle is fixed by o, hence by ¢. So ¢ = id if and only if
ij+m = %; for every j. Since the entries i1, ...,%; are distinct, i¢j4,, = %; holds exactly
when j +m = j (mod k), that is, when k | m.

The supports are disjoint, so o7 = 70 (Proposition 3.4.3), and (o7)™ = o™7™ by

Proposition 3.1.3 (d). If & | m and [ | m, then ¢™ = 7™ = id by (a), so (o7)™ = id.
Conversely, suppose c™7™ = id. Let z € suppo. Then = ¢ suppT, so 7(z) = =z,
and by induction on m (Logic and Proof, Axiom 4.2.1) 7"(x) = x (Hint 1). Hence
o™(x) = o™ (1™ (x)) = x. Also o™ fixes every x ¢ supp o, since o does. So ¢™ = id,
and then 7™ = ¢™7™ =id. By (a), k | m and [ | m.

By (b), the m > 1 with (o7)™ = id are exactly the positive common multiples of k
and [. This set contains kl, and so it has a least element (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.6), the least positive common multiple of & and
l. By Exercise (C3: Inclusions and intersections), the common multiples of k£ and [ are
exactly the multiples of that number.

(1 2) and (3 4 5) are disjoint, of lengths 2 and 3. The positive common multiples of 2
and 3 start 6,12, ... (a common multiple of 2 is even, and 31 2,4), so the least m is 6.

Marking scheme. (10 points) - 3: (a) the formula 0™ (i;) = %;4m with indices modulo
k, proved by induction, and the points off the cycle fixed. - 1: (a) from distinctness of
the entries to k | m, in both directions. - 2: (b) commuting from disjointness, cited, and
(o)™ = ™7™ with the reason. - 3: (b) the converse: from ¢ 7™ = id, uses disjointness of
the supports to get ¢ = id and 7" =id. - 1: (c) and (d), the least element named.

Second route: o™ = 7~

™ with suppoc™ C suppo and supp7~ "™ C supp7, and these are

disjoint, so both are id; this earns the same 3 points if both inclusions are justified.

Fatal errors (0 for the step): (o7)™ = o¢™7™ without using that the cycles commute;

“O.me

=1id so ¢™ = 7™, hence both are id” with no use of disjointness.

3.5 Transpositions Generate the Symmetric
Group

Section 3.4 wrote permutations in cycle notation and showed that every permutation breaks into
disjoint cycles (Theorem 3.4.4). One small computation there, (1 3)(1 2) = (1 2 3) in Example
(Computing with Cycles), says more than it seems to: a 3-cycle is two swaps. This section
shows that every permutation of {1,...,n}, for n > 2, is a product of swaps of two points. The
determinant of linear algebra is built on exactly this fact, and so is the sign of a permutation,
which later volumes define.

Throughout, n € N, products of permutations are read right to left (Definition 3.4.1: o7 = oot
applies 7 first), and a product 7179 - - - 7, is the product of a list in the group S,, (Definition 3.1.2),
so brackets may be dropped (Proposition 3.1.2 (b)).
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Cycles as products of transpositions

Recall from Definition 3.4.2 that a transposition is a 2-cycle (a b), with a # b: it swaps a and
b and fixes every other point. Two facts about it are used constantly below.

e (a b) = (ba), since both swap a and b and fix the rest (Sets, Relations, and Cardinality,
Proposition 1.4.1).

o A transposition is its own inverse: (a b)(a b) = id. Indeed a — b — a, b — a — b,
and every other point is fixed twice. Equivalently, the inverse of (a b) is (b a) = (a b)
(Definition 3.4.2).

The computation (1 3)(1 2) = (1 2 3) has a pattern: both transpositions contain the first entry
1 of the cycle, and the one applied first is (1 2), which sends 1 to the next entry. Longer cycles
follow the same pattern.

Proposition 3.5.1. A Cycle Is a Product of Transpositions

Let k > 2, and let iy,492,...,ix € {1,...,n} be distinct. Then
(i1 42 -+ dg) = (41 i) (i1 Tk—1) -~ (i1 92),

a product of £ — 1 transpositions.

Read right to left, the factors are (i1 i2), then (i; i3), and so on up to (iy ix). For k = 4:
(1234)=1(14)(13)(12). Follow 2: the first factor (1 2) sends it to 1, the second sends 1 to
3, and the third fixes 3; so 2 — 3, as the cycle requires.

Idea. Induct on the length. To pass from (iy --- ix) to (i1 -+ i igt1), the only change is
that i must now go to ix11 instead of back to i;, and ixy1 must go to ¢;. One more swap
of 7; and 7541, applied after the shorter cycle, makes exactly this change.

Proof. We prove, by Sets, Relations, and Cardinality, Theorem 2.2.1 with base 2 (read on
w by Number Systems: From \(\nN\) to \(\nR)\), Corollary 1.7.3 (b)), the statement P(k):
“for every list (i1,...,14) of distinct points of {1,...,n}, the displayed equation holds”.

Base, k = 2. The right-hand side is the list of one factor (i1 i2), whose product is (i1 i2)
(Definition 3.1.2), and this is the left-hand side.

Step. Let k > 2, suppose P(k), and let i1,...,ix41 be distinct. Put v = (i1 --- ix) and
T = (i1 ig41). We claim 7y = (41 -+ ixy1), and check it point by point (Sets, Relations,
and Cardinality, Proposition 1.4.1).

o For 1 <j <k: 7(ij) =ij41, which is neither i1 (as j +1 > 2) nor ixyq (as j+1 < k),
the entries being distinct; so 7 fixes it: 7y(i;) = i;41.

o v(ix) =1 and 7(i1) = igs1: so TY(ig) = Igt1-

o iky1 IS not among iy, ..., i, so 7y fixes it, and 7(igx11) = i1: so Ty (ig+1) = i1

o Every other point z is fixed by ~ and by .

These are the values of the (k + 1)-cycle (Definition 3.4.2), which proves the claim. By
P(k) and the concatenation law Proposition 3.1.2 (a), applied to the list (7) and the list
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((Zl Zk)v s (21 i2))7
(11 - dkp1) = 7y = (G o) (61 8) - -+ (01 B2),
which is P(k + 1). This proves the proposition.
|

The proof never used that the cycle starts at its smallest entry, so the formula may be applied
to any way of writing the cycle. Writing (1 2 3) as (23 1) gives (2 1)(2 3) = (1 2)(2 3), a second
word for the same permutation; we return to this below.

Quick check. Write (2 5 3) as a product of transpositions, and check your answer point by
point.

Solution. By Proposition 3.5.1 with i1 = 2, i3 = 5, i3 = 3: (25 3) = (2 3)(2 5). Check,
applying (2 5) first: 2+— 5+ 5,5+ 2+ 3, 3 +— 3 — 2, and every other point is fixed. So
25,5+ 3,3 2, which is (2 5 3).

Every permutation is a product of
transpositions

We say that o € S, is a product of transpositions if 0 = 779 -7 for some r > 1 and
transpositions 71,..., 7. € S,. The words “r > 1” matter for one permutation only: the identity
is always the empty product (Definition 3.1.2), but it is a product of at least one transposition
only when a transposition exists, that is, when n > 2. Then id = (1 2)(1 2). More generally,
for a set T' C S, 0 is a product of elements of T if ¢ = t1ty---t, for some r > 1 and
t1,...,t, € T, and T generates S, if every o € S,, is a product of elements of T'. The theorem
below says that the transpositions generate .S, for n > 2, and its corollary says the same for the
adjacent transpositions.

Theorem 3.5.2. Transpositions Generate S,

Let n > 2. Every o € S,, is a product of transpositions.

Try it first (ten minutes): write (1 2 3 4) and (1 3)(2 4) as products of transpositions. Then let
o € Sy with o(4) # 4: which single transposition T makes To fix 47

Idea. The two examples are easy: the first is (1 4)(1 3)(1 2) by Proposition 3.5.1, and the sec-
ond is already a product of two transpositions. They suggest a route through Theorem 3.4.4,
and that route works (the remark after the proof). But it hides where the transpositions
come from. The second question points to a route that needs no cycles at all: induction on
n. What is the smaller object inside a permutation of n+1 points? If o fixes n+1, it is really
a permutation of {1,...,n}, and Lemma 3.4.1 makes that precise. If not, say o(n + 1) = k,
one swap repairs it: 7 := (k n+1) sends k back to n + 1, so 7o fixes n + 1. Apply the first
case to 7o, then undo the swap. In one phrase: fix one point, then induct.
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Before reading on: why does To fix n+ 1, and why is that the right thing to aim for?

Proof. We use Sets, Relations, and Cardinality, Theorem 2.2.1 with base 2 (read on w by
Number Systems: From \(\nN\) to \(\nR\), Corollary 1.7.3 (b)) on n > 2.

Base, n = 2. Let o0 € Sy. If 0(1) = 1, then 0(2) # 1 since o is injective, so 0(2) = 2 and
o = id (Sets, Relations, and Cardinality, Proposition 1.4.1). If (1) = 2, then o(2) =1
in the same way, and 0 = (1 2). So Sz = {id, (1 2)}. Here (1 2) is one transposition and
id = (1 2)(1 2) is two.

Step. Let n > 2, suppose that every element of S,, is a product of transpositions, and
let 0 € Sp4+1. For p € S, write p € Sp41 for its extension, p(i) = p(i) for i < n and
p(n+1) = n+ 1. By Lemma 3.4.1, p — p is the inverse of the isomorphism o — o’
from S’ == {0 € Sp41 : o(n+1) = n+ 1} onto Sp; so it is an isomorphism S, — S’
(Proposition 3.3.2 (b)), and p7 = p7 for all p, 7 € S,,, the product on the right being taken
in S/, that is, in Sy41.

We record two facts about the extension.

1. It carries list products to list products: T1---7. = 7T1---T, for every r > 1 and
Tiy.ooyTr € Sp. For r = 1 both sides are 77. If it holds for r, then by the recur-
sion of Definition 3.1.2 and the homomorphism property,

T Tl = (71 )Tt = 7175 okl = 71+ Tt

so it holds for r + 1 (Sets, Relations, and Cardinality, Theorem 2.2.1 with base 1).

2. It carries transpositions to transpositions: for distinct a,b < n, (a b) swaps a and b
and fixes every other point of {1,...,n + 1}, including n + 1; so it is the transposition
(a b) of Spt1.

Case 1: o(n+1) =n+ 1. Then o € S, and its restriction o’ lies in S,, (Lemma 3.4.1). By
the induction hypothesis, 0’ = 7 - - - 7, with > 1 and transpositions 7; € S,. Since the two
maps of the lemma are mutually inverse, ¢ = ¢’/, and by facts 1 and 2,

c=0 =TT, =TTy,
a product of r transpositions of Sy1.

Case 2: o(n+1) =k #mn+1. Then k € {1,...,n}, and 7 := (k n+1) is a transposition of
Snt1- Now
(ro)(n+1) =7(a(n+1)) =7(k) =n+1,

so Case 1 applies to 70: 70 = 11 - - 7 with r > 1 and transpositions 7; € S;,41. Multiply on
the left by 7, using 77 = id, (G1), (G2) and the concatenation law Proposition 3.1.2 (a):

o= (r)o=71(to)="7(T1-7p) =TT1" " Tp,
a product of r 4+ 1 transpositions.

In both cases o is a product of transpositions. This completes the induction and proves the
theorem.



CHAPTER 3.5. TRANSPOSITIONS GENERATE THE SYMMETRIC GROUP 210

The answer to the prompt. The transposition 7 = (k n+1) was chosen so that it sends
k = o(n+ 1) back to n + 1; that is the whole computation in Case 2. Fixing n + 1 is the right
aim because it is exactly the hypothesis of Lemma 3.4.1: a permutation of n + 1 points that
fixes the last one is a permutation of n points, and only there does the induction hypothesis
speak. Case 1 also needs the restriction ¢’ to be onto {1,...,n}, and the lemma proves this
directly from o(n + 1) = n + 1, with no counting.

Remark. Alternatively, Theorem 3.4.4 writes o = 7 - - - v, with disjoint cycles ;. If s =0,
then ¢ = id = (1 2)(1 2), using n > 2. Otherwise Proposition 3.5.1 writes each v; as a
product of transpositions, and the concatenation law Proposition 3.1.2 (a) joins the words.
For o = (1 3)(2 5 4) of Example (Computing with Cycles) this gives (1 3)(2 4)(2 5).

The word is not unique

A product 71 - - - 7 equal to o is a word for o. A permutation has many words. For the 3-cycle
of the opening,
(123)=(13)(12)=(12)(23)=(13)(12)(12)(12).

The first word is Example (Computing with Cycles). The second is Proposition 3.5.1 applied to
(2 3 1), as above; directly, applying (2 3) first, 1 +— 1+ 2, 2+ 3+ 3, 3+ 2+ 1. The third
inserts (1 2)(1 2) = id after the first word.

¢

Warning. “The transpositions of ¢” means nothing, and neither does “o is a product of r
transpositions, so 7 is determined by o”. The three words for (1 2 3) above have lengths 2, 2
and 4, and the first two consist of different transpositions. A word must also be read right
to left, like every product of permutations: reversing the word (1 3)(1 2) gives (1 2)(1 3) =
(1 3 2) (Example (Computing with Cycles)), a different permutation.

Something does survive. The three lengths 2, 2, 4 above are all even. That every word for
a given permutation has a length of the same parity is true, but it is not proved here: it is
the theorem on the sign of a permutation, proved in the chapter “Determinants” of the linear
algebra volume Determinants and the Structure of Operators and in the chapter “Symmetric
Groups and the Sign of a Permutation” of Groups. Nothing in this chapter uses it.

) Second reading - A minimal change: 3-cycles do not generate

Not every kind of cycle generates S,. Change “transpositions” to “3-cycles” in the theorem,
with n = 3. By Definition 3.4.2, a 3-cycle of Ss is (i1 i2 i3) with {i1,i2,i3} = {1,2,3}, and
rotating the written cycle shows that there are only two of them: (123)=(231)=(312)
and (132)=(321)=(213). Let H :={id, (1 2 3),(1 3 2)}. Computing right to left as in
Example (Computing with Cycles),

(123)(123)=(132), (132)(132)=(123),
(123)(132)=id, (132)(123)=id,

and id times anything is that thing; so H is closed under products. By induction on the length
r > 1, using the recursion of Definition 3.1.2, every product of r 3-cycles lies in H. But (12) ¢ H.
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So the 3-cycles do not generate Ss, and the theorem depends on the kind of cycle it names.

Adjacent transpositions

Linear algebra often sorts a list by swapping neighbors, positions ¢ and i+1. The transpositions
(1 i+1), 1 <i < n, are the adjacent transpositions, and they are enough.

Corollary 3.5.3. Adjacent Transpositions Generate S,

Let n > 2. Every o € S, is a product of adjacent transpositions (i i+1), 1 <i < n.

Idea. By Theorem 3.5.2 it is enough to write one transposition (¢ j), ¢ < j, with adjacent ones.
Conjugating by a neighbor swap moves an endpoint one step: (i i+1)(i+1 j)(i i+1) = (i j).
So the gap j — ¢ shrinks by one, and an induction on the gap finishes.

Proof. First let 1 < i < j < n with j —¢ > 2, and put s := (i i+1), t .= (i+1 j); here
i+1 < j,sotis a transposition. We check sts = (i j) point by point, applying the right-hand
s first:
=i+ l—=j—=3 j—=j—=1+1—7,
1+ 1l—i—=i—i41,
and every other point is fixed by s, t and s. So

(t7)= (i i+1)(E+1 j)(@ i+1). ()

Next we prove, by Sets, Relations, and Cardinality, Theorem 2.2.1 with base 1 on d, the
statement Q(d): “for every i > 1 with i + d < n, (i i+d) is a product of adjacent trans-
positions”. Q(1) holds, since (i i+1) is one. Suppose Q(d), and let i +d + 1 < n. By (*)
with j =i+d+1, (i i+d+1) = (i i+1)(i+1 i+14d)(i i+1), and the middle factor is
a product of adjacent transpositions by Q(d), applied at ¢ + 1. Joining the three words by
Proposition 3.1.2 (a) gives Q(d + 1).

Finally let o € S,,. By Theorem 3.5.2, 0 = 7y - - - 7. with r > 1. Each 7; is (a b) = (b a) with
a # b, so it can be written as (i i+d) with ¢ the smaller entry and d > 1 the difference; by
Q(d) it is a product of adjacent transpositions. Joining these r words by Proposition 3.1.2
(a) proves the corollary.

The words this proof produces are long. Unwinding (x) twice, (1 4) = (1 2)(2 4)(1 2) and
(24)=(23)(34)(23),so0
(14)=(12)(23)(34)(23)(12).

The corollary only promises that some word exists; it says nothing about the shortest one.
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Quick check. Find a second word of adjacent transpositions for (1 4) in Sy, different from
the one above, and check it point by point.

Solution. Shrink the gap from the other end: (1 4) = (3 4)(1 3)(3 4) and (1 3) =
(23)(12)(23),s0(14)=(34)(23)(12)(23)(34). Check, applying the right-most factor
first: 111223244322 1—1—12—2—3—3— 2 2;
3—4—4—4—4—3. Sol <+ 4 with 2, 3 fixed, which is (1 4). (The first step is the
mirror image of (%): (i j) = (j—1 j)(@ j—1)(j—1 j) for j —i > 2, checked in the same way.)

Exercises

3.5.5.1 A. Check your understanding

Exercise. Al

(a) Where in Theorem 3.5.2 is the hypothesis n > 2 used? What goes wrong for n = 17

(b) Run the proof of Theorem 3.5.2 on o := (1 3 4 2) € Sy: at each stage name the case,
the transposition 7 chosen, and the permutation passed down to the smaller symmetric
group. Write down the word for ¢ the run produces, and check it.

(c) Where does the proof use Lemma 3.4.1, and for what?

(d) State the idea of the proof in two sentences.

Solution.

(a) In the base case. The induction starts at n = 2, where id = (1 2)(1 2) needs a
transposition to exist. For n = 1, S; = {id} has no transposition at all (a transposition
needs two distinct points), so id is a product of transpositions only as the empty
product, which the definition of “product of transpositions” (r > 1) excludes.

(b) First stage, in S4. 0(4) =2 # 4: Case 2, with k = 2 and 7 = (2 4). Then 70, applying
ofirst: 1—3+—3,3—-4—22—1—14+—2+— 4. So7o = (13 2), which fixes 4,
and Case 1 passes its restriction, the permutation (1 3 2) of {1,2,3}, down to Ss.
Second stage, in S3. o' == (1 3 2) has 0/(3) = 2 # 3: Case 2 again, with 7/ = (2 3).
Then 7'0’: 13+ 2,2 1+ 1,3+ 2+ 3. So 70’ = (1 2), which fixes 3; Case 1
passes (1 2) € Sy down.

Base, in S3. (1 2) is one transposition.

Back up. 7o’ = (1 2) gives ¢/ = 7/(1 2) = (2 3)(1 2), and then ¢ = 7(70) =
(2 4)(2 3)(1 2), each transposition read in Sy by fact 2 of the proof. Check, applying
(12)first: 1—2—3—-3,3—-3—2—44—4—4—22—1—1~1. So
1342 1, which is (1 3 4 2).

The second route of the remark after the theorem gives another word: by Proposi-
tion 3.5.1, (1342) = (12)(14)(13) (check: 1+ 333,31 4 4,
4—4—1— 2,2+ 2~ 2+ 1). That is a correct word, but it is not the run
asked for. Neither is (2 4)(1 2)(1 3), which applies one Case-2 step and then the cycle
formula to 7o = (1 3 2); it is a third valid word.

(¢) Intwo places. In the paragraph opening the Step, part (b) of the lemma says that p — p
is the inverse of the isomorphism o — ¢’ from S’ onto S, ; so, by Proposition 3.3.2 (b),
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the extension is a homomorphism, the product of extensions being taken in S, 1. Fact
1 rests on this. In Case 1, part (a) says that a permutation o of {1,...,n + 1} fixing
n + 1 restricts to a permutation ¢’ of {1,...,n}, to which the induction hypothesis
applies, and part (b) says that extending o’ back gives o, so that the extension carries
the word for ¢’ to a word for o.

(d) Induct on n: a permutation that fixes the last point is a permutation of one point fewer,
so the induction hypothesis writes it as transpositions. A permutation that moves the
last point is brought to that case by one transposition, which is then undone.

3.5.5.2 B. Practice

Exercise. B1

Write (1 2 3 4 5) and (1 5)(2 4) as products of transpositions, and then as products of
adjacent transpositions. Check one of your adjacent words point by point.

Solution. Transpositions. By Proposition 3.5.1, (1 23 4 5) = (1 5)(1 4)(1 3)(1 2). The
permutation (1 5)(2 4) is already a product of two transpositions.

Adjacent transpositions. A word of neighbor swaps for the 5-cycle can be checked directly:
(12345)=(12)(23)(34)(45).

Check, applying (4 5) first: 1+—1+—1—1—2;2—2—2—3—3;3—3—4—4—4;
4—5—~5—5—55—-4—3—2—1. Sol—2—3+— 45— 1, as required.

For (1 5)(2 4), use (x) of the corollary’s proof repeatedly: (1 5) = (1 2)(2 5)(1 2), (2 5) =
(23)(35)(23), (35 =(34)(45)(34),and (24) = (23)(34)(2 3). Joining the words
(Proposition 3.1.2 (a)),
(15)(24)=(12)(23)(34)(45)(34)(23)(12)
-(23)34)(2 3),

a word of ten adjacent transpositions.

Exercise. B2
Letn>2and p:=(12 --- n) €S, forn=2, p=(12)).
(a) Prove that o(a b)o~! = (0(a) o(b)) for every o € S,, and every transposition (a b) € S,,.

(b) Prove that p~1(1 2)p=C=Y = (4 i+1) for 1 <i<n—1.
(c) Deduce that every o € S, is a product of factors each equal to (1 2), p or p~L.

Solution.

(a) The points o(a), o(b) are distinct, since o is injective, so the right-hand side is a
transposition. Check point by point, applying o~! first. For z = o(a): 0~ !(z) = a —
b o(b). For x = o(b): o~ Y(z) = b+ a > o(a). For any other 2: o~!(z) ¢ {a,b}
(otherwise # = o(c~!(x)) would be o(a) or a(b)), so (a b) fixes it, and (o~} (z)) = .
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These are the values of (o(a) o(b)) (Sets, Relations, and Cardinality, Proposition 1.4.1).

(b) First, p™(j) = 7 + m whenever m € N, j > 1 and j + m < n. By induction on m:
p® = id; and if it holds for m and j+m+1 < n, then p™*! = p™p (Definition 3.1.3), so
P () = p™(j4+1) = j+ 1+ m, using p(j) = j+ 1 for j < n (Definition 3.4.2). Now
let 1 <i<n-—1ando:=p"~! Theno(l)=iand o(2) =i+1,since 2+ (i—1) <n,
and 0~! = p~(=1 by Proposition 3.1.3 (b). By (a), p'~1(1 2)p= (1) = (5 i+1).

(¢) By Corollary 3.5.3, o is a product of adjacent transpositions. By (b), each (i i+1)
equals p'~1(1 2)p~(=1 where p*~! is the product of i — 1 factors p and p~(—1) =
(p~ 1)1 the product of i — 1 factors p~! (Definition 3.1.3, Proposition 3.1.3 (b)).
Joining all these words by Proposition 3.1.2 (a) writes o as required.

3.5.5.3 C. Going deeper

Exercise. C1: Exit check: transpositions generate

Let n > 2. State and prove that every o € .S, is a product of transpositions.

Solution. Statement. For n > 2, every o € Sy, is 71 -+ - 7 for some r > 1 and transpositions
7; € Sp (Theorem 3.5.2).

Proof. Induction on n > 2 (Sets, Relations, and Cardinality, Theorem 2.2.1 with base 2).
For n = 2, a bijection o of {1,2} has o(1) = 1, and then o(2) = 2 by injectivity, or o(1) = 2
and 0(2) =1; so S2 = {id, (1 2)}, and id = (1 2)(1 2).

Suppose the statement for n > 2, and let o € S, 41.

If o(n+1) =n+1, then 0(i) # n+ 1 for i < n by injectivity, so o restricts to an injective
map o': {1,...,n} = {1,...,n}. It is onto: for j < mn, j = o(i) for some i, and i #n + 1
because o(n+1) =n+1# j. Soo’ € S, (Lemma 3.4.1), and ¢’ = 71 - - - 7,- by the hypothesis.
Extending each permutation of {1,...,n} by n+ 1+ n+ 1 is the inverse of the restriction
isomorphism of Lemma 3.4.1 (b), so it is a homomorphism (Proposition 3.3.2 (b)). By
induction on r, using the recursion of Definition 3.1.2 (fact 1 in the proof of Theorem 3.5.2),
it carries this word to the word 77 ---7 in S, 11, each 7; the transposition of the same two
points; and it carries ¢’ to 0. Hence o0 =71 - - - 7.

Ifon+1)=k#n+1,let 7:=(k n+l). Then (r0)(n+1) = 7(k) = n+ 1, so by the first
case 7o = Ty - - - T, with transpositions in Sy4+1. Since 77 =id, 0 = 7(70) = 771 - - - 7. This
completes the induction.

Marking scheme. (10 points)

e 2: sets up induction on n with base n = 2, and handles S, including id as a product
of transpositions.

e 3: Case o(n+1) = n+1: reduces to S, with the restriction shown to be a permutation
of {1,...,n} (surjectivity justified, or Lemma 3.4.1 cited).

o 3: Case o(n+ 1) = k # n+ 1: chooses a transposition 7 with 7o fixing n + 1, and
computes (7o)(n+1) =n+ 1.

e 1: undoes 7, using 77 = 7.

e 1: says why transpositions of 5, extended, are transpositions of S, 11 and the extended
word still equals o.

Fatal errors (0 for the step): using “o is a product of transpositions in S, 11" inside its own
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proof (circular); assuming the cycle decomposition or the cycle formula without citing it as
proved.

Second route (accepted, 10 points).

e 3: cites Theorem 3.4.4 as proved, writing o as a product of disjoint cycles.

e 3: writes each cycle as transpositions by Proposition 3.5.1, cited or proved, with the
factors in the right (right-to-left) order.

o 2: handles 0 =1id as (1 2)(1 2), using n > 2.

 2: joins the words into one product of transpositions (Proposition 3.1.2 (a)).

Third route (accepted, 10 points): strong induction on [supp o] (finite, as a subset
of {1,...,n}).

o 2: sets up the induction and handles the base supp o = {), that is, o = id = (1 2)(1 2),
using n > 2.

o 3: for o # id, picks i with j := o(i) # i and 7 := (i j), and shows that 7o fixes i and
every point that o fixes (such a point is neither ¢ nor j, by injectivity).

o 3: concludes supp(7o) C suppo \ {i}, so the hypothesis applies to 7o (or 7o = id, and
o=T).

« 1: undoes 7, using 77! = 7.

o 1: joins the words (Proposition 3.1.2 (a)).

Exercise. C2: Find the error
Here is an argument.
Claim. Every cycle is a product of transpositions.

Proof. (1) Let v = (i1 42 --- i) with k£ > 2 and distinct entries. (2) The cycle
sends i1 to ig, then iy to i3, and so on, up to ig, which it sends back to i;. (3)
The swap (i1 i2) takes iy to ig; the swap (i1 i3) is next; and so on. (4) Hence
v = (i1 42)(i1 43) - - - (i1 ig). (5) So «y is a product of k¥ — 1 transpositions.

Is the claim true? Does the argument prove it? Name the line that fails and the reason, give
a counterexample to the illegal step, and repair the argument.

Solution. The claim is true: it is Proposition 3.5.1. The argument does not prove it.

Line (4) fails, on the strength of line (3). Line (3) lists the transpositions in the order in
which they should act, and line (4) writes them left to right in that order. But a product of
permutations acts right to left (Definition 3.4.1): in (i1 2)(é1 i3) - - - (41 ix) the factor (i1 ig)
acts first. The equation of line (4) is an unproved “fact”, and a false one: entry (N9) of Logic
and Proof, Example (What is not allowed). Lines (1), (2) and (5) are correct.

Counterexample to the step. For k =3 and v = (1 2 3), line (4) claims (1 2 3) = (1 2)(1 3).
But (1 2)(1 3) = (1 3 2) (Example (Computing with Cycles)), and (1 3 2) # (1 2 3), since the
first sends 1 to 3 and the second sends 1 to 2. There is no counterexample to the conclusion.

In fact the product in line (4) is y~!: by Proposition 3.1.2 (c), the inverse of (i1 ix) - - - (i1 i2) =
v is the reversed product of the inverses, and each transposition is its own inverse.

Repair. Reverse the order of the factors: v = (i1 ix)(i1 9k—1) - - - (i1 92), and prove it as in
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Proposition 3.5.1, by induction on k with a point-by-point check of (i1 ix41)(i1 -+ ix) =
(il . ik+1)-

Marking scheme. (10 points)

e 2: says the claim is true and the argument does not prove it.

o 3: names line (4) (or lines (3)—(4) together) and the reason: the factors are written in
the order they should act, but products act right to left.

o 2: a counterexample to the step, such as (1 2)(1 3) = (1 3 2) # (1 2 3).

e 3: gives a correct formula for v as a product of transpositions and justifies it. For the
reversed product (i1 ig)--- (i1 i2), the induction or a citation of Proposition 3.5.1 is
enough. For another word, such as (i i2)(i2 3) - - - (ig—1 i), the reader must prove it,
by induction on k or by a point-by-point check for general k.

Fatal errors (0 for the step): a counterexample to the conclusion (there is none); a “repair”
that keeps line (4)’s product and silently replaces v by another cycle (such as y~1).

Exercise. C3

(a) Let 0 € S, and let (iy --- ix) € S, be a cycle. Prove that o(iy --- ig)o™ =
(o(in) -+ o(ir)).
(b) Deduce that any two transpositions of S,, are conjugate: for transpositions 7,7’ there

is 7 € 8, with 7/ = wra— L.

Solution.

(a) Write~ := (i1 --- ix), and read indices so that i1 meansiy. The points o (i1),...,0(i)
are distinct, since o is injective, so the right-hand side is a k-cycle. For x = o(i;):
o Yx) =ij > ij41 > 0(ij41). For z not among the o(i;): o~!(x) is not among the
i;, so 7y fixes it, and oyo~1(z) = z. These are the values of (c(i1) -+ o(ix)).

(b) Here n > 2, since a transposition exists. First, every transposition (a b), written with
a < b, is conjugate to (1 2): by (a) it suffices to find 7 with (1) = a, 7(2) = b. If
(a,b) = (1,2), take 7 = id. If a = 1 and b > 3, take 7 = (2 b). If a > 2, then b > 3;
take m = (1 a)(2 b): applying (2 b) first, 1 — 1 — a, and 2 — b+ b, since b # 1 and
b# a. Nowlet 7 =m(12)r~! and 7/ = /(1 2)7’~!. Then (1 2) = 7~ 177, and

v =7'n e = (Y r(ale Y,

by Proposition 3.1.2 (c¢) and Theorem 3.1.1 (3). Conjugacy in S, is studied in the

chapter “Symmetric Groups and the Sign of a Permutation” of Groups.

Marking scheme. (10 points)

 2: notes that the o(i;) are distinct (o injective), so the right side of (a) is a k-cycle.

o 2: checks oyo (0 (i;)) = o(ij+1), including the wrap-around j = k.

o 2: checks that every x outside {o(i1),...,0(ix)} is fixed.

o 3: for transpositions (a b), (¢ d), exhibits a permutation 7w with {7 (a),7(b)} = {c,d},
covering every case of overlap between {a, b} and {c, d}; directly or through (1 2).

o 1: applies (a) with k = 2 to conclude 7/ = 777!, or composes the two conjugations
by (1 2) using (n'7~1)~! = 7x'~L.
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Fatal errors (0 for the step): a proof of (a) that only asserts the formula (0 for the three (a)
items); 7 is not a bijection, or is built only for disjoint (or only for overlapping) pairs. Part
(b) may use (a) even where (a) was not proved.

3.5.5.4 R. Review

Exercise. R1

Let F be a field. Show that ¢(k) := k- 1p defines a homomorphism (Z,+) — (F,+), that
ker ¢ = mZ for exactly one m € N, and that this m is 0 or a prime.

Solution. Homomorphism. In additive notation, Proposition 3.1.3 (a) says (k +1) - 1p =
k-1p+1-1F for all k,1l € Z, the multiples being those of the group (F,+) (Definition 3.1.3).
That is p(k + 1) = @(k) + ¢(I). By Proposition 3.1.3 (e), for k € N these group multiples
are the multiples of Number Systems: From N to R, Section 2.3, which are the multiples of
Lemma 2.5.1; that lemma is applied below only to natural numbers.

Kernel. ker ¢ is a subgroup of Z (Theorem 3.3.1 (c)), so ker ¢ = mZ for exactly one m € N
(Theorem 3.2.4): m = 0 if the kernel is {0}, and otherwise m is its least positive element.

m is 0 or prime. m # 1: 1-1p = 1p (Definition 3.1.3), and 1p # O in a field (Number
Systems: From \(\nN\) to \(\nR\), Definition 2.3.1), so 1 ¢ ker . Suppose m > 2 were
not prime. By Sets, Relations, and Cardinality, Definition 2.2.2 it has a positive divisor
a ¢ {1,m}; write m = ab with b € Z. Then b > 0, as a,m > 0; a < m and b < m by Number
Systems: From \(\nN\) to \(\nR)\), Proposition 3.1.1 (e); and b # m, since b = m would
give a =1 (cancel m # 0in Z). So 0 < a < m and 0 < b < m. By Lemma 2.5.1 (b),

(a‘lp)(b'lF) = (ab)‘lpzm-lp :OF.

But a ¢ mZ: if m | a with a > 0, then m < a by Number Systems: From \(\nN\) to \(\nR\),
Proposition 3.1.1 (e), against a < m. So a-1p # Op, and in the same way b-1p # 0p. A
field has no zero divisors (Theorem 2.1.1 (f)): a contradiction. So m is 0 or prime.

This is a group-theoretic route to Chapter 2’s characteristic. The number m is char F
(Definition 2.5.1): if m > 0 it is the least positive n with n-1p = O, and m = 0 exactly
when there is none. The result is Theorem 2.5.3, whose proof there runs the same argument
without the language of kernels.

Exercise. R2

Show that (Z/6Z,+) = ((Z/7Z)*,-), and that (Z/6Z,+) = Z/27 x Z./3Z.

Solution. The first isomorphism. By Number Systems: From \(\nN\) to \(\nR\), Theo-
rem 3.5.2, Z/7Z is a field, so every non-zero class is a unit, while [0] is not ([0][z] = [0] # [1]).
So the units are the six classes [1],...,[6], distinct by Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.3 (b), and they form a group by Proposition 3.1.4. Compute the
powers of [3]:
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from3-3=9=7+2,2-3=6,6-3=18=14+4,4-3 =12 = 7+ 5, and then

Define f([k]) := [3]F. Well defined: if [k] = [k'] in Z/6Z, then k' = k + 6q with ¢ € Z, and by
Proposition 3.1.3 (a), (c),

since every power of the identity is the identity (Definition 3.1.3, by induction on ¢ € N,
and for ¢ < 0 because [1]7! = [1]). A homomorphism: f([k] +[I]) = f([k +1]) = [3]F+ =
[3]%[3]" = f([k])£([1]), by Proposition 3.1.3 (a). Bijective: the six classes [0],...,[5] of Z/67Z
(Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (b)) go to the six distinct units
listed above, which are all of (Z/7Z)*. So f is an isomorphism (Definition 3.3.1).

The second isomorphism. 1 = 3-1+2-(—1), so 2 and 3 are coprime (Number Systems:
From \(\nN\) to \(\nR\), Corollary 3.2.2). By Example (Homomorphisms) (e), which rests
on Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.3 (b), [z]s — ([z]2, [z]3) is an
isomorphism of additive groups Z/6Z — Z /27 x Z/3Z.

The method is that of Example (Isomorphic and Non-Isomorphic Small Groups) (b), where
[2] played the role of [3] modulo 5.

Exercise. R3

Let X be a set. Show that the permutations o € Sx with supp o finite form a subgroup of
Sx.

Solution. Let H := {o € Sx : suppo is finite}. We use Theorem 3.2.1. H # {): suppidx = 0,
which has 0 elements (Sets, Relations, and Cardinality, Definition 3.1.2).

Let 0,7 € H. If 2 ¢ suppo Usupp7, then 7(z) = z, so 7 !(z) = x, and o(x) = x; hence
o Yz) =z. So

supp(o7 1) C supp o Usupp 7 = supp o U (supp 7 \ supp o).

The set supp 7 \ supp o is finite, as a subset of the finite set supp 7 (Sets, Relations, and Car-
dinality, Proposition 3.1.6); it is disjoint from supp o, so the union is finite (Sets, Relations,
and Cardinality, Proposition 3.1.5); and supp(o7~!), a subset of it, is finite (Sets, Relations,
and Cardinality, Proposition 3.1.6). So o7~! € H, and H is a subgroup.

For an infinite X the subgroup can be proper. On X = Z, the translation o(z) ==z + 1 is a
bijection (its inverse is  — x — 1) that moves every point, since x + 1 # z. Its support Z is
not finite: x — 2z is a bijection from Z onto 2Z (injective by cancellation, Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (f)), and 2Z # Z since 1 ¢ 2Z (Number Systems:
From \(\nN\) to \(\nR\), Proposition 3.1.1 (g)), which a finite set does not allow (Sets,
Relations, and Cardinality, Theorem 3.1.9).

Exercise. R4

Let G be a finite group with an even number of elements. Prove that some g € G with g # e
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has g% = e.

Solution. The tool is to pair each element with its inverse. Define g ~ hon G by h € {g, g7 '}.
It is an equivalence relation (Sets, Relations, and Cardinality, Definition 2.5.1): reflexive since
g € {g,971}; symmetric since h = g~! gives g = h™! (Theorem 3.1.1 (3)); transitive since
h € {g,97'} and k € {h,h7 1} give k € {9,907, (g7 )™} = {g9,97'}. The class of g is
{g,97 '}, and the classes partition G (Sets, Relations, and Cardinality, Theorem 2.5.1).

A class has one element exactly when ¢ = ¢~ !, that is, when ¢> = e: if ¢ = ¢~ ', then
g®> = gg~! = e; if g = e, then g is an inverse of g, so g = ¢! by uniqueness of inverses
(Theorem 3.1.1 (2)). Let T := {g € G : g®> = e}, the union of the one-element classes, and
U := G\ T, the union of the two-element classes; both are finite, as subsets of G (Sets,
Relations, and Cardinality, Proposition 3.1.6).

|U| is even. We show, by Logic and Proof, Theorem 4.2.2 on j, that every subset V' C U
with j elements that contains ¢g~' whenever it contains ¢ has an even number of elements.
If j = 0, this holds. If j > 1, pick g € V;then g~' € Vand gt #g (asg ¢ T), so {g,9 '}
has 2 elements, and V' := V \ {g,¢g7!'} again contains the inverse of each of its elements:
if h € V', then h™! € V, and h™! ¢ {g,g7'}, since otherwise h = (A=Y~ € {g7', ¢} by
Theorem 3.1.1 (3). As V is the disjoint union of V’ and {g, g7}, j = |V’|+2 (Sets, Relations,
and Cardinality, Proposition 3.1.5 with Sets, Relations, and Cardinality, Corollary 3.1.4), so
V' has j — 2 < j elements; that number is even by the hypothesis, so j is even. Apply this
toV =U.

Conclusion. G = TUU is a disjoint union, so |G| = |T'|+|U| (Sets, Relations, and Cardinality,
Proposition 3.1.5). With |G| and |U| even, |T| = |G| — |U| is even. Since e € T, |T'| > 1, so
|T'| > 2: an even number cannot be 1, as 2t 1 (Number Systems: From \(\nN\) to \(\nR)),
Proposition 3.1.1 (g)). So T' contains some g # e, and g = e.

Look-alikes. Lagrange’s theorem (the chapter “Cosets and Lagrange’s Theorem” of Groups)
and Cauchy’s theorem (the chapter “Group Actions, the Orbit—Stabilizer Theorem, and the
Class Equation” of Groups) would give this, but neither is available here. “Pick g # e and
square it” does not work: in (Z/6Z,+), where the condition reads 2 - g = [0], the element
g = [1] has 2 [1] = [2] # [0]; the element that works there is [3], and the pairing argument
shows that such an element exists without searching for it.



Chapter 4

Chapter 4

Formal Polynomials

At school a polynomial is “an expression in x”, and z is a number not yet chosen. Over the field
Fy of Chapter 2 this picture breaks at once: z? 4+ x takes the value 0 at both elements, so as a
function it is the zero function, yet we want it to have degree 2. This chapter therefore decides
that a polynomial is its list of coefficients, a sequence with only finitely many non-zero entries,
and that x is the name of a position, never a number. From that one decision it builds the
polynomial ring R[z] over any commutative ring R of Number Systems: From N to R, Chapter
2, and proves its laws with one device, check on monomials, extend by additivity, so that
no double sum is ever reordered. It then attaches the degree and the leading coefficient, recovers
“plugging in” as a ring homomorphism, and defines the derivative by its coefficients, with no
limit in sight.

Which school rules survive depends on R, and the chapter keeps count. Over Z/6Z the degree
of a product can drop, because [2][3] = [0]. Over Z/4Z the polynomial 1+ [2]z is its own inverse.
Over every finite ring with 1 # 0 some non-zero polynomial vanishes at every element, so a
polynomial is not its function. Over IF,, the derivative of 2 is 0. Each result says what it needs
from R: nothing at all, no zero divisors, a unit leading coefficient, finiteness with 1 # 0, or,
for the derivative, the characteristic of a field. The chapter ends where Chapter 5 begins, with
R = F a field and division with remainder still to come.

One construction, many rings. The linear-algebra companion defines polynomials over a field
F', and its later chapters cite this chapter’s results with F' a field. Every such statement is the
case R = I of the statement proved here for a commutative ring, since a field is a commutative
ring. Where a result really needs more than a commutative ring, the hypothesis is named at
the point of use: no zero divisors (Theorem 4.3.2 (b), Corollary 4.3.3, Proposition 4.3.4), a
unit leading coefficient (Theorem 4.3.2 (b)), R finite with 1 # 0 (Proposition 4.4.4 (d)), or the
characteristic of a field (Proposition 4.5.2).

What you need. Number Systems: From N to R, Chapters 2 and 3 above all, with index
arithmetic in N from its Chapter 1; Chapter 2 of this volume; Sets, Relations, and Cardinality,
Chapters 1 and 3 and Section 2.3 (and Section 2.5 for R3); and induction from Logic and Proof,
Chapter 3.

e From Number Systems: From N to R, Chapter 2: commutative rings, with 1 = 0 al-
lowed, and their algebra (Number Systems: From \(\nN\) to \(\nR)\), Definition 2.3.1,
Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2); the multiples n - a of
the “Multiples” paragraph of its Section 2.3; Z as an ordered commutative ring with a
greatest element in every non-empty set bounded above (Number Systems: From \(\nN)\)
to \(\nR\), Theorem 2.3.1, Number Systems: From \(\nN\) to \(\nR\), Theorem 2.3.4,
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Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5, Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.6); the field Q (Number Systems: From \(\nN\) to
\(\nR\), Theorem 2.4.3); and the copies N C Z C Q (Number Systems: From \(\nN)\)
to \(\nR\), Proposition 2.2.3, Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.4.4). From its Chapter 1, the laws and the order of N = w (Number Systems:
From \(\nN\) to \(\nR\), Corollary 1.7.3, Number Systems: From \(\nN\) to \(\nR)\),
Theorem 1.5.3, Number Systems: From \(\nN\) to \(\nR\), Theorem 1.6.1).

e From Number Systems: From N to R, Chapter 3: division with remainder and the rules for
divisibility (Number Systems: From \ (\nN\) to \(\nR\), Theorem 3.1.2, Number Systems:
From \(\nN\) to \(\nR\), Proposition 3.1.1); ideals and quotient rings (Number Systems:
From \(\nN\) to \(\nR)\), Definition 3.4.1, Number Systems: From \(\nN\) to \(\nR\),
Theorem 3.4.1); the rings Z/nZ and the example Z/6Z (Number Systems: From \(\nN)\)
to \(\nR\), Definition 3.4.2, Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3,
Number Systems: From \(\nN\) to \(\nR\), Example (Multiplication modulo six and
modulo five)); units, the field Z/pZ and the Chinese remainder map (Number Systems:
From \(\nN\) to \(\nR)\), Definition 3.5.1, Number Systems: From \(\nN\) to \(\nR\),
Theorem 3.5.2, Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.3). Section 4.3
also pays a debt to its Chapter 4: the polynomial algebra that the field Q(¢) of Number
Systems: From \(\nN\) to \(\nR\), Example (A Non-Archimedean Ordered Field) took
on school credit.

o From Chapter 2: fields and the rule that a product of non-zero elements is non-zero (Defini-
tion 2.1.1, Theorem 2.1.1); IF,, and the tables of Fy (Definition 2.2.1, Example (Arithmetic
on Z/nZ and the Field Fs)); finite sums and integer multiples in a commutative ring
(Lemma 2.6.1, Lemma 2.5.1); the characteristic, 0 or a prime (Definition 2.5.1, Theo-
rem 2.5.3); and, for Section 4.4’s Exercise C4, Fermat’s little theorem (Theorem 2.6.6).

e From Sets, Relations, and Cardinality: functions and their equality, products and bijec-
tions (Sets, Relations, and Cardinality, Definition 1.4.1, Sets, Relations, and Cardinal-
ity, Proposition 1.4.1, Sets, Relations, and Cardinality, Definition 1.3.2, Sets, Relations,
and Cardinality, Definition 1.4.5), from Chapter 1; the recursion theorem, with its sums,
products and powers used as patterns (Sets, Relations, and Cardinality, Theorem 2.3.1,
Sets, Relations, and Cardinality, Definition 2.3.1, Sets, Relations, and Cardinality, Defini-
tion 2.3.2), from Section 2.3; finite sets (Sets, Relations, and Cardinality, Definition 3.1.2,
Sets, Relations, and Cardinality, Proposition 3.1.6), from Chapter 3.

o From Logic and Proof: induction (Logic and Proof, Axiom 4.2.1), from Section 3.2, and,
for the two find-the-error exercises, the catalogue of moves that are not allowed (Logic and
Proof, Example (What is not allowed)), from Section 5.6.

Chapters 1 and 3 enter only through the review exercises of Section 4.5: the complex numbers and
their conjugate in R2, groups and their homomorphisms in R1. The countability results of Sets,
Relations, and Cardinality, Chapter 3, and its quotient sets (Sets, Relations, and Cardinality,
Definition 2.5.4, Section 2.5) enter only through R3. Sections 4.1 and 4.4 also compare two
results with Chapter 1 (Proposition 1.1.3, Lemma 1.1.4) without using them. Outside R2, no
proof in the chapter uses R or C.

Time. About 25 hours on the core track (all of A, one B and one C per section, the exit checks);
about 35 hours for everything.

Roadmap

e Polynomials as Coefficient Sequences. Why “an expression in x” fails over Fo; a
polynomial over a commutative ring as a sequence N — R with only finitely many non-
zero entries, with monomials, x = (0,1,0,...), equality by comparing coefficients, the
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display 3, pxz" as notation only, the zero ring, and the non-example (1,1,1,...); and a
lemma collecting finite sums (which need only an addition), products of lists, powers and
multiples, with the proofs of its new parts in a second-reading fold.

e The Polynomial Ring. The sum taken position by position and the product as a
convolution, closed in R[z] and computed over Q, F3 and Z/6Z; every polynomial an
honest sum of its monomials; multiplication by a monomial as a shift and a scaling; the
lemma that two maps additive in each argument and equal on monomials are equal; and the
theorem that R[z] is a commutative ring containing R as its constants, with associativity
proved on monomials instead of by reordering double sums.

e Degree, Leading Coefficients, and Integral Domains. Degree with deg 0 = —o0, the
leading coefficient and monic polynomials; the degree of a sum; the degree of a product,
whose top coefficient is lc(p) le(g) in every commutative ring, so that degrees add exactly
when that product is non-zero, as over a ring with no zero divisors or for a unit leading
coefficient; integral domains, with R[z| an integral domain exactly when R is; the units of
R[z] over an integral domain, and the non-constant unit 1 + [2]z over Z/47Z; and the sets
R[x]<pn and R[z]=p.

o Evaluation, Substitution, and Polynomial Functions. The value p(c), roots, and
evaluation respecting sums and products; ring homomorphisms and two impostors; the
substitution principle, that one ring homomorphism R[z] — S extends a given ¢: R — S
and sends = to a given s, and only one; changing coefficients along ¢, with reduction
modulo n and the exact condition for the degree to drop, and the composition p o ¢; and
the ring R of functions, with polynomial composition matching composition of functions
and, over every finite ring with 1 # 0, a non-zero polynomial whose function is 0.

o The Formal Derivative. The derivative defined by (f')r = (k+ 1) - fxy1, the role of
the element n - 1, and examples in five rings; the sum, product and power rules in every
commutative ring, the product rule by checking on monomials; over a field, f' = 0 exactly
for the constants in characteristic 0 and exactly for the polynomials in 2P in characteristic
p; and review exercises that return to groups (Chapter 3), complex conjugation (Chapter
1) and countability (Sets, Relations, and Cardinality, Chapter 3).

Named moves

e« Compare coefficients. Two polynomials are equal if and only if their coefficients agree
in every position, so an identity in R[z] is proved by computing the k-th coefficient of both
sides for an arbitrary k. It is Number Systems: From N to R, Chapter 2’s “reduce to the
level below”, now with sequences. Named in Section 4.1, it proves the additive laws and
both distributive laws of R[z| in Section 4.2 and the linearity of the derivative in Section
4.5.

e Check on monomials, extend by additivity. Two maps of up to three polynomial
arguments that are additive in each argument, and agree when every argument is a mono-
mial, agree everywhere (Lemma 4.2.3). It proves commutativity and associativity of the
product in Section 4.2, evaluation and substitution respecting products in Section 4.4, and
the product rule in Section 4.5. Exercise B2 of Section 4.2 leaves its last step to you, and
Exercise C2 of Section 4.4 its second half.

« Look at the top coefficient. The coefficient of 24°8P+4¢84 in pq is Ic(p) lc(q), and nothing
sits above it; every question about the degree of a product becomes the question whether
that one element of R is 0. It proves the degree formula in Section 4.3 and, through it,
the absence of zero divisors and the units of R[z]; in Section 4.4 it shows that the product
of the factors x — ¢ over a finite ring is monic, and Exercise B1 there uses it for the degree
of a composition.

o A homomorphism out of R[z] is fixed by the constants and x. To show that two
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ring homomorphisms out of R[x] agree, check that they agree on the constants and on x
(Theorem 4.4.2 (b)). Named in Section 4.4, it proves there that composing polynomials
matches composing their functions, and Exercise B3 of Section 4.4 uses it to invert the
shift p — po (x + ¢).

4.1 Polynomials as Coefficient Sequences

At school a polynomial is an expression such as 322 —x +2, and z is a number that has not been
chosen yet. This chapter replaces that picture by a definition that works over every commutative
ring of Number Systems: From N to R, Chapter 2 (Number Systems: From \(\nN\) to \(\nR\),
Definition 2.3.1): over Q, over the fields F,, of Chapter 2, and over rings such as Z/6Z, where
a product of two non-zero elements can be zero. This section makes the one decision the whole
chapter rests on: a polynomial is its list of coefficients. It then collects the finite sums, powers
and multiples that the next sections compute with.

Throughout, R is a commutative ring, with a — b := a + (-b).

What goes wrong with “an expression in x”

Take the field Fo = {0, 1} of Definition 2.2.1, in which 1+ 1 = 0. Read 2?2 + z the school way,
as a rule: replace x by an element ¢ and compute cc+ c¢. The tables of Example (Arithmetic on
Z/nZ and the Field Fq) give

0:0+0=0, 1-1+1=1+1=0.

So the rule ¢ — cc + ¢ and the rule ¢ — 0 give the same output at both elements of Fy. As
functions Fo — Fo they are equal, by Sets, Relations, and Cardinality, Proposition 1.4.1: same
domain, same codomain, same values.

If a polynomial were the function it defines, then 22 + 2 would be the zero polynomial over F,.
So would z2 + 2 and z* 4+ 22, which also give 0 at 0 and 1+1 = 0 at 1. None of them would have
a highest power of x, and the rule “the degree of a product is the sum of the degrees”, which we
want over every field, would fail for z - (z + 1) = 22 + 2: degrees 1 and 1, product “zero”. Over
Q the problem never shows (Section 5.4 proves that over an infinite field a non-zero polynomial
never gives the zero function), which is why school algebra can afford the picture. Over a finite
ring with 1 # 0 it cannot.

So we decide the other way. Two polynomials are the same when their coefficients are the same,
and the letter x is not a number at all.

A polynomial is its list of coefficients; the letter x only marks the positions.

Polynomials over a commutative ring
A list of coefficients that goes on forever is a sequence, that is, a function on N. We keep only
the sequences that stop being non-zero.

Definition 4.1.1. Polynomial

Let R be a commutative ring. A polynomial over R (in the indeterminate x) is a function
p: N — R, written p = (po,p1,p2,.-.), such that only finitely many p; are non-zero:
there exists NV € N with p;, = 0 for every k£ > N. Such an NV is called admissible for p.
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The element py, is the coefficient of z* in p.

For a € R and n € N, the monomial a x" is the polynomial with a in position n and 0 in
every other position. We set = := 12!, and for a € R the constant a is the monomial a z°.
The zero polynomial is 0 := (0,0,0,...). The set of all polynomials over R is written R[z].

In words: the first clause says that a polynomial is an infinite list of elements of R, indexed from
0; the second says that from some position on, every entry is 0. The quantifiers are in the order
“there is one IV that works for every later k”: a sequence with infinitely many non-zero entries,
however sparse, is excluded. A monomial has at most one non-zero entry, so n is admissible for
it, and it is a polynomial. The symbol x is the particular sequence (0,1,0,0,...): an element
of R[z], never an element of R, and never a variable that takes values.

Equality. Two polynomials p,q € R[z] are functions with the same domain N and the same
codomain R. By Sets, Relations, and Cardinality, Proposition 1.4.1,

p=q <= pr=q; forevery k € N.

To prove an identity between polynomials we therefore compute the k-th coefficient of both sides,
for an arbitrary k. We call this move compare coefficients. It is Number Systems: From N to
R, Chapter 2’s “reduce to the level below” once more: a statement about polynomials becomes
a statement about elements of R, one position at a time.

The display. If N is admissible for p, we write

N

p=_ pra* =po+p1x+pa®+ - +pya.
k=0

For now this is notation only. No addition of polynomials has been defined yet, so the plus
signs are not an operation: the display names the sequence by listing its entries, each with a
marker 2 for its position. We drop terms whose coefficient is 0, write az for az!, a for az?, z*
for 12*, and —az* for (—a)z*. So 322 — x + 2 over Q names the sequence with pg = 2, p; = —1,
p2 = 3 and pr = 0 for k > 3. Section 4.2 defines the sum of two polynomials and proves that

the display is then an honest sum of monomials.

There is one thing to check about the display. The admissible N is not unique: if N is admissible,
so is every M > N, since k > M implies k > N. Passing from N to M only adds the terms 0z*
for N < k < M, which the convention drops. So every admissible N names the same sequence,
and the display is well defined.

Why “only finitely many”. Two later uses need it. In Section 4.4 we put an element ¢ € R in
place of x and form 3°, prc”; in a ring only finite sums are defined, and finiteness is what makes
the sum finite. In Section 4.3 every non-zero polynomial gets a degree, the highest position
holding a non-zero coefficient; without finiteness there may be no highest position.

The degenerate cases. The zero polynomial has every N admissible, including N = 0, and
it is the monomial 0 2™ for every n. It is the one polynomial with no non-zero coefficient at all,
and Section 4.3 will need a convention for its degree. At the other extreme, let R be the zero
ring {0} of the examples after Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1,
where 1 = 0. There is exactly one function N — {0}, so R[z] has exactly one element, the zero
polynomial, and z = 12! = 0x! = 0. This is why some results below assume 1 # 0 in R.
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Example. Reading off coefficient sequences

Write the coefficient sequence of each polynomial, and check it against Definition 4.1.1. In
a ring Z/nZ, a natural number m written as an element stands for m - [1] = [m] (Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (d)), just as Definition 2.2.1 does for F,,.

(a
(b

) 322 —z +2 € Q[x].

)
(c)
(d)

)

x? +x € FQ[ ]

8l + [4] € (Z/62)[z].

The constant 7, over Z, over Z/5Z and over [Fs.
0 € R[z], for any R.

d
(e

Solution.

(a) (2,—1,3,0,0,...). The entries lie in Q, and N = 2 is admissible, so it is a polynomial
over Q.

(b) (0,1,1,0,0,...), with entries in Fy and N = 2 admissible. It is not the zero sequence,
since its entry in position 1is 1 # 0. So 22+x # 0 in Fy[z], although the rule ¢ — cc+c
is the zero function on Fs, as computed above.

(c¢) ([4],13],[0],]0],...): the constant term comes first. The entries lie in Z/6Z (Number
Systems: From \(\nN\) to \(\nR)\), Definition 3.4.2) and N = 1 is admissible.

(d) Over Z: (7,0,0,...). Over Z/5Z: ([7],10],[0],...), and [7] = [2] because 7 —2 =5 is
a multiple of 5; so this is the constant [2]. Over Fy: (1,0,0,...), because 7 = 1 in [y
(7—1=06=3-2). The same symbol 7 names three different polynomials, one in each
ring, and in each ring N = 0 is admissible.

(e) (0,0,0,...), with every N admissible: the degenerate case.

Now a non-example, by a minimal change. Start from 1+ z + 2?> € Q[z], the sequence
(1,1,1,0,0,...), and change every later 0 to 1. The result (1,1,1,1,...), informally “1 4+ = +
x? 4+ -7, is still a function N — Q. The one clause that fails is only finitely many: for every
N, the entry in position N 4+ 1 is 1 # 0, so no N is admissible. It is a formal power series, met
again in the exercises of Section 4.2, but not a polynomial. An expression such as z~! + 1 fails
for a more basic reason: it would need an entry in position —1, and a polynomial is a function
on N.

R and C are commutative rings too (for R, Number Systems: From N to R, Chapter 5; for C,
Chapter 1), so R[z] and C[z| are defined, and they are the main examples of the linear-algebra
companion. No proof in this chapter needs them; our examples come from Z, Q, Z/nZ and I,
the rings this series has built.

Where R matters. Nothing in Definition 4.1.1 mentions inverses, an order, or size. It makes
sense word for word over Z/6Z, where [2][3] = [0] (Number Systems: From \(\nN\) to \(\nR\),
Example (Multiplication modulo six and modulo five)), and over the zero ring. The price is that
school rules about polynomials cannot be assumed: each one that survives is proved, here or
(division with remainder, counting roots) in Chapter 5, and each result says what it needs from
R (nothing at all, no zero divisors, a unit leading coefficient, finiteness with 1 # 0, or, for the
derivative, the characteristic of a field).
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Warning. py is a coefficient; p(2) will be a value. Section 4.4 writes p(c) for the result of
putting ¢ € R in place of x. For p = 22+ 1 € Z[z], the coefficient ps is 1, while the value at 2
will be 2-2+4 1 = 5. Both are integers, so a reader who writes p(k) for “the k-th coefficient”
gets 1 = 5. This book never writes p(k) for a coefficient: the coefficient of z* is py, always
with a subscript.

Quick check. Ts 622 equal to the zero polynomial in (Z/6Z)[z]? In Z[x]?

Solution. In (Z/6Z)[x], yes: 622 is the monomial [6]z%, and [6] = [0], so every entry is [0]
and the two sequences agree in every position. In Z[z], no: the entry in position 2 is 6 # 0,
while the zero polynomial has 0 there. Same display, two rings, two answers.

Sums, powers and multiples

The next section defines the product of two polynomials by a formula whose k-th coefficient is a
finite sum Zf:o piqr—; of products in R. Later sections raise elements of R, and polynomials, to
powers, and use multiples k-a. This subsection collects what we use about all three. Most of it is
already proved: finite sums and multiples in a commutative ring are Chapter 2’s (Lemma 2.6.1,
Lemma 2.5.1), and the recursions follow the patterns that Sets, Relations, and Cardinality,
Section 2.3 set up for real numbers (Sets, Relations, and Cardinality, Definition 2.3.1, Sets,
Relations, and Cardinality, Definition 2.3.2). The patterns are reused; no fact about R is.

One point deserves care before we start. The sums of polynomials in Section 4.2 must be formed
before we know that R[x] is a commutative ring, because they are used to prove it. So part (a)
below asks for an addition and a left-neutral element 0, and nothing more.

Lemma 4.1.1. Finite Sums, Powers and Multiples

Let R be a commutative ring.

(2)

(Sums.) Let T be a set with a function +: 7' x T — T and an element 0 € T' with
0+ u = u for every u € T. For a sequence (u;);en in T there is exactly one way to
define Y°F ju; € T, for k € N, such that

k+1 k

0
Zuizuo, Zuizzuri-ukﬂ,
=0 i=0

=0

starting from the empty sum 0. The sum Ef:o u; depends only on wug,...,ug; so a
finite list ug, ..., u; has a sum, computed from any extension of the list to a sequence.
Likewise, a finite list s1,...,s, in R has a product H§:1 sj, with ngl sj = 1 and
[T5%5 85 = (Ilj=1 5j) 5r-+1-

(Rules for sums in R.) For k € N, ¢ € R and elements u;, v; € R:

(Z1) Shoo(ui +vi) = Yimg i + Sfp vi;

(£2) Xl oui = Thgcws;

(¥3) for j € N: if u; = 0 for every i < k with i # j, then 3F ju; = u; when j < k,
and Y- u; = 0 when j > k;
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(24) = i gui = T o(—w).
(c) (Powers.) For s € Rand n € N, s := 1 and s"*! := s"s define s" for every n, and for
all s,t € R and m,n € N,

GHIRFE — O (s"™)" =" (st)" = s"t".
(d) (Multiples.) For all a,b € R and m,n € Z,

(m+n)-a=m-a+n-a, m-(a+b)=m-a+m-b,
(m-a)b=m- (ab), (m-1)a=m-a,

(mn)-a=m-(n-a).

In words: (a) says that a finite list in a set with an addition has a sum, built one term at a time,
and that terms beyond the list do not matter; it needs no law of addition beyond 0 + u = w.
(b) says that a finite sum of ring elements can be split into two sums, multiplied through by a
constant, collapsed to its one non-zero term, or negated term by term. (c) is the three laws of
exponents in a commutative ring. (d) is the arithmetic of the multiples m-a of Number Systems:
From N to R, Section 2.3 (“Multiples”), extended to m € Z in Chapter 2: a dot with an integer
on its left is always a multiple, and the product of two ring elements is written by juxtaposition.

Parts (b) and (d) are cited from Chapter 2: (¥1)-(X4) are Lemma 2.6.1 (a), (b), (d), (e) (for
(23), apply Lemma 2.6.1 (d) to the sequence that agrees with wy,...,ur and is 0 beyond k;
by the finite-lists clause of part (a) above it has the same sum), and the five rules of part (d)
above are Lemma 2.5.1 (c), (d). Parts (a) and (c) are the recursions of Sets, Relations, and
Cardinality, Section 2.3, read in T and in R; each is built by Sets, Relations, and Cardinality,
Theorem 2.3.1, and each of its laws is one short induction. Chapter 1 proves the same three
power laws for every commutative ring (Proposition 1.1.3); we only compare with it, and prove
(c) again from the template, so that this chapter’s main line rests on Chapter 2 and not on
Chapter 1.

O Second reading - Proofs of (a) and (c)

Idea. Each statement comes from Sets, Relations, and Cardinality, Theorem 2.3.1, and each
law is one induction on one index, following the clauses of the recursion: the base case uses
the starting value, and the step peels off the last term or factor. Only the laws of R named
at each step are used.

Proof. (a) Apply Sets, Relations, and Cardinality, Theorem 2.3.1 (read on N = w through
Number Systems: From \(\nN\) to \(\nR)), Corollary 1.7.3 (b)) with X = T', starting value
0 and step (j,y) — y+uj, a function NxT — T because + maps T'x T into T'. It gives exactly
one sequence (Sj)jen in T" with Sp = 0 and Sj41 = S; + u;. Set Zf:o u; = Ski1. Then
E?:o u; = 04+ ug = ug by the hypothesis on 0, and Zfiol uj = Sp1+ Ugr1 = Zf:o Uj + Uy 1-
Any assignment obeying the two displayed equations agrees with this one at every k, by
Logic and Proof, Axiom 4.2.1 on k.

For the dependence on uy, ..., ux, let (v;) be a second sequence with v; = u; for i < k, and
let (S;) be its sequence of partial sums. We prove by Logic and Proof, Axiom 4.2.1 on j the
statement “if j < k+1, then S; = S}”. For j =0bothare(0. If j+1 <k+1,thenj <k+1
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and j < k,so0 S, = S} by the hypothesis and u; = v;; hence Sj11 = Sj+u; = S§~+vj = §‘+1'
At j = k + 1 this gives Zf:o u; = Zf:o v;. The argument used only that + is a function
on T'. The product of a list is Sets, Relations, and Cardinality, Theorem 2.3.1 with X = R,
starting value 1 and step (j,y) — ysj+1 (with s; == 1, say, for j > r), the pattern of the
product in Sets, Relations, and Cardinality, Definition 2.3.1; its dependence on si,..., S,
only is the same induction.

(c) The powers are Sets, Relations, and Cardinality, Theorem 2.3.1 with X = R, starting
value 1 and step (n,y) — ys, the pattern of Sets, Relations, and Cardinality, Definition 2.3.2.
For the first law fix m and induct on n (Logic and Proof, Axiom 4.2.1). For n = 0: s™*0 =
sM=3sm.1=35"s" by (F7). If ™" = s™s" then
8m+(n+1) _ S(m—l—n)—i—l — gMtng (SmSn)S _ Sm(SnS) _ Smsn+1’

using m+ (n+1) = (m+n)+1 (Number Systems: From \(\nN\) to \(\nR\), Theorem 1.5.3
(c)), the recursion, the hypothesis and (F5). For the second law fix m: (s™)? =1 = s = s™?
(Number Systems: From \(\nN\) to \(\nR\), Definition 1.5.1 (b)), and if (s")" = s™",
then (s™)"t1 = (s™)Ps™ = g™ = gmtm — gm(ntl) by the first law and m(n + 1) =
mn + m (Number Systems: From \(\nN\) to \(\nR\), Theorem 1.5.3 (d), (e)). For the
third: (st)? =1 =1-1 = %9 by (F7), and if (st)" = s™t", then (st)"*! = (st)"(st) =
(s™t")(st) = (s"s)(t"t) = s"T1¢" 1 regrouping by (F5) and (F6). This proves (a) and (c).

We will use (a) twice over: for sums of ring elements, as in the product formula of Section 4.2,
and for sums in R[z] of finitely many monomials, which Section 4.2 forms with its coefficientwise
addition before any ring law of R[z] is known. In both cases 0 +u = u holds, in R by (F1) and
(F3), and in R[x] position by position.

Exercises

4.1.4.1 A. Check your understanding

Exercise. Al

(a) Write the coefficient sequences of 3 — 22 € Z[x] and of [2]2? + [4]x € (Z/AZ)[z]. Ts the
second one a monomial?

(b) Is “14+x+2%+---7, the sequence (1,1,1,...) of rationals, a polynomial over Q? Name
the clause of Definition 4.1.1 that decides it.

(c) True or false: two polynomials p,q over Fy whose rules ¢ — Eiv:o prc® and ¢ —
Zi};o quc”, for an N admissible for both, agree at 0 and at 1 are equal. Justify your
answer.

(d) Which N are admissible for 322 — z + 2 € Q[z]?

Solution.

(a) o3 — 2z is (0,—2,0,1,0,0,...): the constant term is 0, the coefficient of = is —2, and
that of 23 is 1. The second is ([0], [4], [2],[0], . .), and [4] = [0] in Z/4Z, since 4—0 = 4.
So it is ([0], [0], [2], [0], ... ), the monomial [2]x2.
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(b) No. The clause only finitely many fails: for every N € N the entry in position N 41
is 1 # 0, so no N is admissible.

(c) False. The polynomials 22 + x and 0 over Fy give the rules ¢ ++ cc+ ¢ and ¢ + 0,
which agree at 0 and at 1 (the computation at the start of the section). But 22 + x =
(0,1,1,0,...) differs from 0 in position 1, so the polynomials are not equal.

(d) Every N > 2. The coefficient of 2 is 3 # 0, so N = 0 and N = 1 fail (position 2 > N
holds a non-zero entry); and every N > 2 works, since all positions & > 3 hold 0.

4.1.4.2 B. Practice

Exercise. B1: Polynomials of bounded length as tuples

Let N € N and Py := {p € R[x] : p =0 for every k > N}. Prove that
G:PN%RN—Flv p'_>(p07p17"'>pN)7

is a bijection (Sets, Relations, and Cardinality, Definition 1.4.5), where RN*! is the set
of (N + 1)-tuples of elements of R, indexed here from 0 (Sets, Relations, and Cardinality,
Definition 1.3.2; for N = 0, where the book has no 1-tuples, we read R' as R, with (ao)
standing for ag, and © as p — pg). Hence list the elements of P, for R = Fo.

Solution. Injective. Let p,q € Py with O(p) = ©(g). Then pp = ¢ for k < N, and
pr = 0 = g for k > N by the definition of Py. So py = qi for every k, and p = g by Sets,
Relations, and Cardinality, Proposition 1.4.1.

Surjective. Let (ag,...,an) € RVTL. Define p: N — R by py := aj for k < N and p, =0
for kK > N: extend by zeros. Then N is admissible for p, so p € R[x] and p € Py, and
O(p) = (ao, - --,an).

So © is a bijection; its inverse is “extend by zeros”. For R = F3 and N = 2, each a; is 0 or
1, and the eight triples (ag, a1, az) give the eight polynomials

0, 1, =z x+1, ZL‘2, x2+1, :L‘2—|—33, 22+ 1z + 1.

Section 4.4 returns to this list and asks which functions Fo — Fy they define.

Exercise. B2: Determine which

Each formula below defines a sequence N — Z/47Z. Determine which of them are polynomials
over Z/4Z. Justify your answer, and for each polynomial give the least admissible N and
the polynomial in the notation of the display.

[
) pr =]
(c) pr = [k(k = 1)(k —2)(k - 3)].
(d) pr = [2K].
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Solution. By Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.4.3 (b), [0], [1], [2], [3]
are four different classes; in particular [1] # [0] and [2] # [0].

(a) A polynomial. The first entries are [1],[2],[4],[8],..., and for k > 2, 2F = 4. 2k=2
(Lemma 4.1.1 (c)), so [2¥] = [0]. The least admissible N is 1: N = 1 works, and N = 0
does not, since p; = [2] # [0]. The polynomial is 1 + [2]z.

(b) Not a polynomial. For odd k = 2j + 1, k2 = 4(2 +j) + 1, so px = [1] # [0]. Given any
N, the odd number £k = 2N + 1 > N has pi # [0], so no N is admissible.

(c) A polynomial: the zero polynomial. Let & € N. By Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.1.2 (a), k = 4¢ + r with 0 < r < 3, so k — r = 4q is one of the
four factors k,k — 1,k — 2,k — 3. Hence the product is a multiple of 4, and pr = [0]
for every k (for £ < 3 the multiple is 0, since then ¢ = 0). Every N is admissible; the
least is 0, and the display is 0.

(d) Not a polynomial. For odd k = 2j + 1, 2k = 4j + 2, so px = [2] # [0], and as in (b) no
N is admissible.

The sequences in (b) and (d) have infinitely many non-zero entries even though their values
repeat; (c) shows that a formula in k can describe the zero polynomial.

4.1.4.3 C. Going deeper

Exercise. C1: Finitely many, in the sense of finite sets

For a sequence p: N — R, let S := {k € N: py # 0}, the set of positions that hold a non-zero
entry. Prove that some N € N is admissible for p if and only if S is finite (Sets, Relations,
and Cardinality, Definition 3.1.2). So “only finitely many pj, are non-zero” in Definition 4.1.1
means exactly what it says.

Solution. (=) Let N be admissible. If £ € S, then pi # 0, so k < N; hence S C {0,...,N}.
The set {0,...,N} has N 4 1 elements (the third example after Sets, Relations, and Cardi-
nality, Definition 3.1.2), so its subset S is finite by Sets, Relations, and Cardinality, Propo-
sition 3.1.6.

(<) We prove by Logic and Proof, Axiom 4.2.1 on n € N: every subset A C N with n
elements has an upper bound b € N, that is, a < b for every a € A. Forn =0, A = ()
(the first example after Sets, Relations, and Cardinality, Definition 3.1.2), and b = 0 works
vacuously. Suppose the statement holds for n, and let ¢: {1,...,n+ 1} — A be a bijection.
Put z == ¢(n + 1) and A’ .= A\ {z}. The restriction of ¢ to {1,...,n} maps into A" (if
©(j) = z then j = n+ 1, by injectivity), is injective, and is onto A’ (an element of A’ is ¢(j)
with 5 #n+ 1, s0 j < n). So A’ has n elements and an upper bound ¥'. By trichotomy
(Number Systems: From \(\nN\) to \(\nR\), Theorem 1.6.1 (a)), the larger b of &’ and z is
defined, and it bounds every element of A = A’ U {z}.

Now let S be finite, with an upper bound N. If k > N, then k ¢ S, that is, pp = 0. So N is
admissible.

The proof of (<) never needed a greatest element of S, only an upper bound. The greatest
element exists when S is non-empty and finite (an upper bound in N C Z gives one by
Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.6), and Section 4.3 calls it the
degree.
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Marking scheme. (10 points) - 3: (=) shows S C {0,..., N} and concludes that S is finite,
citing that {0,..., N} is finite and that a subset of a finite set is finite (Sets, Relations, and
Cardinality, Proposition 3.1.6). - 2: (<) sets up an induction on the number of elements of
a finite A C N, with the claim that A has an upper bound, and handles A = ). - 2: in the
step, removes one element z and shows that the rest A’ has n elements (by restricting the
bijection, or by Sets, Relations, and Cardinality, Corollary 3.1.7). - 1: takes the larger of v/
and z, by trichotomy, as a bound for A = A’ U {z}. - 2: concludes that an upper bound N
of S is admissible: k£ > N implies k ¢ S, so py = 0.

Fatal errors (0 for the step): using a greatest element of S without justification; overlooking

S =0in («).

4.2 The Polynomial Ring

Section 4.1 made a polynomial a coefficient sequence, and the display 3, prz* only a way
of writing it down. This section gives the sequences their sum and product, read off from
what school algebra does with expressions, and proves that the result obeys every law of a
commutative ring (Number Systems: From \(\nN\) to \(\nR\), Definition 2.3.1). The obvious
proof of associativity needs a theorem about reordering double sums that we have not proved.
We avoid it with one device, check on monomials, extend by additivity, which returns in
Sections 4.4 and 4.5.

Throughout, R is a commutative ring and R[z] is the set of polynomials over R (Definition 4.1.1).

Adding and multiplying coefficient
sequences

At school, (322 —x+2)(x+1) is computed by multiplying every term of the first factor by every
term of the second, using a;z’ - bjxj = aibjac”j , and then collecting the terms with the same
power. The coefficient of ¥ in the result collects the products a;b; over all pairs with 7 +j = k,
that is, over i =0, ...,k with j = k —¢. Addition collects like powers too, so it adds coefficients
position by position. We turn these two recipes into definitions.

Add position by position; multiply by collecting, in position k, every product of a coefficient from
position i with one from position k — i.

Definition 4.2.1. The Polynomial Ring

Let R be a commutative ring. For p,q € R[z] and k € N define

k
P+ =pr+a  (—Pk=-Dk POk = DiG—i-
1=0

The set R[x] with this addition and this multiplication is the polynomial ring over R.

In words: the sum and the negative act on each position separately. The product is the convo-
lution of the two sequences: its entry in position k is a sum of k£ + 1 products in R, and the two
positions in each product add up to k. For ¢ < k, the index k — i lies in N, computed in Z O N
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.2.3); the sum is a finite sum in R



CHAPTER 4.2. THE POLYNOMIAL RING 232

(Lemma 4.1.1 (a)). The name “ring” is a promise: the theorem at the end of this section keeps
it.
The operations stay inside R[z]. There is something to check: the three formulas produce

sequences N — R, and we must see that only finitely many of their entries are non-zero. Let m
be admissible for p and n admissible for q.

e For k > max(m,n), (p+ ¢)r =0+ 0=0 by (F3). So max(m,n) is admissible for p + g.

o For k> m, (—p)r = —0 =0, since 0 + 0 = 0 and negatives are unique (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.2 (a)). So m is admissible for —p.

e Let k>m+4+nand 0<:i<k. Ifi>m,thenp,=0. If i <m, thenk —7>k—m >n, so
qk—i = 0. Either way the term p;qx_; is 0, by Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.2 (b) with (F6). A sum whose terms are all 0 is 0 (Lemma 4.1.1 (b), (X3)
with j =k + 1), so (pq)r = 0, and m + n is admissible for pq.

So 4 and - are functions R[x] x R[z] — R[z], and p — —p is a function R[z] — R[z]. The bound
m + n is the first hint of the degree of a product, the subject of Section 4.3.

Example. A product, coefficient by coefficient

Compute (322 — z + 2)(x + 1) from Definition 4.2.1 in Q[z], in F3[z] and in (Z/6Z)[z].

Solution. In Q[x], let p = 322 —x 4+ 2 and ¢ = = + 1, so (po,p1,p2) = (2,—1,3) and
(go,q1) = (1,1), all other coefficients 0. Then 2 is admissible for p and 1 for ¢, so (pqg)r =0
for k > 4 by the closure argument, and

(rg)o = Poqo = 2,

(pq)1 = poq1 +p1go =2 — 1 =1,

(pq)2 = pog2 +p1g1 +p2go =0—1+3 =2,

(Pq)s = pogs + p1g2 + p2g1 +p3go =0+ 0+ 3 +0 = 3.

Hence pg = 323 + 222 + x + 2, as expanding by hand gives.

In F3[z| the same display names other coefficients: 3 =0 and —1 = 2 in F3, so (po,p1,p2) =
(2,2,0), and p = 2z + 2. The formula gives (pg)o = 2, (pg)1 = 2+2 =4 =1, (pqg)2 =
0+2+0=2,and (pqg)s = 0. So pqg = 222 + z + 2 in F3[z].

In (Z/6Z)[z], (po,p1,p2) = ([2],[5],[3]), since [—1] = [5]. The formula gives [2], [2] + [5] =
[7] = [1], [5] + [3] = [8] = [2] and [3]. So pq = [3]2® + [2]z2 + z + [2].

Each answer over F3 and Z/6Z is the answer over Q with every integer coefficient replaced
by its class. Section 4.4 explains why this always happens.

Warning. The product is not taken position by position. The rule (pq)r = prqx
looks like the natural partner of the sum, but it is not the product of school algebra. For
p=q=z=(0,1,0,...) it would give (0,1,0,...), that is, z - x = 2. The convolution gives
(z-2)2 = zo@2 + 7121 + 2220 =0+ 1+0=1and (z-z); =0 for k # 2,50 -z = 22, as it
should be. Only the sum is coefficientwise.
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Monomials do the work

The display 3", prz® of Section 4.1 can now be read as a genuine sum in R[z]. The sum is
formed with the addition just defined, by Lemma 4.1.1 (a) with 7" = R[z]. That part of the
lemma asks only for a function +: 7' x T' — T and an element 0 with 0 + v = u; in R[z| the
zero polynomial is such an element, since (0 + u); = 0 4 ug, = ug by (F1) and (F3). We do not
yet know any other law of R|[x], and the next proposition needs none.

Proposition 4.2.1. A Polynomial Is the Sum of Its Monomials

Let p € R[x] and N € N. The sum Z/ngzo prx® of the monomials pyz*, formed in (R[z], +),
has coefficient p; in position j for every j < IV, and 0 in every position j > N. In particular,
if NV is admissible for p, then

N
p=> pa".
k=0

Proof. Write sy = Zivzo prz®. We use Logic and Proof, Axiom 4.2.1 on N. For N = 0,
so = pox?, which has pg in position 0 and 0 elsewhere (Definition 4.1.1). Suppose sy has
the stated coefficients. By the recursion of Lemma 4.1.1 (a), sy4+1 = SN —i—pNHa:NH, so by
Definition 4.2.1 its j-th coefficient is (sn); + (py+12™ ). This is p; + 0 = p; for j < N;
itis 04+ pyy1 =pnvyr for j=N+1;and it is04+0=0 for j > N + 1, by (F1) and (F3).
These are the stated coefficients for N + 1.

If N is admissible for p, then p; = 0 for j > N, so p and sy agree in every position, and
p = sy by Sets, Relations, and Cardinality, Proposition 1.4.1. This proves the proposition.

So the display of Definition 4.1.1 is now an honest sum: 322 — z + 2 is the sum, in (R[x], +), of
the monomials 22°, (—1)z! and 322. Every polynomial is a finite sum of monomials.

Next we multiply by a monomial. Multiplying by az™ should move every coefficient m places
up and multiply it by a.

Lemma 4.2.2. Multiplying by a Monomial
Let a,b € R, m,n € N and ¢q € R[x].

(a) ((az™)q), = aqx—m for k > m, and ((az™)q), = 0 for k < m.
(b) (ax™)(bz™) = (ab) 2™ 1™.

Proof.

(a) By Definition 4.2.1, ((az™)q), = Sk o(az™); qr—i. For i # m, (az™); = 0, so the i-th
term is 0- gx—; = 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)
with (F6)). By (2£3) of Lemma 4.1.1 (b) with j = m, the sum is the term with i = m,

namely a qi_,, when m < k, and 0 when m > k.

(b) Apply (a) with ¢ = bz™. For k < m the coefficient is 0. For k > m it is a (bx™)g—m,
which is ab when k — m = n, that is, when & = m + n, and a - 0 = 0 otherwise
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(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)). Since k& < m
implies k # m + n, the product has ab in position m + n and 0 elsewhere: it is the
monomial (ab)z™*".

Part (b) is the school rule az™ - bz™ = abax™", now a theorem about sequences. It contains
everything multiplication does: the next lemma shows that a law which holds on monomials,
and which survives sums in each argument, holds everywhere.

Additivity in each argument. For all p,p’, q,¢" € R|x],

(p+p)g=pq+0p'q (%)
ple+d)=pg+pd. (%)
For (x), the k-th coefficient of the left side is
k k k k
> (i +0)) ar—i =D (PiGh—i + Piar—i) = > DiGle—i + Y _ Didh—i,
=0 =0 =0 =0

where the first equality applies (F6), (F9) and (F6) again inside each term, and the second is
(31). The right side is the k-th coefficient of pg+ p'q. For (xx) the same computation runs with
Pi(Qk—i + @,_;) = PiQr—i + Piq),_;, which is (F9) itself. Each sum has a single index ¢, and no
term is moved past another. So each distributive law is one line of algebra in R, with compare
coefficients doing the rest.

A map of several polynomial arguments is additive in each argument if, whenever one
argument is replaced by a sum u + «’ and the others are held fixed, the value is the sum of the
two values. By () and (xx), the product (p, q) — pq is additive in each argument. Here is what
that buys.

Lemma 4.2.3. Check on Monomials

Let R be a commutative ring, and let T be a set with a function +: T'x T — T. Let ®, ¥ be
maps of one, two or three polynomial arguments to 7', that is, both maps R[z] — T, both
R[z]?> — T or both R[z]®> — T, that are additive in each argument: for each argument
position and all fixed values of the other arguments,

O(..,utu,...)=0..,u,...)+®(..,u,...)

with u, v in that position, and the same for ¥. If ® and ¥ take the same value whenever
every argument is a monomial, then & = .

Here R[z]? and R[z]? are the sets of pairs and triples. The proof uses no law of T at all, not
even associativity of its addition, and no product on 7. That is why it may be applied with
T = R]x] inside the proof that R[x] is a ring.

Idea. Every polynomial is a finite sum of monomials (Proposition 4.2.1), so a map that is
additive is fixed by what it does to monomials: peel off the top monomial and induct. With
several arguments, unlock them one at a time: first let the last argument be arbitrary while
the others stay monomials, then the one before, and so on.

Before reading on: why is additivity in each argument separately enough, and where would
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“additive in the pair”, ®(p+p',q+¢") = ®(p,q) + (', ), fail?

Proof. One argument. We prove by Logic and Proof, Axiom 4.2.1 on N: for every p €
R[z] for which N is admissible, ®(p) = W(p). Every polynomial has an admissible N
(Definition 4.1.1), so this gives ® = ¥ (Sets, Relations, and Cardinality, Proposition 1.4.1).
For N = 0, p agrees in every position with the monomial ppz?, so p = poz® and ®(p) = ¥(p)
by hypothesis. Suppose the statement holds for N, and let N + 1 be admissible for p. Put
p = SN prxF. By Proposition 4.2.1, N is admissible for p/, and by the recursion of
Lemma 4.1.1 (a) and the same proposition,

N+1
p=> prz" =p +pyiaVth
k=0

Hence
®(p) = ¢(p) + (pn412V ) = T () + U(pnz™ ) = U(p),

by additivity of ®, the induction hypothesis for p’ together with the hypothesis on monomials,
and additivity of W.

Two arguments. Fix a monomial u. The maps v — ®(u,v) and v — ¥(u,v) are additive and
agree on monomials, so by the case of one argument they agree everywhere: ®(u,q) = ¥(u,q)
for every monomial u and every ¢ € R[z]. Now fix any ¢. The maps u — ®(u,q) and
u +— ¥(u,q) are additive and, by what was just shown, agree on monomials; so they agree
everywhere.

Three arguments. The same, one argument at a time. For monomials uq,us, the case of
one argument, applied to the third argument, gives ®(uy,u2,7) = V(u1,us,r) for every r.
For a monomial u; and any 7, the same case, applied to the second argument, then gives
agreement for every ¢ in the middle. Finally, for any ¢, r, the same case, applied to the first
argument, gives ®(p,q,r) = V(p,q,r) for every p. This proves the lemma.

The answer to the prompt. Each step of the proof changes one argument from “a monomial” to
“arbitrary” while the other arguments are held fixed, and it only ever splits that one argument
into a sum. Additivity in each argument separately is exactly that. “Additive in the pair” is
a different condition, and the product does not satisfy it: with p = ¢ = 1 and p’ = q = 0,
(p+p)g+¢)=1-1=1, while pg+ p'¢ =0+ 0 =0 whenever 1 # 0 in R. A proof that split
both arguments at once would lose the cross terms pq’ and p'q.

We call this move check on monomials, extend by additivity. To prove that two expressions
in polynomials agree, check that both are additive in each argument, and check the identity when
every argument is a monomial. The second check is a computation with a single coefficient in
each argument.

The ring laws

Now the payoff: every law of a commutative ring holds in R[z]. The theorem also records how
R sits inside R[z] and why the school notation az™ means what it seems to mean.
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Theorem 4.2.4. The Polynomial Ring Is a Commutative Ring
Let R be a commutative ring.

(a) R[z], with the operations of Definition 4.2.1, is a commutative ring (Number Systems:
From \(\nN\) to \(\nR\), Definition 2.3.1), with zero the zero polynomial, negative —p
as defined there, and one 1 := 12°. Spelled out, for all p,q,r € R[z]: (1) p+q=q+p
and (p+q)+r=p+(¢+r); (2) p+0=pand p+ (-p) =0; (3) pg = qp and
(pg)r = p(qr); (4) 1-p=p; (5) p(q + 1) = pq + pr.

(b) The map R — R[z], a — a2?, is injective and satisfies (a +b)z° = ax® + bz?, (ab)2? =
(ax®)(b2°) and 12° = 1. If 1 # 0 in R, then 1 # 0 in R[z].

(c¢) For n € N, the n-th power of z in the ring R[z| (Lemma 4.1.1 (c)) is the monomial 1 z",
and the product of the constant a with it is the monomial a ™. Hence p = fozo prak,
for admissible NV, is a sum of products of constants and powers of x.

(d) For a constant a and p € R[z], (ap)r = apy for every k.

In words: (a) says we may compute in R[x] by every rule of a commutative ring; (b) says
that computing with constant polynomials is computing in R, which justifies calling a z° “the
constant a”; (c) says that the monomial az™ of Section 4.1, a sequence, is the product a-x-z - - -
of school algebra; and (d) says that multiplying by a constant multiplies every coefficient.

Try it first (ten minutes): for p = ag + a1z, ¢ = bo + bz and r = ¢y + c1x, write the coefficient
of x2 in (pq)r and in p(qr) from Definition 4.2.1. Which laws of R did you need to see that they
are equal, and how would your argument scale to polynomials of degree 109

Idea. The attempt gives pq = agbg -+ (agb1 +a1bo)z +a1b122, and the coefficient of 2 in (pq)r
is (agb1 + a1bp)c1 + (a1b1)co, while in p(gr) it is ag(bic1) + a1 (boer + bicy). Both expand, by
(F9), to the three products agbici, ajbgci, ajbicy, grouped and ordered differently, so (F1),
(F2), (F5), (F6) and (F9) all enter. In degree 10 the two coefficients of #* are double sums,
> (20; aibs—i)ex—s and 32, ai (35 bjck—i—j), and the plan “both are the sum of all a;bjc; with
i1+ j +1 = k” needs a theorem on reordering finite double sums, which we have not proved.

Monomials avoid that theorem. When each of p, g, r has a single non-zero coefficient, every
double sum collapses to one product, and the law becomes a law of R together with a law of N
for the exponents. Both sides are additive in each argument, by (%) and (*x), so Lemma 4.2.3
carries the monomial case to all polynomials. The additive laws need nothing new: they are
the laws of R, position by position.

Before reading on: self-explain the monomial line for (F5) in the proof below. Which law of
R does it use, and which law of N?

Proof. (a) By Definition 4.2.1 and the closure paragraph after it, + and - are functions
R[z] x R[z] — R[z]. We check the clauses of Number Systems: From \(\nN\) to \(\nR)),
Definition 2.3.1.

(F1)-(F4), position by position. For every k, (p+q)r = pr+qx = qx+px = (¢+p)r by (F1) in
R; ((p+9)+7)k = (et ar)+re = prt+(ar+ri) = (p+(g+7))k by (F2); (p+0)k = pr+0 = pi
by (F3); and (p+ (—p))r = px + (—pk) = 0 by (F4). So (F1)—(F4) hold in R[z], by compare
coefficients (Sets, Relations, and Cardinality, Proposition 1.4.1), with the zero polynomial
as 0 and —p as the negative of p.
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(F9). This is ().

(F6). Let ®(p,q) = pq and ¥(p,q) = gp. Both are additive in each argument: for ® this
is () and (*x), and for ¥ it is the same two laws with the roles of the factors exchanged,
qp+p')=qp+q and (¢+ ¢ )p = gp+ ¢'p. On monomials,

(ax™)(bz™) = (ab) ™" = (ba) 2" = (bz™)(az™),

by Lemma 4.2.2 (b), (F6) in R with m +n =n+ m in N (Number Systems: From \(\nN\)
to \(\nR\), Theorem 1.5.3 (b)), and Lemma 4.2.2 (b) again. By Lemma 4.2.3 with two
arguments and 7' = R[z], whose addition is a function by the closure paragraph, pg = gp for

all p,q.

(F7). By Lemma 4.2.2 (a) with a =1 and m =0, (1 -p); = 1pg = pi for every k, by (F7)
and (F6) in R. Sol-p=p,andp-1=1-p=p by (F6) in R[z].

(F5). Let ®(p,q,r) = (pq)r and ¥(p,q,r) = p(qr). Each is additive in each argument, by
two applications of (%) and (xx); for instance, in the middle argument,

(p(q+d"))r = (pg+pg")r = (pa)r + (pd)r,  p((a+4q")r) =plgr+q'r) = p(gr) + p(q'r),

n

and in the first and third arguments in the same way. On monomials az™, bz", cz!, two

applications of Lemma 4.2.2 (b) on each side give
((ae™)(ba™) (ex) = ((aB)e)a™ M+ = (a(be))a™ "+ = (aa™)((ba")(ca)),

where the middle equality is (F5) in R and (m+n)+1=m+ (n+1) in N (Number Systems:
From \(\nN\) to \(\nR\), Theorem 1.5.3 (c)). By Lemma 4.2.3 with three arguments and
T = R[z], (pq)r = p(qr) for all p,q,r. This proves (a); the rules (1)—(5) are (F1) with (F2),
(F3) with (F4), (F6) with (F5), (F7) in the form 1-p = p, and (F9).

(b) If ax® = bx®, the entries in position 0 give a = b. The sum ax’ + b2® has a + b in
position 0 and 0 + 0 = 0 elsewhere, so it is (a + b)z". The product is (ab)z"+° = (ab)x® by
Lemma 4.2.2 (b), and 12° = 1 by the definition of 1 in (a). If 1 # 0 in R, then by injectivity
12° # 029, and 020 is the zero polynomial.

(c) By Lemma 4.1.1 (c) in the commutative ring R[z], 2° = 1 = 12" and 2! = 2"x. By

Logic and Proof, Axiom 4.2.1 on n: if 2" = 12", then 2" = (12")(12!) = (1- 1)zt =
12! by Lemma 4.2.2 (b) and (F7) in R. For a constant a, (az°)(12") = (a-1)2%*" = az™,
by the same lemma. With Proposition 4.2.1, p = ny:o pra® is the sum of the products of
the constants pj, with the powers 2*.

(d) Lemma 4.2.2 (a) with m = 0: (az®p), = apr_o = apg. This proves the theorem.

The answer to the prompt. The monomial line for (F5) uses associativity of multiplication in R,
(ab)e = a(be), for the coefficient, and associativity of addition in N, (m +n) +1=m+ (n +1),
for the exponent. Apart from Lemma 4.2.2, which it cites, nothing else: the regrouping that
the direct route needed has been absorbed into Lemma 4.2.3, whose proof only peels off one
monomial at a time.

The proof never reordered a double sum. Each of its sums has a single index: a coefficient sum
of Definition 4.2.1 (in the closure paragraph, (), (%) and Lemma 4.2.2), or a sum of monomials
of Proposition 4.2.1 (inside Lemma 4.2.3 and in part (c)).
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Remark. Part (a) makes the name “polynomial ring” honest, and everything proved for
commutative rings now applies to R[z]. In particular, ideals and quotient rings (Number
Systems: From \(\nN\) to \(\nR\), Definition 3.4.1, Number Systems: From \(\nN)\) to
\(\nR\), Theorem 3.4.1) are available in R[z]; Chapter 5 builds quotients of F[z] for a field
F this way. Also, (R[z],+) is an abelian group in the sense of Chapter 3, by (F1)—(F4).

From now on we compute in R[x] as at school: expand brackets, collect terms, and move terms
across equations, citing (a) and (c). The two things school algebra does not give us are any rule
that needs division, and any rule about the degree of a product; the second depends on R, and
Section 4.3 finds out how.

Quick check. In Q[x] and in Fy[z]: is (z + 1)? equal to 2% + 22 + 17 Is it equal to 22 + 17

Solution. By Lemma 4.1.1 (c) and Theorem 4.2.4 (a), rule (4), (z+1)? = (1-(z+1))(z+1) =
(x+1)(z+1), and by Definition 4.2.1 this product has coefficients 1-1 =1,1-1+1-1 = 2 and
1-1 =1 in positions 0, 1,2, and 0 beyond, where 2 =1+1. Over Q, (z +1)? = 22 + 2z +1,
and it is not 22 4 1, since 2 # 0 in position 1. Over Fy, 2 = 14 1 = 0, so the sequence is
(1,0,1,0,...): (z+1)> =2%+1, and also (z+1)? = 2% 4+ 22 + 1, because over F, the display
22 + 22 + 1 names the same sequence. The same three-term display means different things
over different rings.

Exercises

4.2.4.1 A. Check your understanding

Exercise. Al
These questions are about the proof of Theorem 4.2.4.

(a) Where is the commutativity of R, ab = ba, used?

(b) Run the monomial check of (F5) on (2x)(322)(z) in Z[x]: compute both groupings.

(c) In the proof of (F5), which additivity does Lemma 4.2.3 need for the third argument?
Write out both identities.

(d) Give the idea of the proof of (F5) in two sentences.

Solution.

(a) In the monomial line of (F6), where ab = ba in R gives (ab)z™™™ = (ba)z"™™. In
the additivity law (x), where (p; + p})qr—i = DPiqr—i + Pigr—i is (F9) only after (F6)
has moved ¢i_; to the left. And in small ways, wherever 0 - b = 0 is obtained from
b-0 =0 (Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.2 (b)), as in
Lemma 4.2.2 (a), and in (F7), where 1p; = pi - 1. The monomial line of (F5) uses it
only through Lemma 4.2.2 (a); its own coefficient step (ab)c = a(bc) does not.

(b) Witha=2,m=1,b=3,n=2,c=1,1=1 ((22)(32?))z = (623)z = 62%, using
2:3=6,1+2=3,then6-1=06,3+1=4; and (22)((32?)z) = (22)(323) = 62*,
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using3-1=3,2+1=3, then 2-3 =6, 1 + 3 = 4. Both are 6z.

(¢) For ®: (pq)(r + ') = (pq)r + (pq)r’, which is (x*) with pg in place of p. For W:
p(g(r+1")) = plgr + ¢r') = p(gr) + p(gr’), which is (xx) twice.

(d) On monomials, associativity is a single product: (ab)c = a(bc) in R and (m +n)+1 =
m + (n + 1) in N. Both sides of (pg)r = p(qr) are additive in each argument and
every polynomial is a finite sum of monomials, so the monomial case extends to all
polynomials, one argument at a time.

4.2.4.2 B. Practice

Exercise. B1: A product over two rings

Compute (223 — z + 4)(—223 + 2 + 3) in Z[z] and in Fa[z], from Definition 4.2.1.

Solution. In Zlz], (po,p1,p2,p3) = (4,—1,0,2) and (qo,q1,492,93) = (3,0,1,—2), with 3
admissible for both; so (pg)r = 0 for & > 6, and

(pg)o =4-3 =12,

(pg)1 =4-0+ (- 1) 3=-3,
(pg)a=4-1+(=1)-0+0-3 =4,
(pg)z3=4-(-2)+(-1)-140-0+2-3 = -3,
(pg)a = (— 1)(—2)+0~1+2-0:2,

(rg)s =0-(=2)+2-1=2,

(pg)s =2-(-2) =

where in positions 4, 5, 6 the terms with an index above 3 are 0 and have been left out. Hence
pq = —4z5 + 225 + 22* — 323 + 4% — 3z + 12.

In Fy[z] the displays name other sequences: 2=0,4=0, -1 =1, —2=0 and 3 =1 in [y,
so the first factor is z and the second is 22 + 1. By Lemma 4.2.2 (a) with a = 1, m = 1, the
product shifts (1,0,1,0,...) one place up: z(z? 4+ 1) = 23 + 2. This agrees with reducing
the integer coefficients 12, —3,4, —3, 2,2, —4 modulo 2, which gives 0,1,0,1,0,0,0.

Exercise. B2: Changing the sign of x

Define o: R[z] — R[z] by o(p)r = (—1)*p, where (—1)* is the power in R (Lemma 4.1.1
(c)). Then o(p) is a polynomial, since (—1)*-0 = 0. We want to prove that o(pq) = o(p)o(q)
for all p,q € R[x].

You may use the following, without proof. The map o is additive: o(p + q) = o(p) + o(q),
position by position by (F9). Hence, with (x) and (%), the maps ®(p,q) = o(pg) and
U(p,q) = o(p)o(q) are additive in each argument.

The last step is blank. Name the move, then complete it.
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Solution. The move is check on monomials, extend by additivity.

Let a,b € R and m,n € N. The monomial az™ has only position m possibly non-zero, so
o(az™) = ((—1)™a)z™. By Lemma 4.2.2 (b),

®(az™, bz"™) = o ((ab)z™ ") = ((=1)" "ab)2z™ ",

U(az™, bz™) = ((=1)™a)z™ - ((=1)"b)2"™ = ((=1)™a (=1)"b)z™ ™.

The two coefficients agree: (—1)"a (—1)"b = ((—=1)"(=1)")(ab) = (—1)™"ab, by (F5) and
(F6) in R and the first power law of Lemma 4.1.1 (c¢). So ¢ and ¥ agree on monomials, and
by Lemma 4.2.3 with two arguments and T' = R[z], o(pq) = o(p)o(q) for all p, q.

Also o(1) = 1, since (—1)° = 1. Section 4.4 writes o(p) as p(—z).

4.2.4.3 C. Going deeper

Exercise. C1: Exit check: the ring laws

Let R be a commutative ring. Prove, from Definition 4.2.1, that the multiplication of R[x]
is commutative and associative. You may use the laws of R, Lemma 4.1.1, Logic and Proof,
Axiom 4.2.1 and Sets, Relations, and Cardinality, Proposition 1.4.1, but no result of this
section after Definition 4.2.1.

Solution. Distributivity. For p,p',q,q¢ € R[x], the k-th coefficient of (p + p')q is S o(p; +
P.)qi—;. Inside each term, (F6), (F9), (F6) give piqk—i + pigr—i, and (X1) splits the sum
into (pq)r + P'Q)k. So (p + p')g = pg + p'q, and in the same way, with (F9) directly,
p(q¢+¢') = pg + pq'. Hence (p,q) — pq and (p,q) — gp are additive in each argument, and
so are (p,q,7) — (pq)r and (p,q,r) — p(qr), by applying the two laws twice.

Monomials. For a,b € Randm,n € N, the k-th coefficient of (az™)(bz™) is -F_(az™); (bx™ )k
Every term with ¢ # m is 0, and the term with ¢ = m (present when m < k) is a (bx™)—m,
which is ab if k = m + n and 0 otherwise. By (X3), (az™)(bz™) = (ab)z™*".

Reduction. (i) For p € R[z], the sum sy = Y& ,ppz® in (R[], +) (Lemma 4.1.1 (a)) has
pj in position j < N and 0 beyond, by Logic and Proof, Axiom 4.2.1 on N: sg = pox?, and
SN+1 = SN +pN+1l‘N+l has coefficients p; +0, 0+py41 and 0+0 for j < N, j = N +1 and
j>N+1, by (F1) and (F3). So p = sy for admissible N (Sets, Relations, and Cardinality,
Proposition 1.4.1).

(ii) Let ®,¥: R[z] — R[z] be additive and agree on monomials. By Logic and Proof,
Axiom 4.2.1 on N, ®(p) = ¥(p) for every p for which N is admissible: for N = 0,
p = pox® by (i); if N 4+ 1 is admissible for p, then p = sy + pyp1zVH! with N
admissible for sy, by (i), and

®(p) = @(sn) + @(pv+12" ) = U(sw) + U(pv1z™ ) = U(p)

by additivity, the induction hypothesis with the monomial case, and additivity. Every
polynomial has an admissible N, so ® = V.

(iii) With two arguments, fix a monomial v and apply (ii) to v — ®(u,v) and v — ¥(u,v);
then fix any ¢ and apply (ii) to the first argument. With three, treat the third, the
second and the first argument in turn.
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Commutativity. (az™)(bz™) = (ab)z™™ = (ba)z"t™ = (bz")(ax™), by (F6) in R and
m +n =n+ m in N; the reduction gives pg = gp.

Associativity. ((az™)(ba™))(cx!) = ((ab)e)z™+M+ and (az™)((bz™)(cat)) = (a(be))a™H+D),
equal by (F5) in R and associativity of 4+ in N; the reduction with three arguments gives
(pg)r = p(qr).

Marking scheme. (10 points) - 2: both distributive laws from the coefficient formula,
naming the rule for a single-index sum ((X1)) and the law of R used inside each term. -
2: the product of two monomials, (ax™)(bz™) = (ab)x™"", with the vanishing of the other
terms shown. - 3: the reduction to monomials, with additivity in each argument stated and
used one argument at a time (both inductions proved in the answer; citing Lemma 4.2.3
earns none of these points). - 1: commutativity on monomials, naming (F6) in R. - 2:
associativity on monomials, naming (F5) in R and the law of N used for the exponents.

Fatal errors (0 for the step): treating polynomials as functions on R and citing the laws of R
“pointwise”; checking only on 2™ and z™, with no account of the coefficients (the coefficients
are where (F5) and (F6) of R are needed).

A direct route works with coefficients throughout: commutativity by (F6) and the reversal
i — k — 1 of a finite sum, associativity by rewriting both triple products as one sum over all
(4,7,1) with ¢ + j + 1 = k. Each needs a lemma that (¥1)-(X4) do not contain, proved by
induction. Commutativity with the reversal proved earns 3 points (the monomial product
and commutativity on monomials); associativity with the reindexing proved earns the other
7. An unproved reversal or reindexing earns 0 for that step.

Exercise. C2: Formal power series

Let RN be the set of all sequences N — R, with sum and product given by the formulas of
Definition 4.2.1.

(a) Show that the formulas define functions RN x RN — RN,

(b) Show that R[z] C RN is closed under the sum and the product.

(c) Let s:=(1,1,1,...). Show that (1 —z)s = 1.

(d) Which step of the proof of Lemma 4.2.3 (with one argument) does not reach the
elements of RN?

Solution.

(a) For p,ge RN and k € N, pp + ¢, € R, and X% pigr_; is a sum of k + 1 elements of R,
defined by Lemma 4.1.1 (a). No finiteness of p or ¢ is needed: each coefficient of the
product only looks at positions 0, ..., k. So both formulas give sequences N — R.

(b) This is the closure paragraph after Definition 4.2.1: if m and n are admissible for p
and ¢, then max(m,n) is admissible for p + ¢ and m + n for pq.

() 1—2=(1,-1,0,0,...). In position 0, ((1 —x)s), =1-1= 1. In position k > 1, write
the i-th term as v; + w; (by (F1) and (F3)), with v9 =11, w; = (—=1) - 1 and every
other v;, w; equal to 0, since for i > 2 the term is 0 - 1 = 0 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.2 (b) with (F6)). By (X1) and (33), the sum is
1-1+(-1)-1=1+(-1) =0, by (F7) and (F4). So (1 —z)s =(1,0,0,...) = 1.
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(d) The induction proves ®(p) = ¥(p) only for sequences p that have an admissible N; the
step from it to ® = ¥ uses that every polynomial has one. The sequence s has none,
and it is not a finite sum of monomials either, since by (b) such a sum is a polynomial.
So Lemma 4.2.3 says nothing about s, and the proof of Theorem 4.2.4 does not apply
to RN. The ring laws do hold in RY, the ring of formal power series, though we do
not prove this here; nothing in this book depends on it.

So (1 —x)s = 1 among all sequences, while Section 4.3 shows that over Z, 1 — z is not a unit
of Z[x].

4.3 Degree, Leading Coefficients, and
Integral Domains

Section 4.2 made R[z] a commutative ring for every commutative ring R (Theorem 4.2.4).
This section attaches to each non-zero polynomial its degree, the position of its last non-zero
coefficient, and asks the school question: is the degree of a product the sum of the degrees? Over
Z it is. Over Z/6Z it is not, and the reason is a single product of two elements of R. Sorting
out which rings behave like Z leads to the integral domains, and to the two facts later chapters
use most: a polynomial ring over an integral domain has no zero divisors, and its units are the
units of R.

Throughout, R is a commutative ring (Number Systems: From \(\nN\) to \(\nR\), Defi-
nition 2.3.1), and polynomials are coefficient sequences (Definition 4.1.1), with the sum and
product of Definition 4.2.1.

Degree and leading coefficient

Here is the computation that drives the section. Multiply p = 2z + 1 by ¢ = 322 + = by the
product formula of Definition 4.2.1, once in Z[z] and once in (Z/6Z)[z]. The coefficients of p
are 1,2,0,0,... and those of g are 0,1, 3,0,..., so

(Pq)o = poqo = 0,

(rg)1 = poq1 +p1go = 1,

(pq)2 = Pogz + P1g1 + p2go = 3 +2 =5,

(pg)3 = pogs + p1g2 + p2g1 +p3go =2 -3 =6,

p
p

and (pq)x = 0 for k > 4. Over Z the product is 62® + 522 + z, with its last non-zero coefficient
in position 3 = 1+ 2. Over Z/6Z the same sums are read modulo 6: (pg)s3 = [6] = [0], and the
product is [5]22 4+ , whose last non-zero coefficient sits in position 2. The top coefficient of the
product was 2 - 3, the product of the top coefficients of the factors, and in Z/6Z that product
is [0] (Number Systems: From \(\nN\) to \(\nR\), Example (Multiplication modulo six and
modulo five)).

To state any of this we need a name for “the position of the last non-zero coefficient”. A non-zero
polynomial has one, because only finitely many of its coefficients are non-zero.

The degree of a polynomial is the position of its last non-zero coefficient; the leading coefficient
1s the coefficient sitting there.
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Definition 4.3.1. Degree, Leading Coefficient, Monic
Let R be a commutative ring and p € R[x].

(a) If p # 0, the degree degp is the largest n € N with p,, # 0. The leading coefficient
of p is lc(p) = pdegp, and p is monic if lc(p) = 1.

(b) The zero polynomial has degree deg(0 := —oo, and no leading coefficient.
Here —o0 is a symbol not in N, with the conventions —oo < n and —oco+n = n+(—00) = —o0
for every n € N, and —oo + (—o00) = —o0.

In words: (a) looks along the coefficient sequence and stops at the last place where it is non-zero;
that place is the degree, and the entry there is the leading coefficient. A polynomial is monic
when that entry is 1. Clause (b) gives the zero polynomial, which has no non-zero coefficient at
all, a degree below every natural number.

Well-definedness. Let p # 0, and let N be admissible for p: pi = 0 for every k > N (Defini-
tion 4.1.1). The set S := {n € N : p, # 0} is non-empty, since p is not the zero sequence, and
every element of S is at most N. Read in Z O N (Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.2.3), S is a non-empty set of integers bounded above, so it has a greatest element
(Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.6). That element is degp. Two
facts come with it, and every proof below uses them:

Ddegp 7 0, pr =0 for every k > degp.

The second says that deg p is itself admissible for p, and the least admissible N: any smaller N
would leave the non-zero coefficient pqeq, beyond it.

Examples.

e In Q[z], deg(322 — x + 2) = 2 with leading coefficient 3; 22 + 1 is monic of degree 2. The
monomial ax™ with a # 0 has degree n and leading coefficient a.

e A non-zero constant a = ax? has degree 0. The constant 0 has degree —oo, not 0: degree
0 means “a constant, and not the zero one”.

« Degree depends on the ring. The integer polynomial 6x3 + 522 4+ 2 has degree 3 in Z[z];
its coefficients read in Z/67Z give [5]x? + z, of degree 2. Read in Z/5Z they give 2° +
([6] = [1], [5] = [0]), monic of degree 3.

e The degenerate ring. If 1 = 0 in R, then every a € Risa =a-1 =a-0 =0
(Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.2 (b)), so R = {0}, and
the only polynomial over R is the zero sequence. Every polynomial over the zero ring has
degree —oo, and no polynomial over it is monic. This is why “monic” will never need the
hypothesis 1 # 0: a monic polynomial is non-zero, so its ring has 1 = le(p) # 0.

Non-example by minimal change. The sequence (1,1,1,...) has no degree: the set S of its
non-zero positions is all of N; which has no greatest element. It fails exactly the clause “only
finitely many” of Definition 4.1.1, which is what made S bounded above.

O Second reading - Why the degree of the zero polynomial is minus infinity

Any value given to deg0 is a convention, and the choice is made so that the rule “degrees
add under products” survives the zero polynomial. For every ¢, 0 - ¢ = 0, so the rule asks for
deg0 = deg 0 + deg q. If deg0 were an integer d, then in any ring with 1 # 0 the case ¢ = z, of
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degree 1, would give d = d+ 1. No integer works; a symbol —oco with —oo +n = —oo does. The
order —oo < n then lets “deg p < n” include the zero polynomial, which is what the sets R[x]<p,
at the end of this section need.

Warning. The leading coefficient is the coefficient of the highest power, not the first one
written. In 2+ 2z — 523 € Q[z], the leading coefficient is —5, and the polynomial is not monic
although its x has coefficient 1. And the zero polynomial has no leading coefficient at all:
“lc(p)” silently assumes p # 0.

The degree of a sum

A sum cannot raise the degree, because adding coefficients position by position creates no non-
zero coefficient beyond the last non-zero ones of the summands.

Theorem 4.3.1. Degree of a Sum

Let R be a commutative ring and p,q € R[z]. Then

deg(p + q) < max(degp, degq),

with equality when degp # degq.

Idea. Beyond the larger of the two degrees both summands have only zero coeflicients, so
the sum does too. When one degree is strictly larger, the other summand contributes 0 at
that top position, and the top coeflicient survives.

Proof. Let M = max(degp,degq). If M = —o0, then p = ¢ =0, so p+ ¢ = 0 and both sides
are —oo. Otherwise M € N, and for £ > M we have k > degp and k > degq, so pp =0 and
gr = 0 (by the two facts after Definition 4.3.1 when the polynomial is non-zero, and trivially
when it is 0). Hence (p+ q)r = px + qx = 0+ 0 = 0 for every k > M, by Definition 4.2.1 and
(F3). So either p+ ¢ = 0, with degree —oco < M, or p+ ¢ # 0 and its last non-zero coefficient
is at a position < M. In both cases deg(p + q) < M.

Now let degp # degq; by symmetry degq < degp, so p # 0 and M = degp. Then ¢ = 0,
and

(p+a)m =pm +qu =pu +0=pu #0,
so p+ q # 0 and deg(p + q) > M. With the first part, deg(p + q) = M.

Remark. The inequality is strict exactly when degp = degg = M € N and the leading
coefficients cancel, pys + gy = 0: for example (22 +2) + (=22 + 1) = x + 1, of degree 1 < 2,
and = + (—z) = 0, of degree —oo < 1.
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The degree of a product

The opening computation suggests how a product behaves at the top. In (pq)r = Z?:o DiGQl—i,
a term can be non-zero only if i < degp and k — i < degq; for k = degp + degq that leaves
exactly one term. We call this move look at the top coefficient.

Theorem 4.3.2. Degree of a Product
Let R be a commutative ring, let p,q € R[x] be non-zero, and let m := degp, n := deggq.

(a) (pq)r = 0 for every k > m+n, and (pq)m+n = lc(p) lc(q). Hence deg(pq) < deg p+degq
for all p, g € R[z], zero or not; and if p = 0 or ¢ = 0, then pg = 0 and deg(pg) = —o0 =
degp + deggq.

(b) deg(pg) = m + n if and only if lc(p)lc(q) # 0, and then lc(pg) = le(p)le(g). This
holds in particular

o when R has no zero divisors (ab = 0 implies a = 0 or b = 0), for example when
R is a field (Theorem 2.1.1 (f)); together with the last clause of (a), deg(pq) =
degp + deg ¢ then holds for all p, ¢ € R|x], zero or not;

o when lc(p) is a unit of R (Number Systems: From \(\nN\) to \(\nR)\), Defini-
tion 3.5.1), in particular when p is monic.

In words: (a) says that the product has nothing above position m + n, and that what sits at
m + n is the product of the two leading coefficients, in every commutative ring; (b) says that
the degree formula holds precisely when that one product is non-zero, and names two common
situations where it is.

Idea. The top of a product comes from the tops of the factors alone. Above m + n every
term p;qr_; has a factor beyond the top of p or beyond the top of ¢; at m + n exactly one
term escapes, pmgn. S0 the only question is whether p,,¢, can be 0, and that is a question
about R, not about polynomials.

Before reading on: which line needs R to have no zero divisors, and which works in every
ring?

Proof. (a) Let k > m +n and 0 < ¢ < k, and consider the term p;qx—; of (pq)x (Defini-
tion 4.2.1). If ¢ > m, then p; = 0. If i < m, then k —i > k—m >n, and k —i > n (so
qk—i; = 0) unless k = m +n and i = m. So every term with i # m, or with k > m + n, has a
factor 0, and is 0 by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b) with
(F6).

For k > m + n, all terms of (pq); are 0, so (pg)r = 0 by (X3) of Lemma 4.1.1 (b) (with
j =0). For k = m + n, every term with ¢ # m is 0, and m < m + n, so (X3) with j =m
leaves

(pQ)ern = PmQn = lc(p) 1C(Q)'

For the inequality, let p,q € R[x| be arbitrary. If p = 0, every coefficient of pq is a sum of
terms 0-gi—; = 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b), (F6)),
so pg = 0, and both sides of the inequality are —oo by the conventions of Definition 4.3.1,
which is also the last clause of (a); likewise if ¢ = 0. If p,q # 0 and pg = 0, the left side is
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—00 < m + n. Otherwise pg # 0, and since (pq)x = 0 for every k > m + n, its last non-zero
coefficient is at a position < m + n: deg(pq) < m + n.

(b) By (a), m + n is admissible for pq, and (pq)m+n = lc(p)lc(g). If this element is non-zero,
then pg # 0, its last non-zero coefficient is at m + n, and so deg(pq) = m + n and lc(pg) =
(P@)m+n = lc(p)lc(q). If it is 0, then (pg)r = 0 for every k > m + n, so deg(pq) < m + n.

For the two situations: p,, # 0 and ¢, # 0 by Definition 4.3.1, so if R has no zero divisors,
Pmdn # 0. If u == p,, is a unit and ug, = 0, then ¢, = (v u)g, = v (ug,) =u=1-0=0,
by (F6), (F7), (F5) and Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b),
against g, # 0; S0 pmgn # 0. A monic p has p,, = 1, a unit since 1 -1 = 1. This proves the

theorem.

The answer to the prompt. Part (a), including the inequality, uses only (F1)—(F7), (F9), Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b), (23) of Lemma 4.1.1 (b), and the
two facts after Definition 4.3.1 and its conventions, all valid in every commutative ring: it holds
over Z/6Z as over Q. Part (b) as an equivalence also holds in every ring. “No zero divisors”
enters in one line, the first sentence of the last paragraph, and only to decide that p,,q, # 0;
the unit hypothesis is a second, different way to decide the same thing.

Warning. The degree formula is not automatic. In (Z/6Z)[z], the opening computation
gives

(2 + 1)([8]2 + &) = [5]2® + =,
a product of polynomials of degrees 1 and 2 that has degree 2, not 3. The coefficient (pq)s3
is le(p)le(q) = [2][3] = [6] = [0] (Number Systems: From \(\nN\) to \(\nR\), Example
(Multiplication modulo six and modulo five)). Part (a) of Theorem 4.3.2 holds here; the
hypothesis of (b) fails.

Quick check. Let p,q € Q[z] with degp = 3 and degq = 2. What are deg(pq), deg(p + q)
and deg(p?), where p? := pp? Can you say what deg(p — 2?) is?

Solution. deg(pq) = 5 and deg(p?) = 6, by Theorem 4.3.2 (b): Q is a field (Number Systems:
From \(\nN\) to \(\nR)\), Theorem 2.4.3), so it has no zero divisors. deg(p + ¢) = 3, by the
equality case of Theorem 4.3.1, since 3 # 2. The degree of p — 22 is not determined: it is 3 if
lc(p) # 1, at most 2 if p is monic, and —oo if p = x3. The difference has coefficient lc(p) — 1
at position 3, and that coefficient decides.

Integral domains

Theorem 4.3.2 (b) asks for one property of R: a product of two non-zero elements is non-zero.
The integers have it, every field has it, Z/67Z lacks it. A ring that has it, and is not the zero
ring, gets a name.

An integral domain is a commutative ring in which a product is zero only when a factor is zero.
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Definition 4.3.2. Integral Domain

An integral domain is a commutative ring R with 1 # 0 and no zero divisors: for all
a,be R, if ab=0, then a =0 or b =0.

In words: the zero ring is excluded, and the rule “a product vanishes only if a factor vanishes”,
the rule used to solve (z — 1)(z — 2) = 0 at school, holds in R. Equivalently, by contraposition:
the product of two non-zero elements is non-zero.

Example. Which Rings Are Integral Domains

Decide which of the following are integral domains: Z; a field, and in particular Q and
Z/pZ for a prime p; Z/nZ for n > 2 not prime (Sets, Relations, and Cardinality, Defini-
tion 2.2.2); Z/1Z; and Z x Z with componentwise operations, (a,b) + (¢,d) == (a + ¢,b+ d)
and (a,b)(c,d) == (ac,bd).

Solution. Z: yes. It is a commutative ring with 1 # 0 (Number Systems: From \(\nN))
to \(\nR\), Theorem 2.3.1), and an ordered commutative ring (Number Systems: From
\(\nN\) to \(\nR\), Theorem 2.3.4), so ab = 0 implies a = 0 or b = 0 by Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (f).

A field: yes. A field has 1 # 0 (Definition 2.1.1) and no zero divisors (Theorem 2.1.1 (f)).
So @ (Number Systems: From \(\nN\) to \(\nR\), Theorem 2.4.3) and Z/pZ for p prime
(Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.2) are integral domains.

Z/nZ for n > 2 not prime: no. By Sets, Relations, and Cardinality, Definition 2.2.2, n has a
positive divisor r ¢ {1,n}; write n = rs. As in the proof of Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.5.2 (=), 1 <r < nand 0 < s < n. Then [r] # [0]: otherwise
n | r with n,r > 0, and Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1
(e) would give n < r, against r < n. Likewise [s] # [0]. But [r][s] = [rs] = [n] = [0], by
the multiplication of Number Systems: From \(\nN\) to \(\nR\), Definition 3.4.2 (Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (b)).

ZJ1Z: no. It has [1] = [0] (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (c));
it is the zero ring.

7Z x Z: mo. Each ring axiom holds componentwise, because it holds in each coordinate in
Z, with zero (0,0) and one (1,1) # (0,0). But (1,0)(0,1) = (1-0,0-1) = (0,0), with both
factors non-zero.

Putting the second and third answers together with Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.5.2: for n > 2, Z/nZ is an integral domain if and only if it is a field, if
and only if n is prime.

Now the payoff. Over an integral domain the degree formula holds without exception, and the
polynomial ring inherits the property it was built from.

Corollary 4.3.3. Polynomial Rings over Integral Domains

Let R be a commutative ring.
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(a) If R is an integral domain, p,q € R[z] and pg = 0, then p =0 or ¢ = 0. So R[z] is an
integral domain.

(b) (Cancellation) If R is an integral domain, p,q,r € R[x], pg = pr and p # 0, then ¢ = r.

(c) Conversely, if R[z] is an integral domain, then so is R.

Proof. (a) Let p # 0 and g # 0. Since R has no zero divisors, Theorem 4.3.2 (b) gives
deg(pq) = degp + degq € N, so deg(pq) # —oo and pg # 0. By contraposition, pg = 0
implies p = 0 or ¢ = 0. Moreover R|z] is a commutative ring (Theorem 4.2.4 (a)), and 1 # 0
in R[z]| because 1 # 0 in R (Theorem 4.2.4 (b)). So R[z] is an integral domain.

(b) By (F9) of R[z] and Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.2 (c),
plg—7r)=pg—pr=0. By (a) and p #0, ¢ —r =0, so ¢ = r (add r to both sides, with
(F2), (F1), (F4), (F3)).

(c) The map a — az® from R to R[z] is injective and preserves sums, products and 1
(Theorem 4.2.4 (b)). If 1 = 0 in R, then the one of R[x], which is 12°, equals 02°, the zero
polynomial, against 1 # 0 in R[z]. If ab = 0 in R, then (az®)(b2) = (ab)2® = 02" is the
zero polynomial, so ax® = 020 or bz? = 02°, and by injectivity a = 0 or b = 0.

With R = Q, Definition 4.3.1, Theorem 4.3.2 (b) and part (a) are the polynomial algebra
that the ordered field Q(¢) of Number Systems: From \(\nN\) to \(\nR\), Example (A Non-
Archimedean Ordered Field) took on school credit: the degree and the leading coefficient of a
polynomial, the rule lc(pg) = le(p)le(q), and the absence of zero divisors in Q[¢] (the letter ¢
there plays the part of our x). Building fractions p/q of polynomials is a further step, which
this volume does not take.

The cancellation law (b) is what makes it legitimate to “divide both sides by p” in an identity
of polynomials over Z, Q or F),. Over Z/6Z it fails: [2] - [3]z = [0] = [2] - [0] with [2] # [0] and
3]z # [0].

Units of a polynomial ring

The degree also tells us which polynomials can be inverted. If p¢g = 1 and degrees add, then
deg p + deg ¢ = 0, so both are constants.

Proposition 4.3.4. Units of a Polynomial Ring

Let R be an integral domain. Then the units of R[z] are exactly the constants a with
a € R* (Number Systems: From \(\nN\) to \(\nR\), Definition 3.5.1): identifying a with
ax®, (R[z])* = R*.

Proof. Let p be a unit of R[z], with pg = 1. Since 1 # 0 in R[z] (Corollary 4.3.3 (a)) and 0-q =
0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b) in the commutative
ring R[z], Theorem 4.2.4 (a)), we have p # 0, and likewise ¢ # 0. By Theorem 4.3.2 (b),
degp+degq = deg1 = 0. Two natural numbers with sum 0 are both 0, so degp = degq = O:
p = az’ and ¢ = bx® with a = pg, b = qo € R (0 is admissible for p and ¢ by the facts after
Definition 4.3.1, so Proposition 4.2.1 with N = 0 applies). Then (ab)2° = (az?)(bz?) = 12°
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(Theorem 4.2.4 (b)), so ab = 1 by injectivity of a — ax®, and a € R*.

Conversely, if a € R* with ab = 1, then (ax?)(b2?) = (ab)2® = 12°, so the constant a is a
unit of R[z].

For a field ', F* consists of the non-zero elements (by (F8), and 0 is not a unit since 0-b =0 # 1
by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b) and (F6)). So the units
of F[z] are the non-zero constants. Over Z, an integral domain (Example (Which Rings Are
Integral Domains)), the units of Z[z] are the constants 1 and —1, since Z* = {1,—1} (the
examples after Number Systems: From \(\nN\) to \(\nR\), Definition 3.5.1): 2 is a unit of
Q[z] and not of Z[z].

Warning. Without “integral domain”, non-constant units exist. In (Z/47Z)[z],
(1+[2]2)* =1+ [4]z + [4]z* =1,

by the product formula: the coefficients are 1-1, 1-[2] + [2] - 1 and [2][2]. So 1 + [2]z is a
unit of degree 1, its own inverse. The proof above breaks at Theorem 4.3.2 (b): lc(p) le(p) =
[2][2] = [0], so degrees do not add.

Polynomials of bounded degree

Many later arguments fix a bound on the degree: interpolation through n + 1 points looks for a
polynomial of degree at most n, and the linear-algebra companion treats such polynomials as a
vector space. Two sets get names.

Definition 4.3.3. Polynomials of Degree at Most n

Let R be a commutative ring and n € N. The set of polynomials of degree at most n is

Rlz])<n == {p € R[z] : degp < n}.

There are two ways to describe this set, and it is worth seeing that they agree. A polynomial has
deg p < n exactly when pi = 0 for every k > n: for p # 0 by the two facts after Definition 4.3.1,
and for p = 0 both hold. By Proposition 4.2.1, such a p is the sum pg + p1x + - -+ + ppa™ of
its first n + 1 monomials, and every such sum, with ag, ..., a, € R arbitrary, has its coefficients
beyond n equal to 0. So

Rlz)<n ={ao + a1z + -+ apz" : ap,...,an € R}.

The first description is about degrees; the second is the one used for computing. Some of the
a;, including a,, may be 0, and 0 € R[z|<, (all a; = 0; —oc0 < n).

The set is closed under the operations that do not raise the degree. If p,q € R[z]<j, then
p+q € R[z]<, by Theorem 4.3.1; —p € R[x]<p, since (—p)r = —pr = —0 = 0 for k£ > n; and
ap € R[z|<, for every constant a, since (ap)y = apy = a-0 = 0 for & > n (Theorem 4.2.4
(d), Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)). It is not closed under
products: z" - x ¢ R[z]<, when 1 # 0.
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Example. Membership in Polynomials of Bounded Degree

Which of 322 — 2z + 1, 52 + 7, —4, 0 and 23 — 23 +  lie in Q[z]<2? Which lie in Q[z]<o?

Solution. The degrees are 2, 1, 0, —oo and 1: the last expression is the polynomial z, since
its coefficient in position 3 is 1+ (—1) = 0. An expression containing > can still have degree
below 3; the degree belongs to the polynomial, not to the way it is written. So all five lie in
Q[z]<2, and exactly —4 and 0 lie in Q[z]<o, the set of constants.

Definition 4.3.4. Polynomials of Degree Exactly n

Let R be a commutative ring and n € N. The set of polynomials of degree exactly n is
R[z|=p = {p € R[x] : degp = n}.

The second description also counts these sets over a finite ring. Over Fg3 = Z/3Z, whose elements
are 0,1,2 (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (b)), F3[z]<; consists of
the polynomials ag + a1z, and distinct pairs (ag, a1) give distinct polynomials, since ag and aq
are the coefficients (Proposition 4.2.1). So it has 3 - 3 = 9 elements, one for each pair. Those in
F3[z]=1 are the ones with a; # 0: z,z+ 1,z + 2,2z, 2x + 1,22 + 2, that is 3-2 = 6 of them. The
remaining 3 are the constants 0, 1, 2.

Example. Comparing the Two Sets

Decide whether each of 22 + 1, 3z — 2 and 0 lies in Q[z]<2 and in Q[x]—2. Then express
R[z]<p through R[z]—, and R[z]<,—1 for n > 1, and decide whether Q[z]=2 is closed under
addition.

Solution. x? + 1 has degree 2, so it lies in both sets. 3z — 2 has degree 1: it lies in Q[z]<2
but not in Q[x]=2. The zero polynomial has degree —oo: it lies in Q[z]<2 and not in Q[z]=s.

For n > 1, a polynomial of degree at most n has degree exactly n or degree at most n — 1,
and not both, so

R[z]<p = R[z]-n U R[z]<pn-1,  Rl[z]=n N Rlz]<n_1 = 0.

Q[]=2 is not closed under addition: 2% + x and —x? + 1 both have degree 2, and their sum
x + 1 has degree 1. It does not contain 0 either. In the linear-algebra companion, the first
of the two sets is a subspace of the space of polynomials and the second is not, for exactly
these two reasons.

Exercises

4.3.7.1 A. Check your understanding

Exercise. Al
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(a) In the proof of Theorem 4.3.2, where is the hypothesis “R has no zero divisors” used?

(b) Run the proof of Theorem 4.3.2 (a) on p = 2z + 1 and ¢ = 322 + z, once over Z and
once over Z/6Z: what is m + n, and which element is (pq)m+n?

(c) True or false: deg(p + ¢) = max(degp, degq) for all p, g € Q[z]. Justify your answer.
(d) Give the idea of the proof of Theorem 4.3.2 in two sentences.
(e) For which n > 2 is (Z/nZ)|x] an integral domain?

Solution.

(a) Only in (b), to conclude that lc(p) lc(g) # 0 from lc(p) # 0 and lc(q) # 0. Part (a), the
vanishing above m + n and the value at m 4 n, holds in every commutative ring.

(b) m=1,n=2, m+n =3, and (pq)s = pi1g2 = 2-3: over Z this is 6 # 0, so deg(pq) = 3;
over Z/6Z it is [6] = [0], so deg(pg) < 3 (in fact 2, by the warning after the theorem).

(c) False: p = z, ¢ = —x give p + ¢ = 0, of degree —oo, while max(degp,degq) = 1.
Equality is only guaranteed when degp # deg g (Theorem 4.3.1).

(d) In the k-th coefficient of pg with k > m + n, every term but p,,g, has a factor beyond
the top of p or of ¢, hence vanishes. So the product’s top is the product of the tops,
and the degree formula holds exactly when that one product in R is non-zero.

(e) Exactly for n prime. If n is prime, Z/nZ is an integral domain (Example (Which Rings
Are Integral Domains)), so (Z/nZ)[x] is one by Corollary 4.3.3 (a). If n is not prime,
Z/nZ is not an integral domain (Example (Which Rings Are Integral Domains)), so
(Z/nZ)[z] is not one by Corollary 4.3.3 (c).

4.3.7.2 B. Practice

Exercise. B1: Put the proof in order

Below are eight lines. Six of them, in a suitable order, form a proof of Corollary 4.3.3 (a), “if
R is an integral domain and pg = 0 in R[z], then p = 0 or ¢ = 0”; two are distractors. Write
an admissible order, say which other orders are admissible, and say why each distractor fails.
(i) R has no zero divisors, o ppq, # 0.
(ii) By contraposition, pg = 0 implies p =0 or ¢ = 0.
(iii) Let m := degp and n := deggq, so p,, # 0 and ¢, # 0.

(iv) (PQ)m+n = Z?i‘g” DiGm-+n—i, and this is non-zero because each of its terms is non-zero.

(vi) Suppose p # 0 and ¢ # 0.

)
)
)
)
(v) Hence pq has a non-zero coefficient, so pg # 0.
)
(vii) By Theorem 4.3.2 (a), (pq)m-+n = Pmn-
)

(vill) pm@n # 0 because R is a commutative ring.

Solution. An admissible order is (vi), (iii), (vii), (i), (v), (ii). Line (vi) must come first: it
introduces the assumptions that m and n need (the degree of the zero polynomial is —oco,
not a position). Line (iii) must come before (vii) and (i), which use m, n, pp,, ¢,. Lines
(vii) and (i) do not use each other, so they may come in either order; both must precede (v),
which combines them. Line (ii) closes the contrapositive and comes last. So the admissible



CHAPTER 4.3. DEGREE, LEADING COEFFICIENTS, AND INTEGRAL DOMAINS 252

orders are exactly

(vi), (iii), (vii), (i), (v), (ii) and

(vi), (iii), (i), (vii), (v), (ii).
Line (iv) fails twice: the terms p;¢m+n—; With i # m are 0, not non-zero, and even a sum of
non-zero terms can be 0 (1 + (—1) = 0). Line (viii) gives a false reason: in the commutative

ring Z/6Z, [2] # [0] and [3] # [0] but [2][3] = [0]. The hypothesis that does the work is “no
zero divisors”, which is line (i).

Exercise. B2: Units in polynomial rings

(a) Show that for every commutative ring R, each unit of R is a unit of R[z]: R* C
(R[z])*

(b) Find the inverse of 1 + [3]z in (Z/9Z)|x].

(c) Show that 1+ [2]z + [2]2? is a unit of (Z/47Z)[z].

Hint: in (b), what is [3]? in Z/9Z?

Solution.

(a) The second paragraph of the proof of Proposition 4.3.4 uses nothing about R beyond
Theorem 4.2.4 (b): if ab = 1 in R, then (ax®)(bz") = (ab)z® = 12°, which is the one of

Rlz].
(b) By the product formula, (1 + [3]z)(1 — [3]z) has coefficients 1, [3] — [3] = [0] and
—[3][3] = —[9] = [0], so it equals 1. Since —[3] = [6], the inverse is 1 + [6]z. (It is

unique by Number Systems: From \(\nN\) to \(\nR)), Definition 3.5.1.)
(c) Let p:= 1+ [2]z + [2]22, with coefficients 1,[2],[2]. The coefficients of p?> = pp are, by

the product formula,
(p2)0
(p*)2

and (p?)s = [2][2] = [4]. In Z/4Z, [4] = [8] = [0], so p?> = 1, and p is a unit, its own
inverse. Again Z /47 is not an integral domain, and Proposition 4.3.4 does not apply.

1, —
21+ [4+[21=1[8], (P)3=[4]+[4]=]8

Exercise. B3: Counting polynomials over a finite field
Let p be a prime and n € N. How many elements do Fj[z]<, and Fp[z]—, have?

Hint: Ezxercise (B1: Polynomials of bounded length as tuples).

Solution. Since F), = Z/pZ has the p elements 0,1, ..., p—1 (Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.4.3 (b)), the non-zero elements 1,...,p — 1 form a set with p — 1
elements.

At most n. By the description after Definition 4.3.3, F[x]<y, is the set of polynomials ¢ with
qr = 0 for every k > n. By Exercise (B1: Polynomials of bounded length as tuples) with
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N =mn, ¢~ (qo,...,qn) is a bijection from this set onto F]?“ (for n = 0, with ]Fpl read as
F,, as there). A tuple (ao,...,ay) is the same as the function {1,...,n+1} = Fp, i — a;_1,
so by Sets, Relations, and Cardinality, Exercise (C2: Counting products and functions) (b)

there are p" ™! of them. So Fy[z]<, has p"*! elements.
FEzactly n. The same bijection maps I, [x]—,, onto the tuples (ao, ...,a,) with a, # 0: such
a tuple is a pair of an arbitrary (ag,...,an—1), p" choices as before, and a non-zero a,,

p — 1 choices. By Sets, Relations, and Cardinality, Exercise (C2: Counting products and
functions) (a), there are (p—1)p™ of them. (For n = 0 these are the p— 1 non-zero constants,
and (p—1)p® = p—1.) For example, over Fy there are 2% = 8 polynomials of degree at most
2 and 1 - 22 = 4 of degree exactly 2.

4.3.7.3 C. Going deeper

Exercise. C1: Exit check: polynomial rings over integral domains

Let R be a commutative ring. Prove Theorem 4.3.2 (a) and (b) (for (b), the equivalence, the
leading coefficient, and the case of no zero divisors), and then prove Corollary 4.3.3 (a) and

().

Solution. Degree of a product. Let p,q # 0, m = degp, n = degq, so pm # 0, ¢, # 0, and
p; =0 for ¢ >m, g =0for j >n. Let k >m+nand 0 <i<k. Ifi>m,then p; =0. If
i < m, then k —¢ > n, with equality only when k = m +n and ¢ = m; otherwise ¢x_; = 0. So
for k > m + n every term p;qi—; of (pq) is 0 (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.2 (b) with (F6)), and (pq)r = 0; for £ = m + n, every term with i # m is
0, and the sum is p;,g, by (£3) of Lemma 4.1.1. Hence deg(pq) < m + n when pg # 0, and
trivially when pg = 0; if p = 0 or ¢ = 0, then pg = 0 and both sides are —oo.

If pmgn # 0, then pg has a non-zero coefficient at m+n and none beyond, so deg(pq) = m+n
and le(pq) = pman- If pman = 0, all coefficients from m + n on vanish, and deg(pq) < m + n.

No zero divisors. Let R be an integral domain and p,q # 0. Then p,,,q, # 0, since R has
no zero divisors, so pg has a non-zero coefficient and pg # 0. Contraposition gives (a); with
R[z] a commutative ring (Theorem 4.2.4 (a)) and 12° # 02° because 1 # 0 in R, R[] is an
integral domain.

The converse. Let R[z] be an integral domain. If 1 = 0 in R, the one 12° of R[z] is the zero
polynomial, a contradiction. If ab = 0 in R, then (ax®)(b2?) = (ab)2® = 0 (Lemma 4.2.2
(b)), so one factor is the zero polynomial, and its only possibly non-zero coefficient, a or b,
is 0.

Marking scheme. (10 points)

e 3: shows that every coefficient of pg above m + n vanishes, treating both cases i > m
and ¢ < m of the index argument, and the case p = 0 or ¢ = 0 of the inequality.

o 2: shows that (pq)m+n = lc(p)le(q), with the other terms of that coefficient shown to

be 0.

1: derives deg(pq) = deg p+ deg q and lc(pq) = lc(p) le(q) from le(p) le(q) # 0, and that

this holds when R has no zero divisors.

o 1: shows the converse direction of the equivalence: lc(p)le(q) = 0 gives deg(pq) < m+n.

o 2: concludes that R[x] has no zero divisors and 1 # 0 in R]z].

e 1: proves the converse through the constants.
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Fatal errors (0 for the step): “the leading term of pq is le(p) le(q)z™*™” without showing
that the other terms of the (m + n)-th coefficient vanish; using deg(pq) = degp + degq in
an arbitrary commutative ring. A proof through the lowest non-zero coefficients (as in the
repair of Exercise (C2: Find the error)) earns the same points for (a) of the corollary, with
the index argument mirrored.

Exercise. C2: Find the error
Here is an argument.
Claim. If R is an integral domain, then R[x] has no zero divisors.

Proof. Let p,q € R[z| be non-zero. (1) Then py # 0 and ¢y # 0. (2) The
constant term of pq is (pq)o = pogo- (3) Since R has no zero divisors, ppqo # 0.

(4) So pq # 0.

Is the claim true? Does the argument prove it? If not, name the first line that fails, say why,
give a counterexample to that step, and repair the proof.

Solution. The claim is true: it is Corollary 4.3.3 (a). The argument does not prove it.

The failing line is (1). A non-zero polynomial may have constant term 0: p = x is non-zero,
with pg = 0. That is a counterexample to the step from “p # 0” to “pg # 0”. The step
generalizes from the constants, where it is true, to all polynomials, where no result supports
it: it cites a general “fact” that is neither proved nor true, entry (N9) of Logic and Proof,
Example (What is not allowed). Lines (2), (3) and (4) are correct: (2) is the product formula
at k =0, and (3), (4) follow once (1) is granted.

Two repairs. The book’s repair looks at the top coefficients: with m = degp, n = deggq,
Theorem 4.3.2 (a) gives (pq)m+n = Pmdn 7# 0.

The argument can also be repaired at the bottom. Let ig and jg be the least indices with
piy 7 0 and gj, # 0; they exist because the sets of non-zero positions are non-empty subsets
of N (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.6, bounded below by 0).
In (pq)ig+jo = 2ot Piig+jo—i> & term with i < ig has p; = 0, and a term with 7 > ig has
io + jo — @ < Jo, 80 ig+jo—i = 0. By (£3), (Pq)io+jo = Pioj,, Which is non-zero since R has
no zero divisors. So pq # 0. This is the index argument of Theorem 4.3.2, mirrored.

4.4 Evaluation, Substitution, and
Polynomial Functions

A polynomial, in this chapter, is a sequence of coefficients (Definition 4.1.1), not a function.
But every polynomial defines a function: put an element ¢ of the ring in place of x and add
up. More generally we can put in place of  a class modulo n, or another polynomial, after
first moving the coefficients into the ring where the substitution happens. This section proves
one theorem, the substitution principle, that covers all of these at once, because each is a ring
homomorphism out of R[z] determined by where it sends the constants and x. Then it compares
a polynomial with its function, and shows that over every finite ring other than the zero ring
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the passage from polynomials to functions loses information.

Throughout, R and S are commutative rings (Number Systems: From \(\nN\) to \(\nR)),
Definition 2.3.1), and powers s" and finite sums are those of Lemma 4.1.1.

Evaluating a polynomial

To evaluate a polynomial at ¢, replace each monomial az® by the element ac® and add.

Definition 4.4.1. Evaluation, Root, Polynomial Function

Let R be a commutative ring, p € R[z] and ¢ € R. The value of p at ¢ is
N
p(c) = Zpkck € R,
k=0

for any N € N with p = 0 for every k > N. The element c is a root of p if p(c) = 0. The
polynomial function of p is the function R — R, ¢ — p(c).

In words: the value is the finite sum of the coefficients times the powers of ¢, with ¢ = 1,
so the constant coefficient enters as itself. The sum runs far enough to include every non-zero
coeflicient, and how far beyond that is our choice. Only finitely many coefficients are non-zero,
and this is what makes the sum finite; a sequence such as (1,1,1,...) would ask for an infinite
sum, which a ring does not provide.

Well-definedness. The definition allows many N, and they all give the same element: enlarging
N only adds terms 0 - ¢* = 0. The fold below writes this out.

9 Second reading - Why the value does not depend on the bound

Let N be admissible for p. We show by Logic and Proof, Axiom 4.2.1 on j (through Number
Systems: From \(\nN\) to \(\nR)\), Corollary 1.7.3 (b)) that E,iv;y prc® = SN ppc. The
case j = 0 is trivial, and the sum recursion of Lemma 4.1.1 (a) gives

N4j+1 N+j ‘
S ol =3 ped® + pvg N
k=0 k=0

N+j
= Z prc® +0,
k=0

since py4j+1 = 0 and 0 - ¢V T+ = 0 (Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.2 (b) with (F6)); then (F3) and the hypothesis finish. Any two admissible N and N’
differ in this way, the larger being the smaller plus some j € N. So p(¢) depends only on p and
c.

Examples.

e In Q[z], let p = 22 — 32 + 2, with coefficients 2, —3,1. Then p(0) =2, p(1) =1-3+2=0
and p(2) =4 —-6+2=0: 1 and 2 are roots.
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e In F3fz], let p = 23 + 2. Its values at 0,1,2 are 2, 1+2=3=0and 8 +2 =10 =1 (in
F3). Its only root in Fg is 1.

« A monomial. For az™, take N = m: every term with k # m is 0-c¢* = 0, so (£3) of
Lemma 4.1.1 gives (ax™)(c) = ac™. In particular a constant a = ax’ has value ac’ =

a-1=a at every ¢, and z = 12! has value 1 - ¢! = c.

Warning. p(2) is a value; py is a coefficient. For p = 22 — 3z + 2 € Z[z], po = 1 but
p(2) = 0. At 0 the two always agree, p(0) = pg, because 0¥ = 0 for k& > 1; at any other
position they differ in general. Over Z both are integers, which is why this book never writes
p(k) for a coefficient.

Evaluation respects the operations

At school, “substitute x = ¢” is done after or before multiplying out, with the same answer. In
our setting that is a theorem: evaluation at ¢ turns sums and products of polynomials into sums
and products in R.

Theorem 4.4.1. Evaluation Respects the Operations
Let R be a commutative ring, p,q € R[z] and ¢ € R. Then
(p+a)(c) =plc) +4lc),  (pg)(c) = p(c) q(c),

and a(c) = a for every constant a, and z(c) = c.

Idea. Sums are coefficientwise, and the sum rule (31) splits the defining sum. For products,
the move is check on monomials, extend by additivity (Lemma 4.2.3): both sides are
additive in p and in ¢, and on monomials the product rule is the power law ¢ = ¢"c"
together with one reordering of factors in R.

Proof. Sums. Let N be admissible for both p and ¢ (the larger of an admissible N for each).
Then N is admissible for p + ¢, and

(pk + qr)cF

M=

(p+4a)(c) =

=
Il
o

(pec” + qic®) = ple) + q(c),

-

i
o

by Definition 4.2.1, then (F6) and (F9) in each term, then (X1) of Lemma 4.1.1.

Constants and x. These are the monomial example after Definition 4.4.1: a(c) = ac® = a

and z(c) =1-c' =c.

Products. Define ®, ¥: R[z| X R[z] — R by ®(p,q) = (pq)(c) and ¥(p, q) := p(c) q(c). Both
are additive in each argument. For ® in the first argument,

®(p+7p,q9) = (pg+p'q)(c) = (pg)(c) + (P'q)(c) = 2(p,q) + 2, 9),
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by the distributive law of the ring R[z] (Theorem 4.2.4 (a)) and the sum rule just proved.
For U, (p(c) +p'(c))q(c) = p(c)q(c) + p'(c)q(c) by the sum rule, (F6) and (F9). The second
argument is the same with p(q + ¢') = pq + pq'.

On monomials az™ and bz™, Lemma 4.2.2 (b) gives (az™)(bz") = (ab)z™*™, so
®(ax™, bx™) = (ab)c™™ = (ab)(c"c") = (ac™)(bc") = V(az™, bx™),

by the value of a monomial, the power law ¢™*" = ¢™c" (Lemma 4.1.1 (c)), and (F5) and
(F6) to move b past ¢". By Lemma 4.2.3 with two arguments and T = R, ® = . This
proves the theorem.

Remark. The monomial line moves the coefficient b past the power ¢"*; that is the one step
that needs two elements of R to commute. Elsewhere (F6) is used only to get the mirror forms
of (F7), (F9) and Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b), namely
1-c = ¢, (a+b)c = ac+bc and 0-¢ = 0. The same proof works for substituting a square matrix
into a polynomial with coefficients in a field, as in the linear-algebra companion, Chapter 0,
because there the mirror laws hold for matrices too, b is a scalar, and scalars commute with
every matrix; two matrices need not commute, and nothing in the proof asks them to.

Two consequences are used constantly. First, a root of a factor is a root of the product: if
q(c) = 0, then (pq)(c) = p(c) -0 = 0. Second, if R has no zero divisors, the converse holds:
(pg)(c) = p(c)g(c) = 0 forces p(c) = 0 or g(c) = 0. This is the school method for solving
(x —1)(x —2) =0. In Q[z], (z — 1)(z — 2) = 2% — 3z + 2 by the product formula, so, since Q is
an integral domain (Example (Which Rings Are Integral Domains)) and (x — a)(¢) = ¢ — a by
the sum rule and the value of a constant, the roots of 22 — 3z + 2 in Q are exactly the ¢ with
c—1=0or ¢c—2=0: the numbers 1 and 2 found above, and no others.

Ring homomorphisms

Evaluation at ¢ is a map R[x] — R that respects +, - and 1. The quotient map Z — Z/nZ of
Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (c) does the same, and so does the
map of the Chinese remainder theorem. Maps of this kind recur in every chapter from here on.

A ring homomorphism is a map between rings that turns sums into sums, products into products,
and the one into the one.

Definition 4.4.2. Ring Homomorphism

Let R and S be commutative rings. A ring homomorphism ¢: R — S is a function such
that, for all a,b € R,

pla+b)=p(a)+¢®),  ©lab) =p(a)p(d),

and p(1) = 1.

In words: computing in R and then applying ¢ gives the same result as applying ¢ and then
computing in S. The sum and product on the left are those of R, on the right those of S. The
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condition on 1 is not a consequence of the other two, as the zero map below shows.

Between two fields this is exactly a homomorphism of fields (Definition 2.4.1). The consequences
below are the ring versions of Proposition 2.4.1 (a), the composites in (e) and the powers in (f),
with the same proofs. Parts (b)—(d) of that proposition do not carry over: the quotient map
Z — Z/nZ of Example (Ring Homomorphisms and Two Impostors) (i) is not injective.

Consequences. Let p: R — S be a ring homomorphism.

o ©(0) =0. Let z := »(0). Then z4+2z = ¢(0+0) = z, by (F3) in R. Adding —z to both sides
and using (F2), (F4) and (F3) in S gives z = 0. (This is cancellation, not the uniqueness
of 0 in Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (a): uniqueness
concerns an element that is neutral for every element, and we only know z + z = z.)

o p(—a) = —p(a): ¢(a) + p(—a) = p(a + (—a)) = ¢(0) = 0, and negatives are unique
(Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (a)). Hence also ¢(a—b) =
¢(a) — p(b).

e ¢(s") = p(s)" for s € R and n € N, by Logic and Proof, Axiom 4.2.1 on n: ¢(s") =
p(1) =1 =(5)°, and p(s"T") = p(s"s) = p(s)"p(s) = @(s)"*1.

o If ¢: S — T is another ring homomorphism, then so is ¥ o p: R — T: (¢(a + b)) =
Plp(a) + (b)) = P(p(a)) +1(p(b)), the same for products, and ¢(¢(1)) = (1) = 1.

Example. Ring Homomorphisms and Two Impostors

Which of the following are ring homomorphisms? (i) The quotient map Z — Z/nZ, a — [a],
for n € Z~o. (ii) The constants R — R[z], a — az?. (iii) The map Z/mnZ — Z/mZ x Z/nZ,
[a]mn — ([@]m, [a]n), for coprime m,n € Zsq. (iv) Z — Z, a — 2a. (v) The zero map Z — Z,
aw 0.

Solution.

(i) Yes, by Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1 (c) with the ideal
nZ (Number Systems: From \(\nN\) to \(\nR\), Definition 3.4.2); more generally, the
quotient map R — R/I is one for every ideal I.

(ii) Yes, by Theorem 4.2.4 (b).

(iii) Yes, by Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.3 (b), where the
target carries componentwise operations; it is a commutative ring because each axiom
holds in each component, and its one is ([1],,, [1],)-

(iv) No. It is additive, 2(a + b) = 2a + 2b, but not multiplicative: 2(1-1) = 2, while
(2-1)(2-1) =4. It also sends 1 to 2.

(v) No. It is additive and multiplicative (0 =040 =0-0), but it sends 1 to 0 # 1.

Complex conjugation z — Z on C, whose rules are proved in Chapter 1, is another example;
we use it only in a review exercise of the next section.

The substitution principle

Evaluation puts an element of R in place of x. Reduction modulo n changes the coefficients
from 7Z to Z/nZ and keeps x. Composition puts a polynomial in place of x. The next theorem
does all three: it moves the coefficients along a ring homomorphism ¢ and puts an element s in
place of z, and it says that there is exactly one way to do so that respects the operations.
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Theorem 4.4.2. Substitution Principle

Let R and S be commutative rings, ¢: R — S a ring homomorphism, and s € S. Define
®: R[z] — S by

for any N admissible for p.

(a) @ is well defined, and it is a ring homomorphism with ®(a) = ¢(a) for every constant
a € R and ®(z) =

(b) @ is the only ring homomorphism R[z] — S with these two properties.

In words: (a) says that substituting s for x, after moving each coefficient to S by ¢, respects
sums, products and 1; (b) says that a ring homomorphism out of R[z] is pinned down by what
it does to the constants and to z.

Try it first (ten minutes): take R =7, S = Z/5Z, ¢ the quotient map, and s = [2]. Which value
must a ring homomorphism ® with ®(a) = [a] for constants and ®(z) = [2] give to 3z + 17
Why is there no choice?

Idea. The attempt finds the value at once: 322 +1 is the constant 3 times = times x, plus the
constant 1 (Theorem 4.2.4 (c)), so a homomorphism must send it to [3][2][2]+[1] = [13] = [3].
The same reasoning applies to every polynomial: a homomorphism has no freedom, because
it must send az™ to ¢(a)s™, and then the sum of the monomials to the sum of their images.
That proves (b) and shows that the formula for ® is forced. The only work is (a), showing
that the forced formula respects products, and that is again a check on monomials, with the
coeflicients now computed in S.

Before reading on: where is S commutative used, and where p(1) =17

Proof. (a) Well defined. If N is admissible, then so is N + j, and each added term is
©(0)s* = 0-s* =0, by ©(0) = 0 (after Definition 4.4.2) and Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.2 (b) with (F6); as for Definition 4.4.1, the value does not depend
on N. Taking N = m for a monomial, (£3) of Lemma 4.1.1 gives

O(az™) = ¢p(a) s™.

Additive. Let N be admissible for p and ¢q. Then

N

®(p+q) =D ook + qr)s"
k=0
N

Z o(pr)s™ + o(ar)s*) = ®(p) + ®(q),

by additivity of ¢, (F6) and (F9) in S, and (31).

Multiplicative. The maps (p,q) — ®(pg) and (p,q) — @(p)®(q), from R[z] x R[z] to S, are
additive in each argument: the first by the distributive laws of R[x] (Theorem 4.2.4 (a))



CHAPTER 4.4. EVALUATION, SUBSTITUTION, AND POLYNOMIAL FUNCTIONS 260

and additivity of ®, the second by additivity of ® and (F9), (F6) in S. On monomials, by
Lemma 4.2.2 (b), multiplicativity of ¢, the power law of Lemma 4.1.1 (c), and (F5), (F6) in
S,
‘I’((Mm)(bfﬂ")) = ®((ab)2™"™) = p(ab) s™T"
p(a)p(b) s™s" (sﬁ(a)sm)(W(b)S”)
= @(a:cm) O (bx").

By Lemma 4.2.3 with two arguments and 7' = S, ®(pq) = ®(p)P(q) for all p, q.

The one, the constants, v. ®(1) = ®(12%) = p(1)s® = 1-1 = 1. For a constant, ®(az’) =
¢(a)s’ = p(a). And ®(z) = ®(1z!') = p(1)s! = s. So ® is a ring homomorphism with the
two properties.

(b) Let ¥: R[z] — S be a ring homomorphism with ¥(az?) = ¢(a) for every a € R and
U(z) = s. By Theorem 4.2.4 (c), the monomial az™ is the product of the constant a and the
n-th power of x, so

U(az") = ¥(az®) U(z)" = p(a) s" = ®(az™),

by multiplicativity and the power property of ring homomorphisms (after Definition 4.4.2).
Both ¥ and & are additive maps R[z] — S that agree on monomials, so ¥ = & by
Lemma 4.2.3 with one argument. This proves the theorem.

The answer to the prompt. Commutativity of S does real work in one place, the middle line
of the monomial computation, where it moves ¢(b) past s™. Its other uses (0 - s* = 0, the
right distributive law (u + v)w = uw + vw in the additivity steps, and 1-s = s) only supply
the mirror forms of Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b), (F9)
and (F7), which a two-sided list of ring axioms gives directly. The condition ¢(1) = 1 is used
twice, for ®(1) = 1 and for ®(x) = s. If S is not commutative but satisfies those two-sided
laws, the same proof goes through provided s commutes with every ¢(b), since that is all the
monomial line asks; this is the case of a square matrix and scalar coefficients, from the remark
after Theorem 4.4.1.

Remark. With § = R, ¢ = idg and s = ¢, the map ® is p — p(c), and part (a) contains
Theorem 4.4.1. We proved evaluation first because it is the case used most, and its proof is
the substitution proof with ¢ invisible.

We call the move of (b) a homomorphism out of R[z] is fixed by the constants and z: to
show that two ring homomorphisms out of R[z]| agree, check that they agree on constants and
on .

Changing coefficients and composing

Two special cases of the substitution principle get names: the change of coefficients, which the
algebra volumes of the series use for reduction modulo a prime, and composition, which Section
4.5 uses.

The first moves the coefficients and keeps x: take the target S[z], the homomorphism “p, then
a constant of S[x]”, and s = =.
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Corollary 4.4.3. Changing the Coefficient Ring

Let ¢: R — S be a ring homomorphism. For p € R[z], let ¢.(p) be the sequence with
(p«()),, = (k). Then p.(p) € S[z], and ¢.: R[z] — S[z] is a ring homomorphism with
s« (az™) = p(a)x™. Moreover deg . (p) < degp for every p, and for p # 0, equality holds if
and only if p(lc(p)) # 0.

Idea. Substitute x for x, after moving each coefficient to S: the substitution principle then
hands us a ring homomorphism, and its formula is the coefficientwise image. The degree can
only drop, and it drops exactly when the leading coefficient is sent to 0.

Proof. 1If p, = 0 for k > N, then ¢(pr) = ¢(0) = 0 for k > N, so ¢«(p) is a polynomial
over S. Let v: R — S[x], v(a) = p(a)z’: the composite of ¢ and the constants of S[x],
a ring homomorphism (Example (Ring Homomorphisms and Two Impostors) (ii) and the
composite rule after Definition 4.4.2). Theorem 4.4.2 with target S[z], v and s = x gives a
ring homomorphism ®: R[zx] — S[x] with

N
d(p) = > (¢(pr)a’)a”
k=0
N
=" o(pr)z* = ou(p),
k=0

where the middle equality is Theorem 4.2.4 (c) in S[x], and the last is Proposition 4.2.1
applied to p.(p) € S[z]. So ¢, = @ is a ring homomorphism, and ¢,(az™) = ¢(a)z™ by
definition.

For the degree: if p = 0, then ¢.(p) = 0. Otherwise let d := degp. For k > d, ¢(px) =
©(0) = 0, so degp«(p) < d; and the coefficient of ¢.(p) at d is ¢(lc(p)), so the degree is
exactly d if and only if this element is non-zero.

The main example is reduction modulo n: the quotient map Z — Z/nZ gives Z[x] —
(Z/nZ)[z], which reads every coefficient modulo n and respects sums and products. For n = 2,

202+ 32 —1 > 02° + 1o+ 1=2+1¢€ Fala],

since 2 = 0, 3 = 1 and —1 = 1 in Fy: the degree drops from 2 to 1, because the leading
coefficient 2 reduces to 0. The opening computation of Section 4.3 is another instance: modulo
6, 62% + 522 + x reduces to [5]z? + x, of lower degree because its leading coefficient 6 reduces
to [0]. The algebra volumes of the series test integer polynomials for factorization by reducing
them modulo a prime in exactly this way.

The second special case substitutes a polynomial for z: take S = R]z], ¢ the constants (Example
(Ring Homomorphisms and Two Impostors) (ii)) and s = q.
Definition 4.4.3. Composition of Polynomials

Let R be a commutative ring and p, ¢ € R[z]. The composition poq € R[z] is ®(p) for the
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homomorphism @ of Theorem 4.4.2 with S = R[z], p: a + az® and s = ¢:

N

poq= Z i q" (N admissible for p).
k=0

By Theorem 4.4.2 (a), p — poq is a ring homomorphism R[z] — R|[z| that fixes every constant,
aoq=a,and sends z to x o ¢ = ¢q. Substituting x itself changes nothing: poz = >, ppz® = p,
by Theorem 4.2.4 (c) and Proposition 4.2.1. For example, in Z[x],

(24 Do(z+1)=(x+1)2+1=2>+22+2,

where (v + 1)2 = 22 + 22 + 1 by the product formula. The polynomial p(—z) = p o (—x)
has coefficients (—1)*py, since (—x)¥ = (—1)*2*: it is the sign-change map o of Exercise (B2:
Changing the sign of x), which the substitution principle shows once more to be multiplicative.

Quick check. In (Z/87)[x], evaluate 22 —1 at [3]. Which ring homomorphism of Theorem 4.4.2
is “evaluate at [3]”7

Solution. [3]2 —[1] = [9 — 1] = [8] = [0], so [3] is a root. Evaluation at [3] is the ® of
Theorem 4.4.2 with R = S = Z/8Z, ¢ = idzs7 and s = [3].

Polynomials and polynomial functions

Every polynomial p € R[z| has a polynomial function R — R. The functions R — R form a
ring of their own, and passing from a polynomial to its function respects the operations. The
question is whether anything is lost on the way.

Proposition 4.4.4. Polynomials and Their Functions
Let R be a commutative ring.

(a) The set R of functions R — R (Sets, Relations, and Cardinality, Definition 1.4.1),
with the pointwise operations (f + g)(¢) == f(c) + g(c) and (fg)(c) == f(c)g(c), is a
commutative ring, whose zero and one are the constant functions with values 0 and 1.

(b) The map e: R[z] — RE, ¢(p) = (¢~ p(c)), is a ring homomorphism.

(c) For all p,q € R[z] and ¢ € R, (poq)(c) = p(q(c)): composition of polynomials matches
composition of their functions.

(d) If R is finite with 1 # 0, then ¢ is not injective. Explicitly, if c1,..., ¢, lists the
elements of R without repetition, then

P = H(:p —¢j)
j=1

is monic of degree r, so P # 0, yet P(c) = 0 for every ¢ € R.
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Idea. Parts (a) and (b) are bookkeeping: every ring law holds value by value, and evaluation
respects the operations value by value. Part (c¢) compares two ring homomorphisms R[z] — R
and uses the move just named: they agree on constants and on x. Part (d) builds a polynomial
with a factor vanishing at each element of R, and the degree, computed by multiplying monic
factors, shows it is not the zero polynomial.

Proof. (a) The two rules define functions R — R, so + and - are operations on R¥. Each of
(F1)—(F7) and (F9) is an equation between functions with domain and codomain R, so by
Sets, Relations, and Cardinality, Proposition 1.4.1 it suffices that the two sides agree at every
¢ € R, and there it is the same law in R: for example (f(g + h))(c) = f(¢)(g(c) + h(c)) =
f(e)g(e) + f(c)h(e) = (fg + fh)(c). The zero is the constant function 0 by (F3) in R, the
negative of f is ¢ — —f(c) by (F4), and the one is the constant function 1 by (F7).

(b) For p,q € R[z] and ¢ € R, Theorem 4.4.1 gives e(p + q)(c) = p(c) + q(c) = (e(p) +
£(q))(c) and likewise for products; and €(1)(¢) = 1. By Sets, Relations, and Cardinality,
Proposition 1.4.1, (p + q) = e(p) + £(q), e(pq) = €(p)e(q), and (1) is the one of RE.

(c) Fix q and ¢, and consider «, 8: R[z] = R, a(p) = (poq)(c), B(p) = p(q(c)). The map «
is the composite of p — p o ¢ (a ring homomorphism, after Definition 4.4.3) and evaluation
at ¢ (a ring homomorphism, Theorem 4.4.1), so it is one; [ is evaluation at ¢(c), a ring
homomorphism. On a constant a, a(a) = a(c) = a and S(a) = a. On z, a(z) = ¢(c) and
B(x) = z(q(c)) = q(c). By the uniqueness in Theorem 4.4.2 (b), with S = R, ¢ = idr and
s=q(c), a=p.

(d) Since R is finite, there is a bijection j — ¢; from {1,...,7} to R (Sets, Relations, and
Cardinality, Definition 3.1.2), and r > 1 because R contains 0. The product P is the product
of a finite list in the commutative ring R[z] (Lemma 4.1.1 (a)). Write P; = ngl(x - Gi),
so Py =1 and Pjy1 = Pj(x — ¢j+1). We show by induction on j < r that P; is monic of
degree j. The base: Fy = 1 is monic of degree 0, as 1 # 0. The step: = —c;41 has coeflicients
—¢j+1,1,0,..., so it is monic of degree 1; by Theorem 4.3.2 (b) in its monic case, Pj;1 has
degree j + 1 and leading coefficient 1-1 =1. So P = P, has degree r € N, and P # 0.

Now let ¢ € R; then ¢ = ¢ for some [, by surjectivity. By Theorem 4.4.1, Pji1(c) =
Pj(c) (¢ — ¢jy1), using (x — ¢j41)(c) = ¢ — ¢j41 (the sum rule, with (—a)(c) = —a for a
constant). At j 4+ 1 = [ the second factor is ¢; — ¢; = 0, so Fj(¢) = 0, and each later step
multiplies 0 by an element, so P.(¢) = 0 (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.2 (b) with (F6)). Hence £(P) = £(0) with P # 0, and ¢ is not injective.

The smallest instance is the one this chapter opened with.

Example. Different Polynomials, Equal Functions

Over Fy, compare 22 + = with 0, and 22 with «, first as polynomials, then as functions
Fz = FQ.

Solution. As polynomials. x> + x has coefficient 1 # 0 in position 1, so it is not the zero
polynomial; it has degree 2. And x? # z, since their coefficients differ in position 2 (and in
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position 1).

As functions. At 0: 024+0 =0and 02 =0. At 1: 12+1 =141 = 0 in Fo (Example
(Arithmetic on Z/nZ and the Field Fs)), and 12 = 1. So the function of 2 + x is the zero
function, and 22 and z have the same function, the identity of Fy.

This is Proposition 4.4.4 (d) with R=Fs9,¢; =0, co=1: P=(z—-0)(z—1)=a2(z+1) =
z? + z, since —1 =1 in F.

Warning. A polynomial is not its function. “p(c) = 0 for every ¢ € R” does not give

p = 0: over every finite ring with 1 # 0 the polynomial P of Proposition 4.4.4 (d) is a
counterexample, and over Fy it is 22 + 2. Over Q the implication does hold: Chapter 5
proves it for every infinite field, by bounding the number of roots of a non-zero polynomial.
Over Z it follows, though we do not prove it here: read p € Z[z]| as a polynomial with the
same coefficients in Q[z], where it vanishes at infinitely many points. In this chapter, two
polynomials are equal only when their coefficients are equal.

Exercises

4.4.7.1 A. Check your understanding

Exercise. Al
These questions are about Theorem 4.4.2 and its proof, except the last.

(a) Where in the proof is ¢(1) = 1 used?
(b) Where is the commutativity of S used?

(c) Run the theorem with R = Z, S = Z/5Z, ¢ the quotient map, s = [2] and p = 2% +
3z + 1: compute ®(p). For the uniqueness half, explain why any ring homomorphism
U with U(a) = [a] on constants and ¥(x) = [2] must send 3z2 to [2].

(d) Give the idea of the proof in two sentences.

(e) In F3[x], compute the values of (z + 2)(2? + z + 1) at 0, 1, 2, and find all its roots in
Fs.

Solution.

(a) Twice: for ®(1) = ¢(1)s® = 1, and for ®(z) = (1)s! = s.

(b) Essentially once: in the monomial computation, to rewrite ¢(a)p(b)s™s™ as (¢(a)s™) (p(b)s™),

which moves ¢(b) past s™ by (F6) in S. The proof also uses (F6) in S for 0 - s*¥ = 0,
for the right distributive law in the additivity steps, and for 1-s = s; these uses only
give the mirror forms of a -0 =0, (F9) and (F7). An answer that lists them too, with
this distinction, is correct.

(c) The coefficients of p are 1,3, 1, so ®(p) = [1] + [3][2] + [1][2]? = [1 + 6 + 4] = [11] = [1].
For the uniqueness half: 322 is the product of the constant 3 and 22 (Theorem 4.2.4
(c)), so ¥(3z%) = ¥(3)¥(z)? = [3][2]2 = [12] = [2]. No other value is possible, because
U respects products.

(d) A ring homomorphism out of R[z| has no freedom: it must send az™ to p(a)s”, so
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the formula is forced and uniqueness follows by additivity. The only work is to show
that the forced formula respects products, and that is a check on monomials, where it
becomes the power law and one reordering of factors in the commutative ring S.

(e) Evaluation respects products (Theorem 4.4.1), so the value is the product of the values
of the factors. At 0: 2.1 =2. At 1: (14+2)(1+1+1) =0-0=10. At 2: (24+2)(4+2+1) =
1-1=1(inTF3,4 =7 =1). So the only root is 1. Multiplied out by the product
formula, the polynomial is #3 + 322 + 3z + 2 = 2% + 2 in F3[z], the second example
after Definition 4.4.1, whose values 2,0, 1 agree.

4.4.7.2 B. Practice

Exercise. B1: The degree of a composition

Let R be an integral domain, p,q € R[z]|, p # 0, and degq > 1. Prove that deg(p o q) =
degp - deg q. Show by an example that the hypothesis degq¢ > 1 cannot be dropped.

Solution. Let d := degp and e := degq > 1.

Powers of q. By Logic and Proof, Axiom 4.2.1 on k, ¢* # 0, deg ¢* = ke and lc(¢*) = lc(q)*.
For k = 0, ¢° = 1 has degree 0 and leading coefficient 1 (as 1 # 0). For the step, ¢**! = ¢¥q,
and since R has no zero divisors, Theorem 4.3.2 (b) gives degree ke+e = (k+1)e and leading
coefficient lc(q)¥ lc(q).

The top term. By Definition 4.4.3 with N = d, poq = Zi:opqu' The term pgq? is the
product of the non-zero constant py (degree 0) and ¢, so by Theorem 4.3.2 (b) it has degree
de. Every other term pyq* with k < d is 0 or has degree ke < de, since e > 1 (Theorem 4.3.2
(a)). By Theorem 4.3.1 and induction along the sum recursion, r := Zz;é prq” has degr < de
(for d = 0, 7 is the empty sum 0). Then poq = r+pgq?, and the equality case of Theorem 4.3.1
gives deg(p o q) = de.

The hypothesis on q. Take R=7,p =x — 1 and ¢ = 1, of degree 0. Then pog=1—-1=0,
of degree —oo, while degp-degg=1-0=0. A constant ¢ can make the top terms cancel.

Exercise. B2: All polynomials of degree at most two over the field with two elements

List the elements of Fa[x]<o with their degrees and their functions Fo — Fo (given by the
values at 0 and 1). How many functions Fy — Fs are there, and how many of the eight
polynomials give each one?

Solution. By Definition 4.3.3, the elements are ag + aix + asz? with a; € {0,1}; there are
eight (Exercise (B3: Counting polynomials over a finite field) for Fa, n = 2). The value at 0
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is ag, and the value at 1 is ag + a1 + a2 in F.

p degp | p(0) | p(1)
0 —o00 | 0 0
1 0 1 1
x 1 0 1
r+1 1 1 0
z2 2 0 1
z2+1 2 1 0
24+ 2 0 0
22+z+1| 2 1 1

A function Fo — 9 is determined by its two values, so there are 2 -2 = 4 of them, and
each occurs for exactly two polynomials in the table: (0,0) for 0 and 22 +x; (1,1) for 1 and
22+ +1; (0,1) for x and x%; (1,0) for  + 1 and 22 + 1. In each pair the two polynomials
differ by 22 + x, the polynomial of Example (Different Polynomials, Equal Functions).

Exercise. B3: Shifting the variable

Let R be a commutative ring and ¢ € R. Define T,: R[x] — R[z] by T.(p) == po (z + ¢).
Prove that T, is a bijective ring homomorphism with inverse 7T_..

Solution. By Definition 4.4.3, T is a ring homomorphism that fixes every constant and sends
x to x + ¢; likewise T_. fixes constants and sends x to x — ¢. The composite T_. o T, is a
ring homomorphism (after Definition 4.4.2) that fixes constants, and

T (To(x)=T-c(x+c)=T-c(z) + T-¢(c) = (x —¢) + ¢ = x.

The identity map of R[z] is also a ring homomorphism that fixes constants and sends z to
z. By the uniqueness in Theorem 4.4.2 (b), with S = RJz|, ¢ the constants and s = =,
T_co T, = idpj,). Exchanging ¢ and —c (and —(—c) =¢), T, 0 T_. = idg[y]- So T, has the
inverse T, and is a bijection (Sets, Relations, and Cardinality, Definition 1.4.5).

4.4.7.3 C. Going deeper

Exercise. C1: Exit check: the substitution principle

State and prove Theorem 4.4.2.

Solution. Statement. Let R and S be commutative rings, ¢: R — S a ring homomorphism
and s € S, and let ®(p) == Y0, @(pr)s* for N admissible for p. Then ®: R[z] — S is a
well-defined ring homomorphism with ®(a) = ¢(a) for constants and ®(z) = s, and it is the
only ring homomorphism R[z] — S with these two properties.

Well defined. Enlarging N by one adds the term ¢(0)s* = 0 - s* = 0, since p(0) + ¢(0) =
©(0) gives ¢(0) = 0; by induction any two admissible N give the same sum. In particular
®(ax™) = p(a)s™, the other terms being 0.
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Additive. With N admissible for p and ¢, ®(p + q) = S ok + q)s* = Sk (p(pr)s® +
©(qr)s*) = ®(p) + @(q), by additivity of o, (F9) and (F6) in S, and (X1).

Multiplicative. The maps (p,q) — ®(pg) and (p,q) — ®(p)P(q) are additive in p for fixed
q, and in ¢ for fixed p: the first because multiplication in R[z| distributes over addition
and @ is additive, the second because ® is additive and multiplication in S distributes. On
monomials,

®((ab)a™ ") = p(a)p(b)s™s"™ = (p(a)s™) (¢ (b)s"),

by multiplicativity of ¢, s”*t" = §™s", and (F5), (F6) in S to move ¢(b) past s™. Since
(az™)(bz™) = (ab)z™*™, the two maps agree on pairs of monomials, so they agree everywhere
by Lemma 4.2.3.

The one, constants and x. ®(1) = p(1)s® = 1, ®(ax’) = ¢(a), and ®(z) = p(1)s = s.

Uniqueness. If ¥ is a ring homomorphism with ¥(az’) = (a) and ¥(z) = s, then, as az"
is the constant a times the n-th power of z, ¥(ax™) = ¢(a)s™ = ®(ax™). Both maps are
additive and agree on monomials, so ¥ = & by Lemma 4.2.3 with one argument.

Marking scheme. (10 points)

o 1: gives the formula for ® and proves it does not depend on N, from ¢(0) = 0.

e 1: proves ® additive.

o 3: reduces multiplicativity to monomials (in one argument or in both), justifying the
additivity it uses.

e 2: computes the monomial case correctly, justifying the reordering of factors in S
(commutativity).

o 1: shows ®(1) =1 and ®(z) = s (and ®(a) = (a)).

e 2: proves uniqueness: the values on monomials are forced, then additivity.

Fatal errors (0 for the step): proving multiplicativity only for p,q of degree at most 1;
assuming that a homomorphism is determined by its value at x alone, without using ¥(a) =
©(a) on constants. A proof of multiplicativity by expanding ®(p)®(q) as a double sum and
regrouping by 7 + j = k earns the 3 points of the reduction step only if the regrouping is
proved.

Exercise. C2: Composition is associative
Let R be a commutative ring and p, ¢, € R[z]. Prove that (pog)or=po(qor).
The first half of a proof is given.

Fix ¢ and r. Both sides are additive in p: the left side is p — p o ¢ followed
by u +— w o r, two ring homomorphisms (Definition 4.4.3), and the right side is
p+— po(qor),aring homomorphism.

The second half is blank. Name the move, then complete it.

Solution. One move is check on monomials, extend by additivity.

Let p = az™. Since u +— w0 ¢ is a ring homomorphism fixing the constant a and sending x
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to ¢, and az™ is the product of @ and 2™ (Theorem 4.2.4 (c)),

n

(az") o g = (aog)(zoq)" = aq",

by the power property of ring homomorphisms (after Definition 4.4.2). Applying the ring
homomorphism u + u o r in the same way,

(ag")or = (aor)(gor)" =a(gor)"

On the other side, the same computation with gor in place of ¢ gives (ax™)o(gor) = a (gor)™.
So the two sides agree on every monomial. Both are additive in p, so by Lemma 4.2.3 (with
one argument and 7' = R[z]) they agree for every p.

Also correct: the move a homomorphism out of R[z] is fixed by the constants and x.
Both sides are ring homomorphisms R[x] — R[x] (composites of ring homomorphisms, after
Definition 4.4.2), both fix every constant ((aoq)or =aor =a and ao(gor) = a), and both
send z to gor: (xog)or =gor and xo(gqor)=gqor. So they are equal by the uniqueness
in Theorem 4.4.2 (b), with S = R[], ¢: a + az® and s = gor.

Exercise. C3: The factor theorem over any commutative ring
Let R be a commutative ring and c € R.
(a) Prove that for every n > 1,
n—1
" —c" = (x —c) Z eI

=0

(b) Prove that for p € R[z], p(¢) = 0 if and only if p = (z — ¢)q for some ¢ € R|x].
(c) In Z/8Z, find all roots of 22 — 1. The usual argument that a quadratic polynomial

cannot have more than two roots goes: “if ¢; is a root, then p = (x — ¢1)q with
degq = 1; a second root ¢z # ¢ has (c2 — ¢1)g(c2) = 0, so ¢(c2) = 0”. Which step fails
in Z/8Z?

Solution (Hint 1). For (a), compare coefficients: multiplying a polynomial by x shifts its
coefficients up by one place (Lemma 4.2.2 (a)). For (b) (=), reduce to (a).

Solution (Hint 2). For (b), let N be admissible for p and start from p — p(c) = S0 ppa® —
Z,i,V:O prc®, with p(c) read as a constant.

Solution.

(a) Let u := Z;:& "I souj =" for 0 < j <n—1and uj =0 for j > n. By
Lemma 4.2.2 (a) and Theorem 4.2.4 (d), (x — ¢)u = zu — cu has coefficient —cug at 0
and up_1 — cug at k> 1. So:

e atk=0: —c-c" ="

— T
e atl<k<n-—1: c¢"*F—c.c" 7% =0, by the power law;
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e atk=mn: up_1 —cup = —0=1;

e atk>n: 0—0=0.
These are the coefficients of ™ — ¢™. This is Chapter 1’s difference-of-powers identity
(Lemma 1.1.4), read in the commutative ring R[z] with z = x and w = ¢; the proof
above does not use it.

(b) (<) By Theorem 4.4.1, p(c) = (¢ — ¢) q(c) = 0-q(c) = 0.

(=) Let N be admissible for p. By Proposition 4.2.1 and Theorem 4.2.4 (b), (c), and
since the constants respect sums,

N N
p—plc) = prr" = prc*
k=0 k=0
N
= pr(a® = cF),
k=1

where the term k = 0 is po(1 —1) = 0. By (a), each z* — cF with k > 1 is (z — ¢)u® for
a polynomial u*), so by the distributive law p —p(c) = (z — ¢)q with ¢ :== 3N | pru®).
If p(c) = 0, then p = (z — ¢)gq.

(c) The squares in Z/8Z of [0],...,[7] are [0], [1], [4], [1], [0], [1],[4],[1] (for instance [5]? =
[25] = [1], [7]*> = [49] = [1]). So 2? — 1 has the four roots [1],[3],[5],[7]. The failing
step is “(ca —c1)q(c2) = 0, so ¢(c2) = 0”: it needs Z/8Z to have no zero divisors. With
c1 =[1], g=x+1and ¢z = [3], (c2 — c1)q(c2) = [2][4] = [8] = [0], with both factors
non-zero.

Chapter 5 proves the factor theorem over a field again, by division with remainder.

Exercise. C4: A second proof of Fermat’s little theorem

Let p be a prime. Give another proof that a?~! = 1 for every non-zero a € F,, along the
following steps, and then compare zP — x with its function.

a) Let a € F, be non-zero. Show that b +— ab is a bijection from FF 0} to itself.
P P

p*l o . .
- I
(b) Deduce that a 1, by computing the product of all non-zero elements of F,, in two
ways.

(c) Show that 2P — x # 0 in F,[z], but e(a? — x) = 0.

Solution. Write F' := F,, a field (Definition 2.2.1); then F'\ {0} has the p — 1 elements
1,...,p— 1 (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (b)).

(a) For b € F'\ {0}, ab # 0, since F' has no zero divisors (Theorem 2.1.1 (f)); so b + ab
maps F \ {0} to F'\ {0}. It is injective: ab = ab’ gives a(b—b") =0, so b = V. Its
image is a subset of the finite set '\ {0} in bijection with F'\ {0}; if the image were a
proper subset, this would contradict Sets, Relations, and Cardinality, Theorem 3.1.9.
So the map is surjective, hence a bijection.

(b) A rearranged product is the same product. For a list t1,...,t, in a commutative ring
and a bijection o of {1,...,r}, we show [[’_;?,;) = I[j=1t;, by Logic and Proof,
Axiom 4.2.1 on r. For r = 0 both sides are the empty product 1. For the step, first a
deletion rule: for a list uq,...,u,+1 and a position k, the product equals uy times the
product of the list with position k& deleted. For k = r + 1 this is the product recursion;
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for k < r, it follows from the rule for the first r entries (induction on the length) and

(F5), (F6):
r+1

H uj = (ﬁ UJ)UTH = ((ngr,jgék Uj)uk)urﬂ
j=1 j=1

= (([jr, o 31

and the bracket in the last line is the product of the list with position k£ deleted,
by the product recursion, since that list ends with u,41. Now let u; = t,(;) and
k= o~ (r+1). Deleting position k leaves the list t,(1), ... stor(r), Where o' (i) := (i)
for i < k and o'(i) == o(i + 1) for ¢ > k, a bijection of {1,...,r}: its values lie in
{1,...,7}, since o(m) = r + 1 only for m = k and the index used (i for i < k, i + 1
for i > k) is never k; it is injective because ¢ and this index map are; and every j < r
is o(m) for some m # k, so j = o'(m) if m < k and j = o/(m — 1) if m > k. By the
deletion rule and the hypothesis for 7, H;j to(j) = (liz1 to)tri1 = H;ﬂ B

The two computations. List F'\ {0} as b1,...,b,—1, and let Q = H?;% bj. By (a),
abj = b,(;) for a bijection o of {1,...,p—1}, so the list aby, ..., ab,_1 is a rearrangement
of bi,...,bp—1, and its product is Q. By (F5), (F6) and induction on the length,
the same product is a?'Q. So a?7'Q = Q = 1-Q. Since Q is a product of non-
zero elements of a field, @ # 0 (Theorem 2.1.1 (f), by induction), and canceling @
(Theorem 2.1.1 (b)) gives aP~! = 1.

(¢) The polynomial 2P — x has coefficient 1 at position p (since p > 2, the positions p and 1
differ), and 1 # 0 in F'; so it is not the zero polynomial. For every ¢ € F', ¢ — ¢ = 0: if
c#0,c? =cP"lec=cby (b); and 0P = 0 since p > 1. So g(aP — x) is the zero function.
This gives a second proof, by Fermat rather than by the factors x — ¢, that € is not
injective over IF,,. The two witnesses are in fact the same polynomial: Chapter 5 shows
that 27 — 2 = J[.cp,(z — ¢), the P of Proposition 4.4.4 (d) with R = F,, (Example
(Polynomial Functions over a Finite Field) (b)).

This is the second proof of Theorem 2.6.6 (b); the first, in Chapter 2, went through the
Frobenius map. Part (c) also follows directly from Theorem 2.6.6 (a).

4.5 The Formal Derivative

The polynomials of this chapter are coefficient sequences, and Theorem 4.4.2 showed how to
evaluate them and how to substitute into them. One more operation from school survives
the passage to an arbitrary commutative ring: the derivative. This section defines it by its
coefficients, proves the sum, product and power rules with the move of Lemma 4.2.3, and asks
when a derivative can be 0. Over a field the answer depends on the characteristic of Chapter 2,
and over [F, it is not the answer of calculus.

At school a double root shows itself in the graph. The parabola y = (z — 1)? touches the axis
at 1 instead of crossing it, and its slope there is 0: the derivative 2(x — 1) vanishes at 1 as well.
Over F, there is no graph and no slope; the field has p elements and no limits. What survives is
the formula: the derivative of az™ is naz™!. We keep the formula and drop the limit. Chapter
5 uses the result to detect repeated roots; this section builds the tool.

Throughout, R is a commutative ring (Number Systems: From \(\nN\) to \(\nR\), Defini-
tion 2.3.1). Polynomials are written f, g, h, with coefficients f%, gk, hr, because the letter p is
kept for a prime. A dot with an integer on its left is a multiple, n-a = a+ -+ a with n
terms (the “Multiples” paragraph of Number Systems: From N to R, Section 2.3, collected in
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Lemma 4.1.1 (d)); the product of two ring elements is written by juxtaposition.

The derivative by coefficients

At school, (3z* + 52%)" = 122% + 102. Each term moves down one place, and its coefficient is
multiplied by the exponent it had. In R[z] “multiplied by the exponent” has a meaning without
any division or limit: the exponent n is a natural number, and n - a is the n-th multiple of a.
That recurring computation deserves a name.

The formal derivative moves every coefficient down one place and takes it as many times as its
old exponent.

Definition 4.5.1. Formal Derivative

Let R be a commutative ring and f € R[z]. The formal derivative of f is the sequence
f': N — R given by
(e =(E~+1) fer1 for every k € N,

where (k+1) - frx11 is the (k + 1)-th multiple of fix11. The higher derivatives are defined
by
fO=f B =0 (keN),

and we write f” for f(2).

In words: the coefficient of z* in f’ is read off from the coefficient of z**1 in f, added to itself
k + 1 times. The definition uses only the addition of R, so it makes sense, word for word, over
Z,Q, Z/6Z and F,,.

Well-definedness. Two things need checking: that f’ is again a polynomial, and that the higher
derivatives exist.

o [ € R[z]. First, m-0 =0 for every m € N: by Lemma 4.1.1 (d), m-0 = (m-1)0, and this
is 0 by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b). Now choose
N € N with fi = 0 for every k > N (Definition 4.1.1). For k > N we have k +1 > N,
s0 fkr1 =0and (f ) = (k+1)-0=0. So f’ has only finitely many non-zero terms, and
1" € R[z]. Moreover (f"), =0 for k > N — 1, so for N > 1, Proposition 4.2.1 writes f’ as
an honest sum:

N—-1
f = Z((k+1)-fk+1)g;k — 1'f1+(2'f2)93+'“+(]\7-fN)xN’l,
k=0

o Higher derivatives. Since u — ' is a function R[z] — R[z], Sets, Relations, and
Cardinality, Theorem 2.3.1, with X = R[z], starting value f and step (k,u) — v, gives
exactly one sequence k — f*) with the two displayed properties.

Monomials. Let a € R and n € N. The monomial ax™ has a in position n and 0 elsewhere
(Definition 4.1.1), so (az™)g+1 is @ when k + 1 = n and 0 otherwise. Hence ((az™)')r is n-a
when k =n —1, and (k+ 1) - 0 = 0 otherwise:

(az™)' = (n-a)z™ ' (n>1), (az®) = 0. (M)

The case n = 0 is separate because 2"~ ! has no meaning there: —1 ¢ N. Every constant has
derivative 0.

The element n-1. By Lemma 4.1.1 (d), n-a = (n-1)a. So the exponent enters the derivative
only through one element of R, the multiple n - 1, and that element can be 0. In Fo,
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2:-1=1+1=0,so (2?)’ = (2-1)z = 0. This is the whole difference between the derivative here
and the derivative of calculus, and the rest of the section keeps track of it.

Why this definition. The formula is the school formula with the limit removed. Exercise C1
asks you to show that it is the only additive map R[z] — R[z] that sends constants to 0, sends
x to 1 and obeys the product rule. A definition by limits is not available, since F, and Z/6Z
have no distances.

Warning. The coefficient of 2* in f’is (k4 1) - fri1, not k- fi: the derivative shifts before it
multiplies. For f = 22 over Q, the coefficient of 2! in f' = 2z is 2- fo = 2, while 1- f; = 0.
Reading the formula without the shift gives Y, (k - fx)x¥, which is zf’, not f".

Example. Formal derivatives in five rings
Compute the following derivatives.

(i) (2* — 223+ 2z — 1) over Q.

', 2" and (z — ¢)’ over any commutative ring R, for a,c € R.

3

)
(ii) a
(iii) (23 + )" over F3, and (22)" over Fs.
(iv) ([2]z3 + z)" over Z/6Z.
(v) (z™) over Z, for n > 1.

)

(vi) The higher derivatives (z*), (z*)” and (2*)"” over Q and over Fs.

Solution. In each case, by (M) and Lemma 4.1.1 (d), the derivative of az™ with n > 1
is ((n - 1)a)z™ !, and the derivative of a sum is computed coefficient by coefficient from
Definition 4.5.1.

(i) The coefficients are fo = —1, f1 =2, fo =0, f3 = -2, f4 =1, and fr =0 for k£ > 5. So
(fo=1-2=2,(f)11=2-0=0,(f")2=3-(—2)=—6, (f')3=4-1=4,and (f)r =0
for k > 4. In Q the multiple n - a is the product na: n-a = (n-1)a by Lemma 4.1.1
(d), and n - 1 is the rational number n, by induction on n from (n+1)-1=mn-1+1,
since the embeddings N C Z C Q preserve sums and 1 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.2.3, Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.4.4). Hence

(z* — 223 + 22 — 1) = 423 — 622 + 2,

as at school.

(i) @ = az’, so @’ = 0 by (M). z = 1z! (Definition 4.1.1), so 2’ = (1-1)2® = 1, since
1-1 =0-1+1 = 1 by the recursion of multiples. The polynomial  —c has —c in position
0, 1 in position 1 and 0 elsewhere, so ((z—c¢)")g =1-1 =1, and ((z—¢)" ) = (k+1)-0=0
fork>1: (x —¢) =1.

(iii) Over F3, (z3+2) = (3-1)2?+1 = 1,since 3-1 = 1+1+1 = 0 in F3 (Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.4.3 (d): p-[1] = [p] = [0] in Z/pZ). Over Fy,
(x?)’ = (2-1)x = 0, since 1+ 1 = 0 in Fy (Example (Arithmetic on Z/nZ and the Field
Fs)).

(iv) ([2l2°+2)" = (3:[2])2*+1 = [6]2°+1 = 1, since 3-[2] = (3-[1])[2] = [3][2] = [6] = [0], by
Lemma 4.1.1 (d), Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.3 (d), and
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the product of classes computed on representatives (Number Systems: From \(\nN\)
o \(\nR\), Theorem 3.4.1 (b)). The polynomial has degree 3 and its derivative has
degree 0: the degree dropped by 3, not by 1.

(v) (2™)" = (n-1)a" ! = na™"!, since in Z the multiple n-1 is the integer n (the “Multiples”
paragraph cited above).

(vi) Apply (M) three times, with the rule m - (j-1) = (mj) - 1 of Lemma 4.1.1 (d). Over
any commutative ring,

(') = (41)2%, (@) = (3:(41)2® = (12:1)2?,  (zV)" = (2:(12'1))z = (24-1)z.

Over Q, as in (i), these are 423, 1222 and 24x. Over F3,3-1=0,804-1=3-1+1-1=1
and 12-1=4-(3-1) =4-0= 0, by Lemma 4.1.1 (d) and m-0 = 0. So (z*)" = 23, but
already (2%)"” = 0, and then (z )’” =0"=0 by (M).

Examples (iii) and (iv) are the new phenomena. Over Fs a non-constant polynomial has deriva-
tive 0; over Z/6Z the coefficient of 22 in the derivative, 3 - [2], is [0] although neither 3 - [1] = [3]
nor [2] is. Both come from the element n - 1 above.

Quick check. Compute (23 + 22 + z + 1)’ over F.

Solution. (3-1)2®>+ (2-1)x+1=22+1,since3-1=1+1+1=1and2-1=0in Fs.

The rules of differentiation

Calculus proves the sum, product and power rules with limits. Here they must come from the
coefficients. The sum rule is one line per coefficient. The product rule is where a direct attack
hurts: the k-th coefficient of (fg)" is (k-+1)- %4 figr11_s, and matching it with f’g-+ fg’ means
splitting each term between two sums with shifted indices. The move of Section 4.2, check on
monomials, extend by additivity, avoids that: both sides of the product rule are additive
in f and in g, so it is enough to compare them on monomials, where (M) does the work.

Theorem 4.5.1. Rules for the Formal Derivative
Let R be a commutative ring, f,g € R[z|, a,c € R and m € Z~y.

(a) (Linearity) (f +g¢9) = f'+ ¢, and (af)' = af’ for the constant a; moreover a’ = 0.

(b) (Product rule) (fg)' = f'g+ f¢'.
(c) (Power rule) (¢™) = (m-1) g™ '¢'. In particular ((z — ¢)™)" = (m-1)(z — ¢)™ ..

Idea. (D Linearity is one coefficient at a time: the multiple (k + 1) - b is additive in b and
commutes with multiplication by a constant. (2) For the product rule, both (fg)" and f'g+ f¢’
are additive in each argument, by (0); so Lemma 4.2.3 reduces the rule to f = ax?, g = ba’.
There (M) and Lemma 4.2.2 (b) turn both sides into one monomial, and the coefficients
agree because (i + j) - (ab) =i - (ab) + j - (ab). @ The power rule is the product rule applied
m — 1 times, by induction.
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Proof. Equality of polynomials is equality of all coefficients (Definition 4.1.1), so it is enough
to compare coefficients in (a); (b) and (c) are then built on (a).

(a) Let k € N. Since addition in R[z] is coefficientwise (Definition 4.2.1),

(f+9)),=(k+1) (fryr + grr1)
=(k+1): ferr+(E+1) - gryr = (f + 9,

where the second equality is the rule n- (b+d) =n-b+n-d of Lemma 4.1.1 (d). For
the constant a, (af)r+1 = afx+1 by Theorem 4.2.4 (d), so

((@f)), = (k+1) - (frrra)
= ((k+1) - frr1)a = a(f)x = (af ),
using (F6) of R in the first and third equalities, the rule (n-b)d = n-(bd) of Lemma 4.1.1
(d) in the second, and Theorem 4.2.4 (d) in the last. Finally o’ = 0 is (M) with n = 0.
(b) Define ®, ¥: R[z] x R[x] — R[x] by

o(f,9)=(fg),  U(f,9)=fg+/fdg.

By Theorem 4.2.4 (a), R[z] is a commutative ring, so (F1)—-(F7), (F9) and Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 hold in it.
Additivity. Let f,h,g € R[z]. By the distributive law (F9) of R[z] and (a),

®(f +h,g9) = (fg+hg) = (fg) + (hg) = ®(f,9) + ®(h, g).

By (a), (F9) and a regrouping of four terms by (F1) and (F2),

U(f+h,g)=(f +1)g+(f+h)d
=(f'g+ fg)+ (W'g+hg')=9(f,g9)+ ¥(h,g).

Both maps are symmetric: ®(f,g) = ®(g, f) because fg = gf, and VU(f,g) = V(g, f)
because f'g+ fg' = gf' +4'f =d¢ f+gf, by (F6) and (F2) of R[x]. So each is additive
in its second argument as well.

Monomials. Let u = ax® and v = bx?, with a,b € R and 4,j € N. By Lemma 4.2.2 (b),
wv = (ab)xt.

Casei>1and j>1. Theni+ j > 1, and (M) gives

®(u,v) = ((i + ) - (ab))z" 1.

On the other side, (M) gives v’ = (i-a)z'~! and v = (j-b)2’ !, and Lemma 4.2.2 (b),
with (i—1)+j=i+(j—1)=i+j—1in N, gives

U(u,v) = ((i-a)b)x" ! + (a(j - b))a L.

Now (i-a)b=1i-(ab), and a(j-b) = (j-b)a = j- (ba) = j- (ab), by Lemma 4.1.1 (d) and
(F6) of R. Two monomials in the same position add coefficientwise (Definition 4.2.1),
and i - (ab) +j - (ab) = (i + j) - (ab) (Lemma 4.1.1 (d)). So ¥(u,v) = ®(u,v).

Case i = 0. Then u = a is a constant, v’ = 0 by (a), and uv = (ab)z’/. So ¥(u,v) =
0-v+av’ = av’, by Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)
and (F3) of R[z]. If j = 0, then v" = 0 and wv is a constant, so both sides are 0 (by
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(a) and Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2 (b)). If j > 1,
then by (M) and Lemma 4.2.2 (b) with m =0,

av’ = (a(j - b))’ = (j - (ab))2? ! = ((ab)a?)’ = @ (u, ),

where the middle step is the computation of the previous case.

Case 7 =0, ¢ > 1. By the symmetry of ® and ¥ this is the case ¢ = 0 with u and v
exchanged.

So ® and ¥ agree whenever both arguments are monomials, and both are additive in
each argument. By Lemma 4.2.3, with two arguments and 7' = R[z], ® = V. This is
the product rule.

First, (f—g)' = f'—¢': by (a), (f—9)'+¢ = (f—9)+9) = f', and adding —g¢' to both
sides gives the claim, by (F2)-(F4) of R[z]. We prove the power rule by induction on
m > 1 (Logic and Proof, Axiom 4.2.1, with base 1). For m = 1: g = 1 (Lemma 4.1.1
(c)) and 1-1 =1, so the right side is 1-1-g¢’ = ¢’. Suppose (¢™) = (m - 1)g™ g’ for
some m > 1. Since ¢g"*! = g™y, the product rule (b) gives

(") = (") g+9g"g =(m-1)g" g9+ g9
=(m-1)g"g +1-g"¢ = ((m+1)-1)g"g".
The third equality uses (F5), (F6), g™ 'g = g™ (the power recursion, since (m—1)+1 =

m) and (F7); the last uses (F9), the fact that constants add as in R (Theorem 4.2.4
(b)), and the recursion (m+1)-1 = m-141 of multiples. This completes the induction.

For the particular case, (x —¢)’ = 2’ — ¢ =1 —0 = 1, by the difference rule and Example
(Formal derivatives in five rings) (ii). The power rule with g = 2 — ¢ gives ((z — &)™) =
(m-1)(x —c¢)™ ! -1, and -1 may be dropped by (F7). This proves the theorem.

The theorem is the calculus toolkit with every limit removed, and it holds over every commu-

tative ring. The power rule shows the element m - 1 once more: the derivative of (z — ¢)

m s

(z — ¢)™~! times the constant m - 1, and over F, that constant is 0 for m = p. So over F,
the polynomial (z — ¢)? has derivative 0, although it is not constant; the next subsection says
exactly when this happens.

Remark. Over Q, and over the real numbers, f’ is the derivative of the polynomial function
¢+ f(c) in the sense of calculus. This book never uses the agreement, and nothing in it
depends on it; it explains only why the formulas look familiar.

Quick check. Over Fs, compute ((z + 1)3), twice: by the power rule, and by expanding

(x +

1)3 first.

Solution. By Theorem 4.5.1 (c), ((x +1)3) = (3-1)(xz +1)2 = 0, since 3-1 = 0 in Fs.
Expanding, (z +1)3 = 23+ 322 + 3z + 1 = 23 + 1 in F3[z], and (23 + 1)’ = (3-1)2? = 0.
The two answers agree.
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When the derivative vanishes

In calculus, a function with derivative 0 on an interval is constant. Over Fy the polynomial
22 is not constant, yet (z2)) = 0 (Example (Formal derivatives in five rings) (iii)). Which
polynomials have derivative 07 Over a field the answer depends only on the characteristic.
Recall Definition 2.5.1: char F' is the least positive integer n with n-1 =0 in F, and 0 if there

is none; by Theorem 2.5.3 it is 0 or a prime.

Proposition 4.5.2. When the Formal Derivative Is Zero
Let F be a field (Definition 2.1.1) and f € F|[x].

(a) If char F = 0, then f’ = 0 if and only if f is constant. Moreover, deg f’ = deg f — 1
whenever deg f > 1.

(b) If char F = p > 0, then p is prime, and the following are equivalent: (i) f' = 0;
(ii) fx = O for every k € N not divisible by p; (iii) f = g o 2P for some g € Flx]
(Definition 4.4.3).

Idea. Everything rests on one identity: for & > 1, the coefficient of z*~1 in f’is k- f =
(k-1)fr. In a field a product is 0 only when a factor is. So f' = 0 forces fr = 0 exactly at
the k& with k-1 # 0: in characteristic 0 that is every & > 1, and in characteristic p it is every
k not divisible by p. A polynomial whose only non-zero coefficients sit at multiples of p is a
polynomial in zP.

Proof. For every k > 1, Definition 4.5.1 at the index k£ — 1 and Lemma 4.1.1 (d) give

(f k-1 ="k fi = (k- 1) fk. (%)

As k runs through the integers > 1, the index k — 1 runs through N, so f’ = 0 if and only
if (k-1)fr =0 for every k > 1.

(a) Let char F = 0. Then k-1 # 0 for every k > 1, by Definition 2.5.1. Suppose f’ = 0, and

let k> 1. By (%), (k-1)fx =0 with k-1 #0, so fr =0 by Theorem 2.1.1 (f). Thus f
and the constant fy agree in every position, and f = fy (Definition 4.1.1). Conversely,
a constant has derivative 0 by Theorem 4.5.1 (a).
Now let n := deg f > 1, so that f, # 0 and fx = 0 for every k > n (Definition 4.3.1).
By (%), (f)n—1 = (n-1)f,, a product of two non-zero elements of F', which is non-zero
by Theorem 2.1.1 (f). For k > n, (f')k = (k+ 1) fxs1 = (k+1)-0 =0, as in the
well-definedness paragraph after Definition 4.5.1. So n — 1 is the largest index of a
non-zero coefficient of f’: deg f' =n — 1.

(b) Let char F = p > 0. Then p is prime by Theorem 2.5.3.
By Proposition 2.5.2 (a), with ¢ = p: for k € N, k-1 =0 if and only if p | k.

i) = (ii). Let f' = 0 and let K € N with p f k. Then k # 0, since p | 0; so k > 1, and
k-1)fx = 0 by (x). By Proposition 2.5.2 (a), k-1 # 0, so fr = 0 by Theorem 2.1.1 (f).

a). Either way (k-1)fr = 0 (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.2

(
(
(ii) = (i). Let k > 1. If pt k, then fi = 0 by (ii); if p | k, then k-1 = 0 by Proposition 2.5.2
(
(b)), so f' =0 by (+).
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(ii) = (iii). Choose N € N with fj, = 0 for every k > N, and define g: N — F' by g; == fp;.
For j > N we have pj > j > N, so g; =0, and g € F[z|. By Definition 4.4.3, then the power
law (zP)7 = 2P/ in the commutative ring F[z] (Lemma 4.1.1 (c)) and Theorem 4.2.4 (c),

goaP = Zgﬂ' (xp)J — prj P
=0

Jj=0

We compare the coefficients of both sides with those of f at an index £ € N. Addition in
F[z] is coefficientwise (Definition 4.2.1), so the k-th coefficient of a finite sum of polynomials
is the finite sum of their k-th coefficients (induction on the number of terms, through the
sum recursion of Lemma 4.1.1 (a)). The monomial f,;jz?’ has k-th coefficient f, if pj = k,
and 0 otherwise.

o If ptk, nojhas pj =k, so every term is 0 at k, and fi = 0 by (ii).

o If p |k, then k = pjo for some jy € Z, and jo > 0: if jo < 0, then pjo < 0-p =0 by
Number Systems: From \(\nN\) to \(\nR)), Proposition 2.3.5 (c), since p > 0, against
k > 0. This jo is unique (if pj = pj’, then j = j' by Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5 (f), since p # 0). If jo < N, the sum of the k-th coefficients
has the single possibly non-zero term f,;, = fx, so it equals fj by (2X3) of Lemma 4.1.1
(b). If jo > N, every term is 0 at k, and fx = 0 because k = pjo > jo > N.

In every case the k-th coefficients agree, so g o 2P = f.

(ili) = (ii). Let f = goa”, and choose N with g; = 0 for j > N. The computation above
gives f = Z;-V:O gj xPJ | and by the first bullet, the coefficient of this sum at any k with p{ &
is 0. This proves the proposition.

So in characteristic p the polynomials with derivative 0 are exactly the polynomials in zP. Over
Fo, 22 +1 = (z + 1) o 2%; over F3, 2% + 223 + 1 = (22 + 22 + 1) 0 23, and indeed its derivative
is (6-1)z° + (6-1)a® = 0, since 6 - 1 = 0 in F3. Part (a) is the case where the school statement
survives, and its proof spends the hypothesis at exactly one place: k-1 # 0.

Warning. “f’ = 0 means f is constant” and “differentiating lowers the degree by one” both
fail in characteristic p. Over F,, (2P)’ = (p- 1)2P~! = 0, although 2” has degree p; and
(#P —2) = (p-1)2P~! —1 = —1 has degree 0, not p— 1. Tests for repeated roots that use the
derivative must therefore say which characteristic they assume. Chapter 5 concludes from
(zP — z)’ = —1 that 2P — 2 has no repeated roots in F,,.

Quick check. Compute (x5 + )" over Fs.

Solution. (z° +z) = (5-1)a*+1=1, since 5-1 =0 in F5.
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Exercises

4.5.4.1 A. Check your understanding

Exercise. Al

(a) Compute (z° — x)’ over Q and over Fj.

(b) True or false: if f/ =0, then f is constant. Answer over Q and over Fy, with a reason

or a witness.

(c) Let f € (Z/6Z)|x] have degree 3 and leading coefficient [2]. What can deg f’ be? Give
a witness for each possibility.

(d) In the proof of the product rule (Theorem 4.5.1 (b)), why is the case i = 0 treated
separately?

Solution.
(a) Over Q: (2°—2) = 5x*—1, by (M), with 5-1 = 5. Over F5: (2°—2) = (5-1)a*~1 = —1,
since 5 -1 =0 in F5; in the elements 0,...,4 of F5, —1 = 4.

(b) Over Q: true. Q is a field (Number Systems: From \(\nN\) to \(\nR\), Theo-
rem 2.4.3) of characteristic 0 (Example (The characteristics of the standard fields)); so
Proposition 4.5.2 (a) applies. Over Fy: false. The witness is 2, which is not constant,
with (22)" = (2- 1)z = 0 (Example (Formal derivatives in five rings) (iii)).

(c) deg f' € {1,0,—oc}, and each occurs. Write f = [2]23 + fox? + fiz + fo. Then
fr=02D*+ 2 fz+ fi=2 fo)r+ fi,

since 3 - [2] = [6] = [0]. So deg f’ < 1 (Definition 4.3.1). Witnesses: [2]z® + 22 has
derivative [2]z, of degree 1; [2]2® + = has derivative 1, of degree 0; [2]23 has derivative
0, of degree —oo. The school rule “degree drops by one” fails because 3 - [2] = [0]: the
leading coefficient of f’ would be (3 -1)lc(f), and here that product is 0.

(d) For i = 0 the monomial u = az? is a constant, and (M) gives «/ = 0, not (0-a)x~!: the

exponent i — 1 = —1 is not in N, so 2°~! has no meaning. The general computation,
which writes ' = (i-a)z’~!, therefore cannot be used, and the case is checked directly.

4.5.4.2 B. Practice

Exercise. B1: The chain rule

Let R be a commutative ring and f, g € R[z]. Prove that

(fog) =(fog)yd.

Check the formula on f = 22, g = 22 + 1 over Z.

Solution. Fix g, and define ®, ¥: R[z] — R[z] by

O(f)=(fog), W)= (fog)d.

The move is the one of the product rule: check on monomials, extend by additivity.
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Additivity. By Definition 4.4.3 and Theorem 4.4.2 (a), u — w o g is a ring homomorphism
R[z] — R]z] that fixes the constants and sends z to g; in particular (f+h)og = fog+hog.
With Theorem 4.5.1 (a),

O(f+h)=(fog+hog) =2(f) + 2(h),
and, using also (F9) of R[x],

U(f+h)=(fog+hog)g =U(f)+T(h).

Monomials. Let f = az™ with a € R, n € N. By Theorem 4.2.4 (c), az™ is the product of the
constant a and the n-th power of x; a ring homomorphism preserves products and powers
(Definition 4.4.2), so (az™) o g = ag™.

If n =0, then f =a and fog = a, so ®(f) = 0 by Theorem 4.5.1 (a). Also f = 0, and
00 g = 0 because a ring homomorphism sends 0 to 0 (Definition 4.4.2); so ¥(f) =0-¢' = 0.

If n > 1, then by Theorem 4.5.1 (a) and (c),

O(f) = (ag") =a(g") =a(n-1)g"'g.

On the other side f' = (n-a)z" ! by (M), so f'og= (n-a)g" ! and U(f) = (n-a)g" ‘g
The constants agree: a(n-1) = (n-1)a =n-a, by (F6) and Lemma 4.1.1 (d), and constants
multiply as in R (Theorem 4.2.4 (b)). So ®(f) = ¥(f).

By Lemma 4.2.3 with one argument and 7' = R[z], ® = U, which is the chain rule.

Check. Over Z, fog= (2% +1)* = 2" + 22% + 1, whose derivative is 423 + 4z. On the other
side, f/ =2z, f'og=2(2% +1) and ¢’ = 2z, so (f' 0 g)g’ = 423 + 4x.

Exercise. B2: Higher derivatives

For n,k € N write P(n,k) for the product n(n —1)---(n — k 4+ 1) of k factors, defined by
P(n,0) :=1and P(n,k+ 1) := P(n, k) (n — k); it is a natural number for k < n.

(a) Let R be a commutative ring. Show that (")) = (P(n,k) - 1)2"~* for k < n, and
(z)*) =0 for k > n.
(b) Let p be a prime. Show that f) =0 for every f € F,[z].

Solution.

(a) Induction on k < n. For k = 0, (z")(® = 2™ = (1-1)2". Let & < n and suppose
(z)*) = (P(n,k) - 1)z"*. Since n — k > 1, (M) gives

(@)D = ((n— k) - (P(n, k) - 1))a" 7
= (P(n,k+1) - 1)z" ¢+
by the rule m- (j-b) = (myj)-b of Lemma 4.1.1 (d) and (n — k)P (n,k) = P(n,k+1) in
N. This proves the formula for k < n. At k = n the polynomial (z")™ is a constant,

so (z)(™+t1) = 0 by (M), and the derivative of 0 is 0; by induction, (z")*) = 0 for
every k > n.
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(b) The coefficients of f(*). Let R be any commutative ring and f € R[z]. We show by
induction on k that

(f(k))j =P(j+kk) fitr for every j € N.
For k = 0 both sides are f;. If it holds for k, then by Definition 4.5.1 and Lemma 4.1.1
(d),
(FED), =G +1) - (PG +k+1,E) - fienn)
=(PU+k+1L,E)G+1)) firnr1 =P +k+1,k+1) fitn,
since the factor added by the recursion is (j +k+1) —k =7+ 1.

The case k = p over IF,. The number P(j+p,p) = (j+p)(j+p—1)---(j+1) is a product of
the p consecutive integers j+1,...,j+p. Divide j = gp+r with 0 < r < p (Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.1.2); then j+ (p —r) = (¢ + 1)p, and 1 < p —r < p,
so one of the factors is divisible by p. A product with a factor divisible by p is divisible by
p (Number Systems: From \(\nN\) to \(\nR)), Proposition 3.1.1 (c), one factor at a time).
So P(j + p,p) = Mp with M € Z, and

P(j+p,p) fitp=M (P fj+p) =M - ((p- 1) fjup) =M -0=0,

by Lemma 4.1.1 (d), which allows integer multiples, p -1 = 0 in F, (Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.4.3 (d)), Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.2 (b) and M - 0 = 0. So every coefficient of f) is 0. For instance, over Fs,
(21" = (P(4,3) - 1)z = (24- 1)z = 0.

4.5.4.3 C. Going deeper

Exercise. C1: Derivations

Let R be a commutative ring, and let 0: R[z] — R[z] be a map such that, for all f, g € R[]
and every constant a,

5(f+9)=0(f)+d(g), d(a)=0,  (fg)=0(f)g+ fi(g)-

Prove that §(f) = f'd(x) for every f € R[z]. Deduce that f +— f’ is the only such map with
d(z) =1.

Solution. Both sides are additive in f. ¢ is additive by hypothesis, and f — f'd(x) is additive
by Theorem 4.5.1 (a) and (F9) of R[z] (Theorem 4.2.4 (a)).

Powers of x. We show 6(x") = (n - 1)2"1§(z) for every n > 1, by induction. For n = 1,
(1-1)2%(z) = §(=). If it holds for n, then, since 2"t = 2"z,

5z = 6(a™)z + 28(2) = (n- Ve '6(z) z + 2"5(2)
= -1+1)z2"5(z) = ((n+1) 1)z"(x),

by (F5), (F6), (F7), (F9) of R[z], 2" 'x = 2", and the recursion of multiples. Also §(z") =
0(1) = 0, since 1 is a constant.

Monomials. Let a € R and n € N. By Theorem 4.2.4 (c), az™ is the product of the constant
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a and x", so

d(ax™) = d(a)z" +ad(z") = ad(z").

If n = 0, this is 0 = (ax?)/§(x), by (M). If n > 1, it is a(n - 1)z"16(z) = (n-a)z" 16(x) =
(az™)'é6(x), by (F6), Lemma 4.1.1 (d) and (M).

Conclusion. The two additive maps § and f — f'd(z) agree on every monomial, so they are
equal by Lemma 4.2.3 (one argument, 7' = R[z]).

Uniqueness. The formal derivative satisfies the three conditions, by Theorem 4.5.1 (a) and
(b), and 2’ = 1 (Example (Formal derivatives in five rings) (ii)). If § satisfies them with
d(z) =1, then 6(f) = f' -1 = [’ for every f.

Marking scheme. (10 points) - 2: both sides additive in f, with the additivity of f —
f0(x) justified. - 2: 6(az™) = ad(a™) from the product condition and d(a) = 0. - 3:
§(z™) = (n-1)2" 1§(x) by induction, with the case n = 0 handled separately. - 2: comparison
with (az™)’, using a(n - 1) = n-a. - 1: conclusion by extending from monomials, and the
uniqueness statement.

A solution that shows instead that K := {f € R[z] : 6(f) = f'0(x)} is all of R[z] is marked
on the same points: closure of K under + earns the first 2; the constants and = in K earn
the next 2; closure of K under products, by Theorem 4.5.1 (b), earns the 3; K = R[x] earns
the 2; the uniqueness statement earns the last 1.

Fatal errors (0 for the step): checking only on x", with no account of the coefficient a (that
is where §(a) = 0 is needed); writing ! in the case n = 0.

Exercise. C2: Find the error
Here is an argument.
Claim. If f € Q[z] and f’ = 0, then f is constant.

Proof. (1) For k > 1, the coefficient of z*=! in f’ is k- fr = (k- 1)fx, by the
definition of f’ and the rules for multiples. (2) Since f' = 0, (k- 1)fx = 0 for
every k > 1. (3) For £k > 1 we have k # 0, so k-1 # 0; since Q has no zero
divisors, fi = 0 for every k > 1. (4) So f = foz" is constant.

Is the claim true? Does the argument prove it? Name the line that fails and the reason, give
a counterexample to the illegal step, and repair the argument.

Solution. The claim is true: it is Proposition 4.5.2 (a) for F = Q. The argument, as
written, does not prove it.

Lines (1), (2) and (4) are correct: (1) is Definition 4.5.1 with Lemma 4.1.1 (d), (2) reads
J = 0 coefficient by coefficient, and (4) compares coefficients (Definition 4.1.1). The second
half of line (3) is correct too: Q is a field (Number Systems: From \(\nN\) to \(\nR)),
Theorem 2.4.3), so it has no zero divisors (Theorem 2.1.1 (f)).

Line (3) fails, in its first half. “k # 0 in Z, so k-1 # 0 in the ring” is a general “fact” that
is neither proved nor true, and the line uses nothing about Q to support it: entry (N9) of
Logic and Proof, Example (What is not allowed). Counterezample to the step: in Fo, k = 2
gives 2-1 =1+1 = 0. The same four lines, read over Fy, would “prove” that z2 is constant,
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since (22)" = 0 (Example (Formal derivatives in five rings) (iii)). There is no counterexample
to the conclusion, which is true.

Repair. What line (3) needs is that Q has characteristic 0 (Definition 2.5.1): for k& > 1,
k - 1 is the rational number k (induction on k, since the embeddings N C Z C Q preserve
sums and 1, Number Systems: From \(\nN\) to \(\nR\), Proposition 2.2.3 and Number
Systems: From \(\nN\) to \(\nR\), Proposition 2.4.4), and k # 0. With that sentence in
place of “so”, the argument is the proof of Proposition 4.5.2 (a), whose hypothesis is exactly
the characteristic.

Marking scheme. (10 points) - 2: says the claim is true and that the argument, as written,
does not prove it. - 3: names the first half of line (3) and the reason: k # 0 does not give
k-1 = 0 in a general ring, (N9), or an equivalent statement. - 2: a counterexample to the
step, such as 2-1 = 0 in Fy, or the “proof” that 22 is constant over Fy. - 3: repairs the step
by proving k-1 # 0 in Q for every k > 1, that is, charQ = 0. Two routes earn full marks:
k-1 = k via the embeddings, as in the solution; or k-1 > 0 by Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (h), since Q is an ordered field (Number Systems:
From \(\nN\) to \(\nR\), Theorem 2.5.1) with 1 # 0. Fatal errors (0 for the step): a
counterexample to the conclusion (there is none); blaming the no-zero-divisors half of line
(3), which is correct.

4.5.4.4 R. Review

Exercise. R1

Let R be a commutative ring and E: R[z] — R[z]|, E(f) = f+f’. Show that E is an injective
homomorphism of the group (R[x],+) to itself. If 1 # 0 in R, show that E(fg) = E(f)E(g)
fails for some f,g.

Solution. The tools are the notion of a group homomorphism and its kernel, Definition 3.3.1,
written additively (Definition 3.1.1), and Proposition 3.3.3.

The group. By Theorem 4.2.4 (a), R[z] satisfies (F1)—(F4), so (R[z],+) is an abelian group,
with identity the zero polynomial and inverse — f.

A homomorphism. By Theorem 4.5.1 (a) and (F1), (F2) of R[z],

E(f+g)=f+9+(f+d)=(+f)+(g+9g)=E(f)+E9),
which is the homomorphism condition in additive notation.

The kernel is {0}. Let f # 0, with n := deg f, so f, # 0 and f,+1 = 0 (Definition 4.3.1). By
Definition 4.5.1, (f"), = (n+1) - fr41 = (n+1)-0 = 0, as in the well-definedness paragraph
after it. Addition is coefficientwise (Definition 4.2.1), so E(f), = fn +0 = f, # 0, and
E(f) # 0. Also 0 = 02°, so 0/ = 0 by (M), and E(0) = 04+ 0 = 0 by (F3) of R[z]. So
ker E = {0}, and F is injective by Proposition 3.3.3.

Not multiplicative. Take f = g = x. By Example (Formal derivatives in five rings) (ii),
v’ =1,s0 E(x) =z +1,and E(z)E(z) = (v +1)? = 22 + 22 + 1 by Number Systems: From
\(\nN\) to \(\nR)\), Proposition 2.3.2 (d). On the other side, (M) gives (z2)' = (2-1)x = 2,
so E(z?) = 22 4+ 2x. The two differ in position 0, where they have 1 and 0; since 1 # 0,
E(z-z) # E(z)E(x). So only the group structure of R[] is respected, and E is not a ring
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homomorphism.

Exercise. R2

For f € R[z] and z € C, let f(z) denote the value obtained by substituting z for =, where a
real coefficient a is read as the complex number a. Show that f(Z) = f(z). Deduce that if
zp € C is a root of f that is not real, then Zj is a different root of f.

Solution. The tool is the uniqueness in Theorem 4.4.2 (b), applied to the field C of Chapter
1.

The setting. C is a field, and R C C is closed under its operations (Theorem 1.2.4); so C and
R are commutative rings and R[z] is defined. Let ¢:: R — C be the map of Proposition 1.1.1;
it preserves +, - and 1, so it is a ring homomorphism (Definition 4.4.2). For s € C, let
®,: R[z] — C be the homomorphism of Theorem 4.4.2 with ¢ = ¢ and this s; then f(z)
means ®,(f).

Conjugation is a ring homomorphism. By Theorem 1.2.2 (a) and (b), u+v = @+ v and
uwv =uv,and 1 =1, since 1 =1+ 0i and 1 =1 — 0i = 1 (Definition 1.2.1).

Two homomorphisms. Let A(f) = ®,(f) and B(f) := ®z(f). Then A is a composite of
ring homomorphisms, hence one (Definition 4.4.2), and B is one by Theorem 4.4.2 (a). On
a constant a € R, A(a) = t(a) = t(a), since a = a + 0i has conjugate a — 0i = a; and
B(a) = t(a). On z, A(x) = Z = B(z). By the uniqueness in Theorem 4.4.2 (b), A = B:

f(z) = f(z) for every f € R]x].

Roots. If f(z9) = 0, then f(z5) = 0 = 0. If 2o = a + bi is not real, then b # 0, so zg =
a — bi # a+ bi: equality would give —b = b by comparing imaginary parts (Definition 1.1.1),
so 2b = 0, and b = 0 because 2 = 2 -1 # 0 in the ordered field R (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (h)) and R has no zero divisors (Number Systems:
From \(\nN\) to \(\nR\), Proposition 2.3.5 (f)). So the non-real roots of a real polynomial
come in pairs zg # Zg.

The identity and the first deduction are the statement of Proposition 1.6.4, and the distinct-
ness of Zy is the paragraph after it; Chapter 1 proved both by a direct computation with
the sum »_, apz®. Here the computation is replaced by the uniqueness of a substitution

homomorphism. Polynomials with rational coefficients are a special case, since Q sits inside
R.

Exercise. R3

Show that Z[z] and Fa[z] are countable, and that the set of all sequences N — Fs is uncount-
able. Which clause of the definition of a polynomial does the difference rest on?

Solution. The tools are the countability results of Sets, Relations, and Cardinality, Chapter
3, read on N = w through Number Systems: From \(\nN\) to \(\nR\), Corollary 1.7.3.

Z and Fy are countable. N x N is countable (Sets, Relations, and Cardinality, Theorem 3.2.6).
The class map N x N — Z = (N x N)/~ is surjective (Sets, Relations, and Cardinality,
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Definition 2.5.4), so Z is countable by Sets, Relations, and Cardinality, Proposition 3.2.4;
this is the count of Number Systems: From \(\nN\) to \(\nR\), Exercise (R2). The map
N — Fy, n — [n], is surjective, since every class is [0] or [1] (Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.3 (b)); so F3 is countable (Sets, Relations, and Cardinality,
Definition 3.2.1).

Polynomials of bounded length. Let R be Z or Fo, and for N € N let Ay = {f € Rlz] :
fr = 0 for every k > N}. By Exercise (B1: Polynomials of bounded length as tuples), Ay is
in bijection with RNt For N > 1, RN*1 is countable by Sets, Relations, and Cardinality,
Corollary 3.2.7 (b); for N = 0 it is R itself. So each Ay is countable, as the image of a
countable set under a bijection (Sets, Relations, and Cardinality, Proposition 3.2.4).

The union. Every polynomial lies in some Ay (Definition 4.1.1), so R[z] = Uyen 4N, 2
countable union of countable sets, which is countable by Sets, Relations, and Cardinality,
Theorem 3.3.3 (a). (That theorem uses the axiom of countable choice to pick a list of each

An)

All sequences. The set {0,1}" is uncountable (Sets, Relations, and Cardinality, Theo-
rem 3.4.1). The map {0,1} — Fo, 0 — [0], 1 — [1], is a bijection; composing a sequence
with its inverse turns every sequence N — Fy into a sequence of zeros and ones, and this is
a surjection onto {0, 1}, If the sequences N — Fy were countable, so would be {0, 1}, by
Sets, Relations, and Cardinality, Proposition 3.2.4. So they are uncountable.

The clause. The difference is the clause only finitely many of Definition 4.1.1: a polynomial
is a sequence that is 0 from some point on, so it is determined by a finite tuple, and there
are countably many finite tuples. A general sequence carries infinitely many independent
choices. The same count, with the polynomials written as integer tuples, is the proof of Sets,
Relations, and Cardinality, Theorem 3.3.4.

Exercise. R4

Find all f € Q[z] with f o z? = f2.

Solution. Answer: f =0, and f = 2" for n € N.

They work. 0o 2% =0 = 0%, and 2" o 2% = (2?)" = 2?" = (2™)? by Definition 4.4.3 and the
power laws (Lemma 4.1.1 (c)).

The tool is look at the top coefficient, then at the next non-zero one. Let f # 0 satisfy
foxz? = f2, with n = degf and a := lc(f). As in the proof of Proposition 4.5.2 (b),
fox? = >i=0 fjz*, whose coefficient at 2j is f; and whose coefficients at odd positions
are 0. So its coefficient at 2n is a, and none beyond 2n is non-zero. By Theorem 4.3.2 (b),
since Q has no zero divisors, f? has degree 2n and leading coefficient a?. Hence a? = a, so

a(a —1) =0, and a = 1 since a # 0 (Theorem 2.1.1 (f)).

Now let r := f — 2", so f = 2™ + r and degr < n (Theorem 4.3.1, since the coefficients at
n cancel). Suppose r # 0, and let k := degr < n. By Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.2 (d) in the commutative ring Q[z] (Theorem 4.2.4 (a)),

f2 =2 4 22" + 12,

2

Its coefficient at n+k is 2rg: ™ contributes 0, since n+ k < 2n; 22™r contributes 2y, since
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multiplying by 2" shifts by n (Lemma 4.2.2 (a)); and r? contributes 0, since degr? < 2k <
n+k (Theorem 4.3.2 (a)). On the other side, the coefficient of foz? at n+kis 0: if n+k is
odd, it is an odd position; if n 4 k = 24, then k < j < n, so f; = r; = 0, because j < n and
j > degr. Hence 2r; = 0 in Q, and r; = 0 since 2 # 0: a contradiction with ry = lc(r) # 0.
Sor=0and f=2x"

Why the look-alikes fail. Evaluating at points gives f(c?) = f(c)? for every ¢ € Q, a statement
about polynomial functions; turning it back into a statement about coefficients needs the
fact that a polynomial over an infinite field is determined by its values, which this chapter
does not prove (Proposition 4.4.4 (d) shows that over a finite ring with 1 # 0 it is false).
Differentiating with the chain rule of Exercise B1 gives 2z (f’ o 22) = 2ff’, an equation of
the same kind and no easier.

Over Fy every f works. There (u + v)? = u? 4+ v2, since 2uv = 0, and ¢ = ¢ for ¢ € Fy; so
=0 f,gIL‘Zk = >, fxx®® = f o x?. The step that fails is “2r, = 0 implies r;, = 0”: in Fy,
2=0.



Chapter 5

Chapter 5

Polynomials over a Field

Number Systems: From N to R, Chapter 3 did arithmetic in Z: divide with a remainder, take
the least positive element of a set closed under combinations, and the greatest common divisor,
Bézout’s identity, Euclid’s lemma and unique factorization follow. Chapter 4 built the ring F[z]
and its degree, but it did not divide one polynomial by another with a remainder. This chapter
shows that over a field F' the polynomials have the same arithmetic, with the degree in the
part of the size and “monic” in the part of “positive”. It also proves what Z has no analogue
for. A polynomial can be evaluated, so it has roots, and roots occupy the second half of the
chapter. A root c¢ is a factor £ — ¢; a non-zero polynomial has no more distinct roots than its
degree; a repeated root shows up in the formal derivative of Section 4.5; and values at enough
points determine a polynomial, which is interpolation. Interpolation turns out to be the Chinese
remainder theorem for the moduli x — ¢, and the ring F[z]/(m), built by Number Systems: From
N to R, Chapter 3’s quotient construction, is a field exactly when m is irreducible.

The chapter ends with the question that algebra courses usually leave to analysis: does every non-
constant complex polynomial have a root? It does, and Section 5.6 proves it with no convergent
sequences, no compactness, no continuity theorem and no polar form. The one analytic input
is the supremum property of R. It is used directly twice, to find a point where |p| is smallest,
and indirectly through the real square roots behind the modulus and behind the complex square
roots. The factorization of real polynomials into linear factors and quadratics without real roots
follows.

Two rings, one arithmetic. The first half of the chapter runs Number Systems: From N to
R, Chapter 3 again, with these substitutions.

In Z In Flx]

the size of an integer the degree

the units £1 the units, the non-zero constants
positive monic

division with remainder Theorem 5.1.2

Bézout’s theorem, Number Systems: From Theorem 5.2.2

\(\nN\) to \(\nR\), Theorem 3.2.1

primes monic irreducible polynomials

unique factorization, Number Systems: From  Theorem 5.3.6
\(\nN\) to \(\nR\), Theorem 3.3.5

the ring Z/nZ the ring F[z]/(m), Theorem 5.5.2
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In Z In Flx]

Z/nZ is a field iff n is prime, Number F[z]/(m) is a field iff m is irreducible,
Systems: From \(\nN\) to \(\nR\), Theorem 5.5.3

Theorem 3.5.2

the Chinese remainder theorem, Number Theorem 5.5.5, for any number of moduli

Systems: From \(\nN\) to \(\nR\),
Theorem 3.5.3

Each polynomial proof is written out in full. The integer twins are compared with, never cited
as a reason for a polynomial statement. The general facts about ideals, quotient rings and units
are cited, not proved again. Integers enter only as integers: as coefficients, in the rational root
test of Section 5.3 and the integer polynomials of Section 5.1, and as degrees and exponents.

What you need. Chapter 4 above all, and Chapter 2; Chapter 1 for Section 5.6 and a few
examples; Number Systems: From N to R, Chapter 3 for comparison and for the general theorems
it proved once, and its R for Section 5.6; Sets, Relations, and Cardinality, Chapters 1-3; and
induction from Logic and Proof, Chapter 3.

From Chapter 4: the ring F[z| and its laws (Definition 4.1.1, Definition 4.2.1, Theo-
rem 4.2.4, Lemma 4.1.1, Lemma 4.2.2); the degree and the leading coefficient, with the
degree of a sum and of a product, the absence of zero divisors and the units (Defini-
tion 4.3.1, Theorem 4.3.1, Theorem 4.3.2, Example (Which Rings Are Integral Domains),
Corollary 4.3.3, Proposition 4.3.4); evaluation, substitution and ring homomorphisms (Def-
inition 4.4.1, Theorem 4.4.1, Theorem 4.4.2, Definition 4.4.2), with the polynomial over
[Fy that vanishes everywhere (Example (Different Polynomials, Equal Functions)); and, for
Sections 5.4 and 5.5, the formal derivative and its rules (Definition 4.5.1, Theorem 4.5.1,
Proposition 4.5.2).

From Chapter 2: fields and the rule that a product of non-zero elements is non-zero (Defi-
nition 2.1.1, Theorem 2.1.1); the fields F, (Definition 2.2.1); subfields (Definition 2.3.1,
Proposition 2.3.1), for Section 5.2; the characteristic, integer multiples and Fermat’s
little theorem (Definition 2.5.1, Example (The characteristics of the standard fields),
Lemma 2.5.1, Theorem 2.6.6), for Sections 5.4 and 5.5; and, in Section 5.6, the field Q(7)
and complex conjugation (Example (Rational and Integer Complex Numbers), Example
(Conjugation and Other Automorphisms)). Section 5.5 meets the four-element field of
Exercise (C1: A Field with Four Elements) again, and Exercise R2 of Section 5.6 returns
to Example (The Field Generated by the Square Root of Two).

From Chapter 1, for Section 5.6 (and the difference of powers also for Exercises B2 and
B3 of Section 5.1): the complex numbers as a field containing R (Definition 1.1.1, The-
orem 1.2.4, Proposition 1.1.1); the conjugate and the modulus and their rules (Defini-
tion 1.2.1, Theorem 1.2.2, Proposition 1.2.1, Lemma 1.3.1); the triangle inequality and
its variants (Theorem 1.3.2, Corollary 1.3.3); powers (Proposition 1.1.3, Lemma 1.1.4);
complex square roots (Proposition 1.4.1); and conjugate roots (Proposition 1.6.4). Sec-
tions 5.2 and 5.5 use Q € R C C in examples, and Exercise B3 of Section 5.5 compares
R[x]/(z? 4+ 1) with C. Chapter 1’s polar form and k-th roots are not used, and Chapter 3
is not used.

From Number Systems: From N to R, Chapter 3: ideals, quotient rings and units (Number
Systems: From \(\nN\) to \(\nR)), Definition 3.4.1, Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.1, Number Systems: From \(\nN\) to \(\nR)\), Definition 3.5.1),
cited for Flz]; the rules for divisibility, Euclid’s lemma and fractions in lowest terms
(Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1, Number Systems: From
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\(\nN\) to \(\nR\), Theorem 3.3.1, Number Systems: From \(\nN\) to \(\nR\), Propo-
sition 3.3.6), for the rational root test; even and odd integers (Number Systems: From
\(\nN\) to \(\nR\), Corollary 3.1.3); the integer gcd and its Euclidean step (Number
Systems: From \(\nN\) to \(\nR)), Definition 3.2.2, Number Systems: From \(\nN\) to
\(\nR\), Lemma 3.2.3), in two exercises; and the integer twins compared with in Sections
5.1-5.5: those in the table above and Number Systems: From \(\nN\) to \(\nR\), Theo-
rem 3.1.2, Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.2, Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.2.4, Number Systems: From \(\nN\) to \(\nR)\),
Exercise (C2: Scaling the gcd), Number Systems: From \(\nN)\) to \(\nR\), Lemma 3.3.4,
Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.4.3 and Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.5.1.

e From Number Systems: From N to R, Chapters 1 and 2: N = w, its order and well-
ordering, and even and odd exponents (Number Systems: From \(\nN\) to \(\nR\),
Corollary 1.7.3, Number Systems: From \(\nN\) to \(\nR\), Theorem 1.6.1, Number
Systems: From \(\nN\) to \(\nR\), Theorem 1.6.2, Number Systems: From \(\nN\) to
\(\nR\), Proposition 1.6.4); commutative rings and the rules of an ordered ring (Number
Systems: From \(\nN\) to \(\nR\), Definition 2.3.1, Number Systems: From \(\nN)\)
to \(\nR)\), Proposition 2.3.2, Number Systems: From \(\nN\) to \(\nR\), Proposi-
tion 2.3.5); greatest elements of bounded sets of integers (Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.6), for multiplicities; the irrationality of v/2 (Number Systems:
From \(\nN\) to \(\nR\), Theorem 2.6.1), and the gap at /2 in Q (Number Systems:
From \(\nN\) to \(\nR\), Theorem 2.6.2), in Exercise C1 of Section 5.6; and maps on
classes (Number Systems: From \(\nN)\) to \(\nR\), Theorem 2.2.1), for the Chinese
remainder theorem.

e From Number Systems: From N to R, Chapters 4-6, for Section 5.6: absolute values and
powers in an ordered field (Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3,
Number Systems: From \(\nN\) to \(\nR\), Definition 4.2.1), from Chapter 4; R as a
complete ordered field, its Archimedean property and the bound on powers of 2 (Number
Systems: From \(\nN\) to \(\nR)\), Definition 5.6.1, Number Systems: From \(\nN))
to \(\nR\), Theorem 5.6.3, Number Systems: From \(\nN\) to \(\nR\), Theorem 5.4.2,
Number Systems: From \(\nN\) to \(\nR\), Lemma 5.6.1), with Number Systems: From
\(\nN\) to \(\nR\), Example (Picking Representatives Is a Use of Choice) compared with,
from Chapter 5; and non-negative square roots in R (Number Systems: From \(\nN\) to
\(\nR)\), Proposition 6.1.4), from Chapter 6, which also supply v/2 for examples in Sections
5.2-5.5.

o From Sets, Relations, and Cardinality: bijections (Sets, Relations, and Cardinality, Def-
inition 1.4.5), from Chapter 1; the well-ordering of N, the recursion theorem with its
finite sums and products, equivalence classes and quotient sets, and suprema and infima
(Sets, Relations, and Cardinality, Theorem 2.1.3, Sets, Relations, and Cardinality, Theo-
rem 2.3.1, Sets, Relations, and Cardinality, Definition 2.3.1, Sets, Relations, and Cardinal-
ity, Theorem 2.5.1, Sets, Relations, and Cardinality, Definition 2.5.4, Sets, Relations, and
Cardinality, Definition 2.6.5), from Chapter 2; and finite and infinite sets (Sets, Relations,
and Cardinality, Definition 3.1.2, Sets, Relations, and Cardinality, Definition 3.1.3, Sets,
Relations, and Cardinality, Proposition 3.1.6, Sets, Relations, and Cardinality, Proposi-
tion 3.1.5), from Chapter 3, for Section 5.4 and Exercise C3 of Section 5.3.

o From Logic and Proof: induction and strong induction (Logic and Proof, Axiom 4.2.1,
Logic and Proof, Theorem 4.2.2), from Section 3.2, and, for the two find-the-error exercises,
the catalogue of moves that are not allowed (Logic and Proof, Example (What is not
allowed)), from Section 5.6.

Time. About 30 hours on the core track (all of A, one B and one C per section, the exit checks);
about 45 hours for everything.
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Roadmap

Division with Remainder. Divisibility over a field, associates and the one monic asso-
ciate of a non-zero polynomial; division with remainder, with existence by an element of
least degree and uniqueness by comparing degrees, and long division over Q and F3; and
the remainder and factor theorems, which make a root ¢ the same thing as a factor x — c.
Ideals, the Greatest Common Divisor, and the Euclidean Algorithm. The ideal
generated by finitely many polynomials; every ideal of F/[x] generated by exactly one monic
polynomial; the gcd defined as the monic common divisor that every common divisor
divides, with Bézout’s theorem and coprimality; the Euclidean algorithm as a recursively
defined sequence, with back-substitution; and division and the gcd unchanged when the
field is enlarged.

Irreducible Polynomials and Unique Factorization. Irreducibility over a field, de-
cided by roots in degrees 2 and 3 and not beyond, as z* + 4 shows; Euclid’s lemma and
its consequences for irreducibles; an irreducible factor of least degree; unique factorization
into monic irreducibles, with uniqueness stated by a bijection of indices; the factorizations
of * — 1 over five fields; and the rational root test.

Roots, Multiplicity, and the Formal Derivative. At most n roots for a non-zero
polynomial of degree m; a polynomial fixed by its values at n + 1 points, and over an
infinite field by its function, but not over IF,,; the expansion in powers of & — ¢; multiplicity,
splitting off all roots, and splitting over a field; and repeated roots and repeated factors
detected by the formal derivative and by ged(f, /).

Interpolation, Quotient Rings, and the Chinese Remainder Theorem. Lagrange
polynomials and the unique interpolating polynomial of degree at most n; congruence
modulo a polynomial and the ring F[z]/{m), named by the remainders and a field exactly
when m is irreducible, with a field of four elements and a copy of C; the Chinese remainder
theorem for any number of pairwise coprime moduli; interpolation as its case of linear
moduli; and values and derivatives prescribed at once.

The Fundamental Theorem of Algebra. Why the field axioms cannot suffice; a
growth bound and a Lipschitz bound in place of continuity; the minimum of |p|, found
by nested squares and two uses of the supremum property; d’Alembert’s lemma, with
its direction found by square roots instead of polar form; the theorem and the splitting
of complex polynomials; and real polynomials, whose irreducible factors are linear or
quadratic without real root, so that one of odd degree has a real root. Review exercises
return to Chapters 2 and 4 and to Number Systems: From N to R, Chapter 3.

Named moves

Least degree, then divide. In a set of polynomials closed under the right operations,
take a non-zero element d of least degree and divide any element of the set by d; the
remainder lies in the set and has smaller degree, so it is 0. It is Number Systems: From
N to R, Chapter 3’s “least positive element, then divide”, with degree in place of size.
Named in Section 5.2, it proves there that every ideal of F[x] has one monic generator
(Theorem 5.2.1), and Bézout’s theorem with it; its first, unnamed use is the existence half
of division with remainder in Section 5.1. Exercise C1 of Section 5.2 asks for the whole
proof, Exercise B2 of Section 5.3 leaves its last step to you, and Exercise C2 of Section 5.6
asks you to name it and carry it out.

Evaluate at a root. In f = qg + r, evaluate at a root of g: the term gg vanishes,
and the value of r is read off. Named in Section 5.1, it proves the remainder theorem
and finds remainders without dividing (Example (Remainders without dividing), Exercise
C2). In Section 5.5 it makes each Lagrange polynomial vanish at the other nodes, turns
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a congruence modulo x — ¢ into a value at ¢ (Proposition 5.5.6), and reads a value and a
derivative off a congruence modulo (z — ¢)? (Example (Values and derivatives at once)).

e« Compare degrees. To show that two polynomials are equal, show that their difference
has smaller degree than any non-zero polynomial of its kind can have: a non-zero multiple
of g has degree at least deg g, and a non-zero polynomial with n + 1 distinct roots has
degree at least n + 1. Named in Section 5.1, it gives the uniqueness of the quotient and
the remainder in Section 5.1, of the expansion in powers of x — ¢ in Section 5.4, of the
representative of degree less than degm in each class and of the solution of the Chinese
remainder theorem in Section 5.5, and, with the root count, of the polynomial through
given points in Sections 5.4 and 5.5.

e Keep the quarter that keeps the infimum. To find a point where a quantity bounded
below attains its infimum, halve a square, keep the first quarter in a fixed order whose
infimum is the same, and take the point common to all the squares, which completeness
supplies. It is Number Systems: From N to R, Chapter 5’s bisection, now in the plane,
and the fixed order makes each step a rule, so no choice is made. Named in Section 5.6, it
proves there that |p| attains its minimum (Theorem 5.6.3); Exercise Al there runs it for
22 + 1, and Exercise C3 uses it to repair a flawed proof.

e Multiply the Bézout identity, reused from Number Systems: From N to R, Chapter
3. From af + bg = 1, multiply by h and read off what divides h. It proves Euclid’s lemma
for polynomials (Theorem 5.3.2) and the rule for coprime divisors (Proposition 5.3.4) in
Section 5.3. In Section 5.5 two such identities multiplied together show that coprimality
survives products (Lemma 5.5.4), the identity read modulo m gives inverses in F[z]/(m),
and one identity per modulus builds the solution of the Chinese remainder theorem. That
chapter’s third move, computing on representatives, is not repeated: Section 5.5 cites its
quotient-ring theorem.

5.1 Division with Remainder

Number Systems: From N to R, Section 3.1 divided —17 by 5 and kept the remainder 3: a
quotient times the divisor, plus something smaller than the divisor. Chapter 4 built the ring
F[z] of polynomials over a field and gave every non-zero polynomial a degree. For polynomials,
“smaller” will mean “of smaller degree”. For instance, in Q[z],

2t 420 —24+3= (2 4 2)(2® +x—1)+3,

and the leftover 3 has degree 0, below the degree 2 of 22 + x — 1. Three questions are open.
Why can one always go on until the degree drops below that of the divisor? Why is the answer
unique? And where does it matter that the coefficients lie in a field? This section answers all
three, and then uses the answer to connect a root of a polynomial with a factor of degree 1.

Throughout the chapter, F' is a field (Definition 2.1.1), and F[z] is the ring of polynomials
over F' (Definition 4.2.1), a commutative ring by Theorem 4.2.4 (a). A field is an integral
domain (Example (Which Rings Are Integral Domains)), so the results of Chapter 4 stated for
integral domains apply to F[z]. We use the degree degp and the leading coefficient lc(p) of
Definition 4.3.1, with deg0 = —o0, and the conventions —oo < n and —co +n = —oo forn € N
that come with it. A constant a € F is identified with the polynomial az® (Theorem 4.2.4
(b)), and (ap)r = apy for a constant a (Theorem 4.2.4 (d)). Numerals in F' are multiples of 1:
2:=1+41,3:=2+1, and so on, so that 2 =0 in Fy and 3 =0 in F3 (Definition 2.2.1).
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Divisibility over a field

In Z, “a divides b” asked whether b is some integer times a. The same question makes sense
in any commutative ring, and in F[z] it is the question this chapter is built on. The one new
feature is that the answer can depend on the field.

A polynomial g divides f when f is g times some polynomial over the same field.

Definition 5.1.1. Divisibility of Polynomials
Let F be a field and f, g € F[z].

(a) g divides f over F, written g | f, if there exists h € F[x] with f = gh. Then g is
a divisor (or factor) of f, and f is a multiple of g. We write g { f when g does not
divide f.

(b) f and g are associates if f = cg for some non-zero constant ¢ € F.

In words: (a) asks for a cofactor h, and the cofactor must have its coefficients in F'; (b) says
that two polynomials are associates when they differ by a non-zero constant factor. When two
fields are in play, “g | f in F[x]” names the field.

Four instances, chosen so that the same symbols give different answers:

e v —1|2%2—1in Q[z], since 22 —1 = (z — 1)(z + 1).

e 2z —2 | 22 — 1 in Q[z], since 2> — 1 = (22 — 2)(32 + 3). The polynomials z — 1 and
2z — 2 = 2(z — 1) are associates, and the cofactor z + 3 needs the inverse of 2.

o z+1]2%+1inFyz], since (z +1)? =22 +2x + 1 = 2% + 1 there: 2 =0 in Fy.

e v+ 1422+ 1in Qz]. Suppose 22+ 1 = (x + 1)h with h € Q[z]. Evaluating at —1
respects sums and products (Theorem 4.4.1), so (=1)2 +1 = (=1 + 1) - h(—1), that is,
2=0-h(—1) =0 in Q, which is false.

Non-example by minimal change. The last two lines use the same symbols, = + 1 and z? + 1.
Only the field changed, from Fy to Q, and with it the value of 2: the evaluation argument gives
2 = 0, which is true in Fy and false in Q. So “g | f” is a statement about g, f and F', which is
why the definition says “over F”.

Degenerate cases. Every g divides 0, since 0 = g - 0. The zero polynomial divides only 0. And
a non-zero constant ¢ divides every f, since f = c(c™!f); this is (F8), inverses of non-zero
elements, at work in general (the cofactor of 2x — 2 above was one instance), and it means that
non-zero constants are as invisible to divisibility as +1 were in Z.

Quick check. ITn F3[z], does = + 1 divide 22 + 1?7 Evaluate at —1 = 2.

Solution. No. If 22 +1 = (x+1)h, evaluating at 2 (Theorem 4.4.1) gives 22+1 = (2+1)h(2),
that is, 5=0-h(2) =0. InF3,5=2+#0. So x + 1 {22 + 1 in F3[x].

The rules below are the ones the chapter uses. Parts (a)—(d) are identities in the commutative
ring F'[z], plus the inverse of a non-zero constant (F8) for the last clause of (a) and one degree
count; parts (e) and (f) say exactly what “invisible” means.
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Proposition 5.1.1. Rules for Divisibility of Polynomials

Let F be a field and f,g,h € F|x].
(
(

a) g |0. 0] fif and only if f = 0. Every non-zero constant divides every polynomial.

b) If f | g and g | h, then f | h.

(c) If h| fand h | g, then h | af + bg for all a,b € F[z].

(d) If g | f and f # 0, then degg < deg f.

(e) The units of F[x] (Number Systems: From \(\nN\) to \(\nR\), Definition 3.5.1) are
exactly the non-zero constants.

(f) f|gand g | fif and only if f and g are associates (this includes f = g = 0). Every

non-zero f has exactly one monic associate, namely lc(f)~! f. Two monic polynomials
that divide each other are equal.

Idea. Parts (a)—(c) are rearrangements of equations f = gh by the ring laws, except that the
last clause of (a) also uses ¢!, from (F8). Part (d) is the degree of a product: a non-zero
multiple of ¢ has degree deg g plus something in N. Part (e) is Chapter 4’s description of the
units of R[z], read with R = F. For (f), mutual divisibility gives f = f - uv, and canceling
f makes u a unit, which (e) identifies as a non-zero constant.

Proof. We use the ring laws of F'[x] (Theorem 4.2.4 (a)) and Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.2 without further mention.

(a) 0=¢g-0,s0¢g|0. If 0| f, then f =0k = 0 for some k; conversely 0 | 0 by the first
claim. If ¢ € F' is a non-zero constant, then ¢! exists by (F8) of Definition 2.1.1, and
f=(ccV)f =elef), s0 ¢ f.

(b) Let g = fu and h = gv. Then h = (fu)v = f(uv), so f | h.

(c) Let f =hu and g = hv. Then af + bg = a(hu) + b(hv) = h(au + bv), so h | af + bg.

(d) Let f = gu with u € F[x]. Since f # 0, neither g nor wu is 0. The field F' has no zero
divisors (Theorem 2.1.1 (f)), so Theorem 4.3.2 (b) gives deg f = degg + degu. Here
degu € N, so degg < deg f.

(e) By Proposition 4.3.4, applied to the integral domain F' (Example (Which Rings Are
Integral Domains)), the units of F[z] are the constants that are units of F. In a field
every non-zero a is a unit, by (F8), and 0 is not, since 0 - v = 0 # 1 for every v
(Theorem 2.1.1 (d) and (F7) of Definition 2.1.1). So the units of F'[z] are the non-zero
constants.

(f) (<) Let f = cg with ¢ # 0 a constant. Then g | f, and g =c~'f, s0 f | g.

(=) Let flgand g | f. If f =0, then 0| g, so g =0 by (a), and f =1-g. Otherwise write
g = fuand f = gv. Then f = fuv, so f(1 —uv) =0. Since f # 0, Corollary 4.3.3 (a) gives
1 —wv =0, that is, uv = 1. So v is a unit of F[z], hence a non-zero constant by (e), and
f =wvg: f and g are associates.

The monic associate. Let f # 0 and a := lc(f) # 0. The polynomial a~! f has the coefficients
a~ ! fi (Theorem 4.2.4 (d)). These vanish exactly where the f} do, since a=! # 0 (as a-0 = 0 #
1 = aa™!, by Theorem 2.1.1 (d), (F7), (F8)) and F has no zero divisors, so deg(a™! f) = deg f
and lc(a™'f) = a~'a = 1. If also cf is monic for a constant ¢ # 0, the same computation
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1

gives lc(ef) = ca = 1, so ¢ = a~! (uniqueness of inverses, Theorem 2.1.1 (c)). So a~!f is the

only monic associate of f.

Monic and mutually dividing. Let f,g be monic with f | g and ¢ | f. By what we proved,
f = cg with a non-zero constant ¢, and comparing leading coefficients, 1 = lc(f) = cle(g) = c.
So f = g. This proves the proposition.

Parts (e) and (f) are the polynomial form of a fact about Z: in Number Systems: From \(\nN\)
to \(\nR\), Proposition 3.1.1 (f) and (g), the units of Z were £1, and two positive integers
that divide each other are equal. In F'[z] the units are the non-zero constants, and the role of
“positive” is played by “monic”: among the associates of a non-zero polynomial, exactly one is
monic. So whenever a polynomial is to be singled out from its associates, it is made monic.

The hypothesis f # 0 in (d) cannot be dropped: z® | 0, and degx® =5 > —oc = deg0.

Quick check. In Q[x], list the associates of 3x + 6 that have integer coefficients and leading
coefficient between —3 and 3. Which one is monic?

Solution. The associates are ¢(3z+6) with ¢ € Q, ¢ # 0; the leading coefficient is 3c. Leading
coefficients £1, £2, +3 give £(z +2), £(2z +4), £(3x +6), all with integer coefficients. The
monic one is = + 2 = 1(3z + 6).

Division with remainder

Now the theorem. The tool is the one Number Systems: From N to R, Section 3.1 used for
integers, with degree in place of size: among all f — hg, take one of least degree, and show
that its degree is below deg g.

Theorem 5.1.2. Division with Remainder in F[z]

Let F be a field, and let f,g € F[z] with g # 0.

(a) There are unique ¢,r € F[x] with
f=qg+r and degr <degg.
(b) g | f if and only if r = 0.

The polynomials ¢ and r are the quotient and the remainder of f on division by g.

Since deg 0 = —oo < deg g, the remainder r = 0 is allowed.

Idea. Look at all polynomials f — hg, h € Fz]. If 0 is among them, f is a multiple of g and
we are done. Otherwise their degrees are natural numbers, and well-ordering gives one, r,
of least degree n. If n > degg, we can kill the leading term of r by subtracting a constant
times a power of = times g: the constant is lc(r)lc(g)~!, and that inverse is where the field
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is needed. The result is again of the form f — hg and has smaller degree, against the choice
of 7. Uniqueness: two answers give (¢ — ¢')g = ' — r, and a non-zero multiple of g cannot
have degree below deg g. We call this move compare degrees.

Proof.

(a) Ewistence. Let m := degg € N and b :=1c(g) # 0, and let
S:={f—-hg:heFx]}.

If0 € S, say 0 = f—qg, then r := 0 and this ¢ satisfy f = qg+r and degr = —oc0 < m.
Suppose 0 ¢ S. Then every element of S has a degree in N, and D := {degs:s e S} C
N is non-empty, since f = f —0-g € S. By the well-ordering of N (Sets, Relations,
and Cardinality, Theorem 2.1.3; on N = w it is Number Systems: From \(\nN\) to
\(\nR\), Theorem 1.6.2), D has a least element n. Choose q € F[z] with r := f — qg
of degree n, and let a := lc(r) # 0.

Suppose n > m. Let t = (ab™ )z , @ monomial with n —m € N and non-zero
coefficient ab=!: b= £ 0, since -0 = 0 # 1 = bb~! (Theorem 2.1.1 (d), (F7), (F8)),
so ab-! # 0 by Theorem 2.1.1 (f). Then degt = n — m and lc(t) = ab !, so by
Theorem 4.3.2 (b), tg has degree (n —m) +m = n and leading coefficient ab=1b = a.
Let

n—m

rii=r—tg=f—(q¢+1t)g,

an element of S. By Theorem 4.3.1 (with deg(—p) = degp for every p, since (—p)i =
—pk), degr; < max(degr,degtg) = n, and the coefficient of z™ in r1 is a — a = 0.
So degr; < m (or r; = 0). But r # 0, since 0 ¢ S, and then degr; € D is smaller
than the least element n of D. This contradiction shows n < m. So f = qg + r with
degr < degg.

Uniqueness. Let f = qg+r =q'g+r' with degr < m and degr’ < m. Then

(g—d)g=r"—r,

and deg(r’ — r) < max(degr’,degr) < m by Theorem 4.3.1 (using deg(—r) = degr as
above). If ¢ # ¢/, then Theorem 4.3.2 (b) gives deg((¢ — ¢')g) = deg(¢ — ¢') + m > m,
a contradiction. So ¢ = ¢/, hence 7’ —r=0-g=0and r =r’.

(b) (<) If r =0, then f =qg,s0 g | f. (=) If f= hg, then f =hg+ 0 with deg0 < degg
is a division with remainder; by the uniqueness in (a), r = 0. This proves the theorem.

The field is used in two places. The first is the inverse b~! of the leading coefficient of g,
which builds the monomial ¢. The second is the degree of a product, in deg(tg) = n and in
the uniqueness: Theorem 4.3.2 (b) needs the product of the leading coefficients to be non-zero,
and a field has no zero divisors. The hypothesis g # 0 is needed as well: for ¢ = 0 no r has
degr < —oo.

The existence proof is also a procedure. Each pass replaces r by r—tg, which removes the leading
term of r, and the degree drops by at least one. Starting from f, at most deg f — degg + 1
passes are needed when deg f > degg, and none when deg f < degg: then ¢ = 0 and r = f.
This is the long division of school algebra, now with a proof that it stops and that its answer is
the only one. Chapter 4 did not divide polynomials with remainder, so this is where the volume
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first does it. Its integer twin is Number Systems: From \(\nN\) to \(\nR\), Theorem 3.1.2,
whose least-element proof the one above follows.

Example. Long division in two fields

(i) In Q[z], divide f =22% —32® + 22 + 42 — 1 by g = 222 — 2 + 3.
(ii) In Fs[z], divide f = 2 + 2+ 2 by g = 222 + 1.

Solution.
(i) Here lc(g) = 2, with inverse 2. Each pass subtracts tg, where ¢ is the leading term of

the current remainder divided by 2z2:
f—az?g=—223—22% + 4z — 1,
(—22% — 222 + 42 — 1) — (—z)g = —32% + Tz — 1,
(=322 + 7z —1)— (-3)g= Y2+ L.

The last line has degree 1 < 2, so we stop. Adding up the ¢’s,
20 =3 + ¥ +dr — 1= (2 -z - (22 —z+3) + Lz + L.

Check: (z° —z—3)(22% — 2+ 3) = 22 — 32% + 2% — 32 — 3, and adding Lz + I gives
f.

(i) InF3, 2-2 =4 =1, so le(g)~! = 27! = 2. The first ¢t is 1 -2 - 2% = 222, and
222 . g = 4o 4 222 = 2* + 222, The second t is 2, and 29 = 42% + 2 = 22 + 2:

f—2z2g=—-2224+zx+2=2>+z+2,
(> 4+24+2)—29=12.

So z*+2+2 = (222+2)(22%+1)+x in F3[z]. Check: (22242)(222+1) = 4z*+622+2 =
z* + 2 in F3, and adding x gives f.

Quick check. Find two different pairs (¢,r) with 22 = ¢(2? + 1) + r in Q[z] and degr < 2.
Which condition in part (a) of the theorem does the second one fail?

Solution. (q,r) = (1,—1): 1- (22 +1) — 1 = 22, with deg(—1) =0 < 2. And (¢,7) = (0,2?):
0- (224 1) 4+ 22 = 22, with degr = 2. The second fails degr < deg g = 2. Uniqueness holds
only among remainders of degree strictly below that of the divisor; (1, —1) is the quotient
and remainder.

Warning. Division with remainder needs the leading coefficient of the divisor to be invertible.
Take the polynomials in Q[x] all of whose coefficients lie in Z, and try to divide z? by 2x
among them: 22 = ¢- 22 +r with degr < 1. Comparing the coefficients of 2 gives 1 = 2¢
(Lemma 4.2.2 (a)), and no integer ¢; satisfies it, since 1 is odd (Number Systems: From
\(\nN\) to \(\nR\), Corollary 3.1.3 (a)). In Q[z] there is no problem: z* = 1z -2z + 0.
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Exercise C1 shows that integer coefficients are kept when the divisor is monic.

Roots and factors of degree one

Division by a polynomial of degree 1 has a remainder of degree at most 0, that is, a constant.
Which constant? Evaluate: the divisor x — ¢ vanishes at ¢, so the quotient term disappears and
the remainder is read off. We call this move evaluate at a root.

Theorem 5.1.3. Remainder Theorem and Factor Theorem
Let F be a field, f € Flz] and ¢ € F.

(a) The remainder of f on division by x — ¢ is the constant f(c).
(b) cis aroot of f if and only if x — ¢ | f.
(¢) f has a factor of degree 1 in F'[z] if and only if f has a root in F.

Idea. Divide by x — ¢ and evaluate at c¢: the term with the quotient vanishes, and what is
left is the remainder. Part (b) is then the divisibility test of Theorem 5.1.2 (b), and for (c)
a factor ax + b of degree 1 is made monic, which turns it into some x — c.

Proof.

(a) The polynomial x — ¢ is non-zero, of degree 1 and monic. By Theorem 5.1.2 (a),
f=q-(x—c¢)+r with degr < 1, so r is a constant (possibly 0). Evaluation at ¢
respects sums and products, sends z to ¢ and a constant to itself (Theorem 4.4.1), so

fle)=gq(c) - (c=c)+r=4q(c) - O+r=r
(b) By (a), f = q- (x —¢) + f(c) is the division of f by z — ¢. By Theorem 5.1.2 (b),

x — c| f if and only if this remainder is 0, that is, f(c) = 0.

(¢) (<) If f(¢) =0, then x —c | f by (b), and x — ¢ has degree 1. (=) Let ax +b | f
with a,b € F, a # 0. Then azx + b = a(z — (—a~1b)), so z — (—a~'b) | az + b, and by
Proposition 5.1.1 (b), z — (—a~'b) | f. By (b), —a~'b is a root of f.

Part (b) is the factor theorem, and it turns a question about values (is f(c¢) = 07) into a
question about divisibility. Part (c) turns the search for factors of degree 1 into a search for
roots.

Example. Remainders without dividing

(a)
(b)

In Q[z], find the remainder of f = 2% — 323 + 22 + 7 on division by = — 2.
In Q[z], find the remainder of 2° on division by x? — x.
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Solution.

(a) By Theorem 5.1.3 (a), the remainder is

F(2)=32—244+447=19.

(b) The divisor 22 — = has degree 2, so the remainder has degree at most 1: 2% = ¢ - (2% —

x) + ax + b with a,b € Q (Theorem 5.1.2 (a)). The divisor vanishes at 0 and at 1.
Evaluating at both (Theorem 4.4.1),

0=¢q(0)-0+b, 1=¢(1)-04+a+bd,

so b= 0 and a = 1. The remainder is . Check: 2% —z = (22 — z)(23 + 22 + = + 1).

Quick check. Without dividing, decide whether z + 1 divides 7 4 1 in Q[z], and whether
x — 1 does.

Solution. x +1 =1z — (—1),and (-1)"+1=-1+1=0,s0 x + 1|27 + 1 by Theorem 5.1.3
(b). For x — 1, the remainder is 17 +1=2#0in Q,so z — 1 {27 + 1. (Over Fy, 2 =0 and
both divide.)

Remark (Looking ahead). Section 5.5 builds, for any finite list of distinct points of F', the
polynomial of least degree that takes prescribed values there. Exercise C2 below is the case
of two points: the remainder of f on division by (z — a)(z — b).

Exercises

5.1.4.1 A. Check your understanding

Exercise. Al

(a) State Theorem 5.1.2 with every hypothesis.
(b) Name the two places in its proof where “F is a field” is used.

(c) Let f € Flx], and let ¢ € F be a non-zero constant. What are the quotient and the
remainder of f on division by ¢?

(d) True or false, with a reason: for f,g € Q[z], if f | g and g | f, then f = g. The same
question in Fy[z].

Solution.

(a) Let F be a field and f,g € F[z] with g # 0. Then there are unique ¢,r € F[z] with
f=qg+rand degr < degg; and g | f if and only if r = 0.

(b) The inverse lc(g) !, which builds the monomial ¢ = lc(r) lc(g) ~12™~™; and the absence
of zero divisors in F', through Theorem 4.3.2 (b), which gives deg(tg) = n and, in the
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uniqueness, deg((q — ¢')g) > degg.
(c) g = c!f and r = 0: indeed f = (c7!f)c+ 0, and deg0 = —0o < 0 = degc. By
uniqueness this is the division.

(d) In Q[z]: false. z | 2z and 2z | = (z = 3 - 22), but @ # 2z. By Proposition 5.1.1 (f),
mutual divisibility only makes f and g associates. In Fao[x]: true. By (f), f = cg with
c a non-zero constant, and the only non-zero element of Fy is 1; so f = g.

5.1.4.2 B. Practice

Exercise. B1: Two long divisions

(a) In Q[z], divide z* — 32 + 2z — 5 by 322 — 1.
(b) In Fs[z], divide 2* + 223 + 32 + 1 by 222 + 3, and decide whether 222 + 3 divides
zt + 223 4+ 37 + 1 in Fs[z].

Solution.

(a) le(3z2 —1)~! = L. The passes subtract 322, —z and § times the divisor:

(z* — 32 + 22 — 5) — 122(32% — 1) = 323 + 12? + 22 — 5,

(=32 + 12+ 22— 5) +2(32° — 1) = $2* + 2 — 5,
L2 4+ —5)— 1Bz —1) = — 4.
3 9 9

So the quotient is %x2 —x+ % and the remainder is = — %4, of degree 1 < 2. Check:

(322 —1)(32® —z+ §) =2* — 32 + 2 — }, and adding z — % gives 2? — 323 + 2z — 5.
(b) InF5,2-3 =6 =1, s0 27! = 3. The passes subtract 3z2, x and 3 times the divisor,
with 322(222 4 3) = 2 + 422, 2(22% + 3) = 22° + 3z and 3(22% + 3) = 2® + 4
(z* +22° + 32+ 1) — (z* +42%) =22° + 22 + 32 + 1,
(223 + 22 + 3z 4+ 1) — (22° + 3z) = 2 + 1,
(22 +1) - (2 +4) =2,
using —4 = 1 and —3 = 2 in F5. So the quotient is 322 + = + 3 and the remainder is

the constant 2. Since 2 # 0 in F5, Theorem 5.1.2 (b) gives 222 + 3 { #? + 223 + 3x + 1
in F5[z].

Exercise. B2: A factor of a difference of powers

Let F be a field, c € F and n € Z~¢. Deduce from Lemma 1.1.4 that
n—1 ] ]
" =" = (z—c) Z da 1
j=0

and hence that x—c | ™ —¢". Then give a second proof of the divisibility with Theorem 5.1.3.
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Solution. F[z]is a commutative ring (Theorem 4.2.4 (a)), so Lemma 1.1.4 applies in it. Take
z=cand w=x:

n—1
" —z"=(c—1x) Z a1,
=0

Negate both sides: —(c"—a™) = a™—c" and —((c—x)s) = (z—c)s for every s € F[z] (Number
Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.2 (a), (c)). This is the displayed identity,
and it shows z — ¢ | ™ — ¢". Taking z = ¢, w = z rather than z = z, w = ¢ gives the sum in
the stated order, with no re-indexing.

Second proof. By Theorem 4.2.4 (c), 2™ is the monomial 12", whose value at cis 1-¢" = "

(Definition 4.4.1, the monomial example after it). So the value of 2™ —¢™ at cis ¢ — ™ =0
(Theorem 4.4.1, for the sum and the constant —c™), so ¢ is a root and x — ¢ | 2" — ¢" by
Theorem 5.1.3 (b). This proof gives the divisibility at once but not the quotient.

Exercise. B3: One remainder over every field

Let F be any field. Show that the remainder of 2% on division by #? — 1 in F[z] is 1. Then
explain why, over QQ, evaluating at the roots 1 and —1 also finds it, and why that method
alone does not settle the question over Fs.

Solution. By Lemma 1.1.4 in F[z] with 2 = 2%, w = 1 and n = 50, since (z2)* = 2%* and

1* =1 (Lemma 4.1.1 (c)),

49
(% 1) Za;Qj = 2190 _ 1.
5=0

So 210 = (X720 2%) (22 — 1) + 1, and degl = 0 < 2 = deg(2? — 1). By the uniqueness in
Theorem 5.1.2 (a), the remainder is 1, over every field.

Over Q by evaluation. Write 20 = q(2? —1)+ax+b. Evaluating at 1 and —1 gives 1 = a+b
and 1 = —a + b; subtracting, 2a = 0, so a = 0 since 2 # 0 in Q; then b = 1.

Over Fy. There —1 = 1, so the two roots coincide and evaluation gives the single equation
1 =a+b. It does not determine a and b (both (0,1) and (1,0) satisfy it), so the uniqueness
argument above is needed.

5.1.4.3 C. Going deeper

Exercise. C1: Monic divisors keep integer coefficients
Call p € Q[z] an integer polynomial if every coefficient of p lies in Z.
(a) Let f, g be integer polynomials with g monic. Prove that the quotient and the remainder
of f on division by ¢ in Q[z] are integer polynomials.
(b) Prove the same if lc(g) = —1.

(c) Explain why the least-degree argument of Theorem 5.1.2 still works when S’ is replaced
by {f — hg : h an integer polynomial}, for g monic.
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Solution (Hint 1). Rerun the existence proof of Theorem 5.1.2, but only with integer poly-
nomials h.

Solution (Hint 2). Let Sz := {f —hg : h an integer polynomial}. If 0 ¢ Sz, take r = f —qg €
Sy, of least degree n (Sets, Relations, and Cardinality, Theorem 2.1.3) and suppose n > deg g.

Solution. Sums, negatives and products of integer polynomials are integer polynomials: their
coefficients are sums of products of coefficients (Definition 4.2.1), and Z is closed under +,

(c) and (a). Let m = deg g and
Sz = {f — hg : h an integer polynomial} C Q[z],

whose elements are integer polynomials. Run the existence proof with Sz in place of
S. If 0 € Sz, then f = gg with ¢ an integer polynomial and » = 0. Otherwise take
r = f —qg € Sz of least degree n (Sets, Relations, and Cardinality, Theorem 2.1.3),
and suppose n > m. With a := lc(r) € Z and b = 1, the monomial t = az"™™ is an
integer polynomial, so r —tg = f — (q¢+t)g € Sz, and it has degree < n or is 0, exactly
as in the proof. Both contradict the choice of r. So degr < m, and f = qg + r with
q,r integer polynomials. This is a division with remainder in Q[z], so by uniqueness
(Theorem 5.1.2 (a)) these g, r are the quotient and remainder. The argument works
because the step r — r — tg never leaves Sz: it needs b=! € Z, and b = 1 gives b~ = 1.
That answers (c).

(d) If 1c(g) = —1, then b=! = —1 € Z, and the same proof runs with t = —ax™ ™.
(Alternatively, divide f by the monic —g: f =q(—g) +r=(—q)g+7.)

Exercise. C2: The remainder modulo a quadratic with known roots
Let F be a field, f € Flz] and a,b € F.

(a) If a # b, prove that the remainder of f on division by (x — a)(x — b) is
fla)(a =)~ (z = b) + f(B)(b— a) "} (z — a).

(b) If a = b, write f = (x — a)h + f(a) (Theorem 5.1.3 (a)) and prove that the remainder
of f on division by (x — a)? is h(a)(z — a) + f(a).

(c) Hence find the remainder of z!°° on division by z? — 3z + 2 in Q[z].

Solution (Hint 1). The remainder has degree at most 1. Which values does it take at a and
at b?

Solution (Hint 2). Write f = ¢(x — a)(z — b) + r with degr < 1, and let s be the displayed
polynomial.
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Solution.

(a) The divisor (x —a)(z—b) is monic of degree 2 (Theorem 4.3.2 (b)), so Theorem 5.1.2 (a)
gives f = q(x —a)(x —b) + r with degr < 1. Evaluating at a and at b (Theorem 4.4.1)
kills the first term: r(a) = f(a) and r(b) = f(b). Let s be the displayed polynomial; it
has degree at most 1, and s(a) = f(a) -1+ f(b) -0 = f(a), s(b) = f(b). So r — s has
degree at most 1 and the two roots a # b. If r—s # 0, then z —a | r — s (Theorem 5.1.3
(b)), say 7 — s = (r — a)k, and degk < 0 by Theorem 4.3.2 (b), so k is a constant;
evaluating at b gives 0 = (b — a)k, so k = 0 because b — a # 0, and then r — s = 0 after
all. Hence r = s.

(b) Divide h by x — a: h = (x — a)ha + h(a) (Theorem 5.1.3 (a)). Then
f = (z —a)*ha + h(a)(zx — a) + f(a),

and h(a)(z — a) + f(a) has degree at most 1 < 2. By uniqueness, it is the remainder.

(c) 22 —3x+2=(x—1)(x —2). By (a) witha=1,b=2, f(1) =1 and f(2) = 2!% the
remainder is

- (—1) "Nz —2) £ 2% 1Y — 1) = 2'% — D)z + (2 — 2'%9).

5.2 Ideals, the Greatest Common Divisor,
and the Euclidean Algorithm

Section 5.1 gave F[z| a division with remainder (Theorem 5.1.2). This section asks what two
polynomials have in common. Here is a concrete version of the question. Which polynomials
over Q can be written as

a-(z2=1)+b-(2® +2—2) with a,b € Q[z]?

Taking a = —1 and b = 1 gives x — 1, and hence, multiplying a and b by any h, every multiple
h-(x —1). Nothing else can occur: 22 —1 = (z — 1)(z + 1) and 2> + 2 — 2 = (z — 1)(x + 2),
so x — 1 divides every such combination (Proposition 5.1.1 (¢)). So the answer is “all multiples
of x — 1, and nothing else”. Why x — 1, and why should the answer be the set of multiples of
a single polynomial? The integer version of this question, in Number Systems: From N to R,
Section 3.2, was answered by a least element; here the answer is a polynomial of least degree.

As in Section 5.1, F'is a field and F[z] is a commutative ring (Theorem 4.2.4 (a)). So the general
notions of Number Systems: From N to R, Chapter 3 apply to it without change: ideals (Number
Systems: From \(\nN\) to \(\nR)\), Definition 3.4.1, clauses (I1)—(I3)), quotient rings (Number
Systems: From \(\nN\) to \(\nR\), Theorem 3.4.1) and units (Number Systems: From \(\nN\)
to \(\nR\), Definition 3.5.1). We recall the clauses: a subset I C F[x] is an ideal if (I1) 0 € I,
(I2) a+beforalla,bel,and (I3) ra € I for all a € I and all r € F[x].

The ideal generated by finitely many
polynomials

The combinations in the opening question form a set that deserves a name and a symbol.
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Definition 5.2.1. Ideal Generated by Polynomials

Let F be a field, k € Z~o and fi,..., fr € F[z]. The set

(fr,-o 5 fo) ={arfi+- -+ apfr:a1,...,ax € Flz]}

is the ideal generated by f1,..., fx. For one polynomial, (f) = {af : a € F[x]} is the set
of multiples of f.

In words: (fi,..., fx) collects every way of multiplying each f; by a polynomial and adding up.
The coefficients a; range over all of F[z], not over F'. The name is earned by two facts.

It is an ideal, and it contains every f;. (I1): 0=0-f1 +---+0- fr. (12): Y, aifi+>;bifi =
Yoilai+b;) fi. (I3): rY; aifi = >_;(ra;)fi. These are the ring laws of F'[z] applied to finite sums
(Lemma 4.1.1 (b)). Taking a; = 1 and the other coefficients 0 shows f; € (f1,..., fx)-

It lies inside every ideal that contains every f;. If J is an ideal with f1,..., fr € J, then each
a; f; € J by (I3), and their sum lies in J by (I2), applied k — 1 times. So (fi,..., fx) C J.

So {f1,..., fr) is the smallest ideal containing fi, ..., fx. This “smallest” clause is how we will
compare two such ideals: to show (g1,...,q1) € (f1,..., fx), it is enough to show that each g,
lies in (f1,..., fx)-

Examples:

o (0) ={a-0} = {0}, the degenerate case. It is the only ideal generated by one polynomial
that contains no non-zero element, and the main theorem below treats it separately.

e (c) = F[x] for a non-zero constant c: every f equals (¢71f)-c.

e For c e F, let I. .= {f € F[z] : f(¢) = 0}, the polynomials with root c. It is an ideal:
0(c) =0, (f+g)(c) = f(c)+g(c) =0, and (rf)(c) = r(c)f(c) = 0, by Theorem 4.4.1.
Moreover I, = (x — ¢): by the factor theorem (Theorem 5.1.3 (b)), f(c) = 0 if and only if
x—c| f, that is, f € (x — ¢).

o In the opening question, (z? — 1,22 + 2 —2) = (x — 1).

O Second reading - A non-example: large degree

The set T := {f € F[z] : degf > 3} U {0} satisfies (I1) and (I3) (a non-zero multiple of a
polynomial of degree at least 3 has degree at least 3, by Theorem 4.3.2 (b)). But (I2) fails: 23
and —z3 + z lie in 7', and their sum z has degree 1. So T is not an ideal. “Large degree” is not
a property that sums keep, because leading terms can cancel.

Quick check. Is {f € Q[z] : f(0) = 1} an ideal of Q[z]? Name the first clause that fails.

Solution. No. (I1) fails already: the zero polynomial has 0(0) = 0 # 1. (So do (I2), since
(14+1)(0) =2, and (I3), with » = 0.) Compare Iy = {f : f(0) = 0} = (), which is an ideal.
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Every ideal has one generator

Every example above turned out to be the set of multiples of a single polynomial. That is no
accident.

Theorem 5.2.1. lIdeals of F[z] Are Principal
Let F be a field and I an ideal of F|x].

(a) If I = {0}, then I = (0).
(b) If I # {0}, there is exactly one monic d € F[z] with I = (d). Moreover d is the only
monic element of I of least degree among the non-zero elements of I.

Idea. Take a non-zero element of I of least degree, and scale it to be monic; call it d. Its
multiples lie in I by absorption. Conversely, divide any f € I by d: the remainder f — qd lies
in I and has smaller degree than d, so it cannot be a non-zero element of I. It is 0, and f is
a multiple of d. Uniqueness comes from Proposition 5.1.1 (f): two monic generators divide
each other.

Before reading on: where is “least degree” used, and why is d made monic?

Proof.

(a) If I = {0}, then I = {0} = (0).

(b) Ezistence. Let I # {0}. The set D := {dege : e € I, e # 0} is a non-empty subset
of N, so it has a least element n (Sets, Relations, and Cardinality, Theorem 2.1.3; on
N = w it is Number Systems: From \(\nN\) to \(\nR\), Theorem 1.6.2). Choose a
non-zero e € I with dege = n, let a := Ic(e) # 0, and let d := a~'e. Then d € I by
(I3), and d is monic of degree n (Proposition 5.1.1 (f), Theorem 4.3.2 (b)).

(2) For h € F[z], hd € T by (I3). So (d) C I.

(C) Let f € I. Since d # 0, Theorem 5.1.2 (a) gives ¢,r € F[z] with f = ¢d + r and
degr < degd =n. Then r = f + (—q)d € I, by (I3) and (I2). If r # 0, then degr € D and
degr < n, against the choice of n as least. So r =0, and f = ¢d € (d). Hence I = (d).

Uniqueness. Let d’ be monic with I = (d'). Then d € (d') and d’' € (d) (each generator lies
in its own ideal), so d’' | d and d | d’. Both are monic, so d = d’ by Proposition 5.1.1 (f).

The least-degree description. Let d” be any monic element of I with degd” = n. The
argument of (2) and (C) used only that d is a non-zero element of I of degree n; run with
d" in place of d, it gives I = (d”), and uniqueness gives d” = d. This proves the theorem.

The answer to the prompt. “Least degree” is used once, in (C): the remainder 7 lies in I and
has degree below n, so minimality forces » = 0. The minimality is about non-zero elements,
which is why r = 0 is the conclusion and not a contradiction. Making d monic plays no part in
the existence of a generator: e itself generates I, and so does 2e when 2 # 0 in F. It is what
makes the generator unique, because among the associates of e, all of which generate I, exactly
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one is monic.

An ideal of the form (d) is called principal, hence the name of the theorem. The proof’s move
is the one this chapter is built on, and we name it: least degree, then divide. In a set of
polynomials closed under the right operations, take a non-zero element d of least degree; divide
any element of the set by d; the remainder lies in the set and has smaller degree, so it is 0. It is
the polynomial form of “least positive element, then divide” from Number Systems: From N to
R, Section 3.2.

O Second reading - Comparison with the integers, and two indeterminates

The integer twin is Number Systems: From \(\nN\) to \(\nR\), Theorem 3.4.2: every ideal
of Z is nZ for exactly one n € N. There “n > 0” picked the generator; here “monic” does. In
polynomials in two indeterminates the theorem fails (the polynomials with zero constant term
are an example, which we state without proof; Exercise Al asks which step of the proof breaks
there, without proving the failure).

The greatest common divisor

A common divisor of f and g is a polynomial h with & | f and h | g. Every non-zero constant
is one (Proposition 5.1.1 (a)). For integers, Number Systems: From N to R, Section 3.2 took the
largest common divisor. For polynomials, “largest” can only refer to the degree, and associates
have the same degree:  — 1 and 2z — 2 are both common divisors of 2 — 1 and z? +z — 2 in
Q[z], of the same degree. So the definition asks instead for the property that Bézout’s theorem
gave the integer ged, and fixes one associate by asking it to be monic.

The greatest common divisor is the monic common divisor that every common divisor divides.

Definition 5.2.2. Greatest Common Divisor of Polynomials

Let F be a field and f,g € F[z]|, not both 0. A greatest common divisor of f and g is
a monic d € Fx] such that d | f, d | g, and h | d for every common divisor h of f and g.
We set ged(0,0) == 0.

In words: d is a common divisor, it is “on top” of all common divisors for the relation |, and it
is monic.

At most one. If d and d’' are both greatest common divisors of f and g, each is a common divisor,
so each divides the other; both are monic, so d = d’ (Proposition 5.1.1 (f)). We write ged(f, g)
for it once it is known to exist, and the next theorem shows it always does. The condition is
symmetric in f and g, so ged(f, g) = ged(g, f).

O Second reading - Why gcd(0,0) is O

Every polynomial divides 0, so the common divisors of 0 and 0 are all polynomials, and the only
polynomial that every polynomial divides is 0 (Proposition 5.1.1 (a) and (d)); but 0 is not monic.
The value 0 keeps “every common divisor divides the ged” true, and it keeps (f, g) = (ged(f, g))
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true, since (0,0) = {0} = (0). The ged clause of Lemma 5.2.4 uses the value ged(0,0) = 0 in the
case f =¢g=0.

Theorem 5.2.2. Bézout’s Theorem for Polynomials

Let F be a field, let f,g € F[x] be not both 0, and let d be the monic polynomial with
(f,g) = (d) (Theorem 5.2.1).

(a) d| fand d|g.
(b) Every common divisor of f and g divides d.
(c) d=ged(f,g). So ged(f, g) exists, and (f, g) = (ged(f, g))-
(d) ged(f,g) = af + bg for some a,b € F|x].
)

(e) ged(f, g) has the largest degree among the common divisors of f and g, and a common
divisor of that degree is an associate of ged(f, g).

The ideal (f,g) contains f and g, one of which is non-zero, so (f,g) # {0} and the monic d
exists and is unique by Theorem 5.2.1 (b).

Idea. Everything is read off from (f,g) = (d), used in both directions. Since f and g lie in
the ideal, they are multiples of d. Since d lies in the ideal, it is a combination of f and g,
and a combination is divisible by every common divisor.

Proof.

(a) f,g€ (f,g) = (d), so f and g are multiples of d.

(b) Since d € (d) = (f,g), there are ag,by € F[z] with d = aof + bog. If h | f and h | g,
then h | agf 4+ bpg = d by Proposition 5.1.1 (c).

(¢c) By (a) and (b), d is a monic common divisor that every common divisor divides; so
d = ged(f, g) by Definition 5.2.2. Then (f, g) = (d) = (ged(f, g))-

(d) This is d = agf + bpg from (b).

(e) Let h be a common divisor. By (b), h | d, and d # 0, so degh < degd by Proposi-
tion 5.1.1 (d). If degh = degd, write d = hu; then degu = 0 by Theorem 4.3.2 (b), so
u is a non-zero constant and d and h are associates. This proves the theorem.

For the opening question: (v?—1,2%+x—2) = (d) with d monic, and d = ged(2?—1, 2% +2—2) =
x — 1, because z — 1 is a monic common divisor and a combination, so every common divisor
divides it.

O Second reading - Why the definition is not the integer one

Number Systems: From N to R, Section 3.2 defined the integer gcd as the largest common
divisor (Number Systems: From \(\nN\) to \(\nR)), Definition 3.2.2) and then proved Bézout’s
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theorem (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.2.1). Here the order is
reversed: the definition uses the divisibility property, which for integers was a consequence, and
part (e) recovers “largest” as a consequence, up to associates.

Pairs with no common divisor of positive degree get a name.

Definition 5.2.3. Coprime Polynomials

Let F be a field. Polynomials f, g € F[z] are coprime over F' if ged(f,g) = 1.

For example, x and x+1 are coprime over every field, since (z+1)—x = 1 and the next corollary
applies; 0 and 0 are not, since ged(0,0) = 0.
Corollary 5.2.3. Coprime Means 1 Is a Combination

Let F be a field and f,g € F[z]. Then f and g are coprime if and only if af + bg = 1 for
some a,b € Flx].

Proof. (=) If ged(f,g9) = 1, then f, g are not both 0, since gcd(0,0) = 0 # 1, and Theo-
rem 5.2.2 (d) gives a,b with af + bg = 1.

(<) Let af +bg = 1. Then f,g are not both 0, since otherwise af + bg = 0 # 1. Since
1€ {f,g), every h = h-1lies in (f,g) by (I3), so (f,g) = F[x] = (1). The polynomial 1
is monic, so by the uniqueness in Theorem 5.2.1 (b) it is the monic generator of (f, g), and
Theorem 5.2.2 (c) gives ged(f,g) = 1.

n
Quick check. Find ged(2z — 2, 422 — 4) in Q[z].

Solution. 4x? —4 = (2x — 2)(2x + 2), so 2 — 2 divides both, and every common divisor
divides 2x — 2. But 2x — 2 is not monic. Its monic associate x — 1 has the same divisors and
multiples (Proposition 5.1.1 (f), (b)), so ged(2x — 2,422 — 4) = x — 1, not 2z — 2.

The Euclidean algorithm

Bézout’s theorem finds ged(f,g) as an element of least degree, which is no way to compute
it. A computation needs a step that lowers degrees without changing the ideal. Division with
remainder is that step.

Lemma 5.2.4. One Step of the Euclidean Algorithm
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Let F be a field and f,g,q,7 € F[z] with f = gg + r. Then (f,g) = (g,7), and hence
ged(f,9) = ged(g, 7).

—q)g € (f,g); by the smallest-ideal property of Defini-

Proof. (2) g € (f,g), and f+(
( =qg+1-r€{g,r)and g € (g,7), so (f,g) C (g,r) in the

T =
tion 5.2.1, {g,7) C (f,g). (C) f
same way.

For the geds: if f = g = 0, then r = 0, and both geds are ged(0,0) = 0. Otherwise
(f,g) # {0}, so (g,r) # {0} and g,r are not both 0. By Theorem 5.2.2 (c), ged(f,g) and

ged(g,r) are monic generators of the same ideal, so they are equal by the uniqueness in
Theorem 5.2.1 (b).

The lemma does not ask r to be the remainder. Choosing the remainder makes the degree drop,
and repeating the step gives a sequence. To define “repeat” without “and so on”, we use the
recursion theorem, as in Number Systems: From \(\nN\) to \(\nR\), Theorem 3.2.4.

Theorem 5.2.5. The Euclidean Algorithm for Polynomials

Let F be a field and f, g € F[x] with g # 0. Define pairs (ug,vg) € F|x]| x F[x] for k € N by
(uo,vo) = (f, 9) and
(Uk, T'k) if Vi ;é O,

Ugt1,V =
(Uk+1, Vk+1) {(ukwk) if o = 0,

where, when v #£ 0, rj is the remainder of ug on division by vg. Then:

(a) (uk,vk) = (f,g) for every k € N;

(b) there is a least K € N with vx = 0; moreover 1 < K < degg+1, and degviy1 < deg vy
for every k < K;

(¢) ug # 0, and ged(f, g) is the monic associate of ug.

In practice the sequence is written as a chain of divisions uy = qgvr + 7%, K =0,..., K — 1, each
dividing the previous divisor by the previous remainder, until a remainder is 0. The degrees of
the remainders fall, and ux = vx_1 is the last non-zero remainder rx_o if K > 2, and g itself
if K =1 (then g| f).

O Second reading - Why the sequence exists

The sequence is well defined. Let G: F[z] x Fx] — F[z] x F[z] send (u,v) to (v,r), where r is
the remainder of w on division by v, if v # 0, and to (u,v) if v = 0. This is a function, since
the remainder exists and is unique (Theorem 5.1.2 (a)). The recursion theorem (Sets, Relations,
and Cardinality, Theorem 2.3.1, read on N = w by Number Systems: From \(\nN\) to \(\nR)),
Corollary 1.7.3 (b)), with X = F[z] x F[z], starting value (f, g) and step (k, P) — G(P), gives
exactly one sequence of pairs with the displayed properties.
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Idea. Part (a) is Lemma 5.2.4 once per step, carried along by induction. For (b), the degrees
of the second entries are natural numbers that drop by at least one per step while the entries
are non-zero, so a zero entry must come within deg g + 1 steps. For (c), at the first zero, (a)
reads (f,g) = (ug,0) = (ug), and the monic generator of this ideal is the ged.

Proof.

(a) We use Logic and Proof, Axiom 4.2.1 (through Number Systems: From \(\nN\) to
\(\nR\), Corollary 1.7.3 (b)) on k, for P(k): “(ux,vx) = (f,g)”. P(0) holds since
(ug,v0) = (f,g). Suppose P(k). If vy # 0, then up = gxvp + ri for some g, and
Lemma 5.2.4 gives (ug+1,vk+1) = (Vk, Tk) = (ug,vx) = (f,g). If vp = 0, the pair does
not change, and P(k + 1) is P(k).

(b) A bound. We show by Logic and Proof, Axiom 4.2.1 on k the statement Q(k): “if

v, - - -, Uk are all non-zero, then deg vy + k < degg¢”. Q(0) holds since vg = g. Suppose
Q(k), and let vg,...,vr+1 be non-zero. Then vy # 0, so vp11 = 7 has degvgy; <
deg vg, and as both degrees lie in N, deg vgy1 + 1 < degvg. With Q(k), degvgy1 + (k+
1) < degwvg + k < deg g, which is Q(k + 1).
The first zero. If v, ..., vx were all non-zero for k := degg + 1, then Q(k) would give
deg v < —1, impossible for a non-zero polynomial. So {k € N : vy, = 0} is non-empty,
and it has a least element K (Sets, Relations, and Cardinality, Theorem 2.1.3). Since
vo =g # 0, K > 1. By the choice of K, vy, ...,vx_1 are non-zero, so Q(K — 1) gives
0 < degvg—1 < degg — (K — 1), that is, K < degg + 1. For k < K, v # 0, so
Vg+1 = 7 and degvgy1 < degvy by Theorem 5.1.2 (a).

(c) Since K —1 < K, vg—1 # 0, so the step gives ux = vxg_1 # 0. By (a) with k = K,
and since vg = 0,

(f.9) = (uk,0) = (uk),

where (uf,0) = {augx +b-0} = (ug). Let ¢ :== lc(ugx)~!. The monic associate cux
generates the same ideal as ug, because each is a multiple of the other (ug = clocu K)-
So cug is a monic generator of (f,g), and since g # 0, Theorem 5.2.2 (c) and the
uniqueness in Theorem 5.2.1 (b) give ged(f, g) = cuk.

To find a, b with ged(f, g) = af + bg, run the step of Lemma 5.2.4 backwards.

Algorithm. Back-substitution. Write out the divisions uy = qgvp+7; for k =0,..., K —1,
so that upy1 = vx and vgy; = 7. Start from ug = 1-ug + 0 - vg. Then, for k =
K—-1,K—2,...,0 in turn, rewrite a combination sugyi + tvg11 = svi + try as one of uy
and v, by substituting rp = ug — qrvg:

sug, + t(ug — qror) = tug + (s — tqr)v.

After k = 0 the combination is one of ug = f and vg = g; multiply it by le(ux)~! to get
ged(f,g), and multiply out to check. (By hand one starts from the last division with a
non-zero remainder, as in the example below.)

Nothing rests on the procedure: existence is Theorem 5.2.2 (d), and multiplying out checks the
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a, b found.

Example. A run of the Euclidean algorithm

In Q[z], compute ged(f,g) for f =2* — 23 — 322 + 2 +2 and g = 23 — 22 — 1, and write it
as af + bg.

Solution. The chain of divisions (each by Theorem 5.1.2, the remainder of degree below the
divisor’s) is
et -2 -3 +x+2=(2-1)(2*-22-1)+ (1 —2?),
2 -2 —1=(—x)(1 —2%) + (—z - 1),
1-z22=(z—1)(—z—1)+0.
So (ug, vx) runs through (f, g), (9,1—22), (1—2%, —2—1), (~2—1,0): K = 3and u3 = —z—1.
Its monic associate is x 4+ 1, so ged(f, g) = z + 1 by Theorem 5.2.5 (c).

Back-substitution, from the second division up:
—z—1=g+z(1-2%) =g+z(f - (- 1)g)
=zf+ (1 —2°+2)g.

Multiplying by —1:
t+l=(-z) - f+@>-—2-1)-g.

Check: (—z)f = —2°+2*+323 —22 -2z and (£2 —2z—1)g=2° —2* - 323 + 22 + 3z + 1;
the sum is x + 1.

Warning. Bézout coefficients are not unique. Since gf — fg = 0,
z+l=(-z+g) f+@-z-1-f)yg

as well, with coefficients of degrees 3 and 4. So “the” coefficients mean nothing by themselves;
back-substitution produces one pair, and any other pair works as well.

Quick check. Run the algorithm on f = 2 and g = 22 + 1 in Q[z]. Are they coprime?

Solution. 23 = x - (2?2 + 1) + (), then 22 + 1 = (—z)(—z) + 1, then —x = (—z) -1+ 0.
The last non-zero remainder is 1, already monic, so ged(x®, 22 4+ 1) = 1: they are coprime.
Back-substitution gives 1 = (22 +1)—2? = (22 +1)+2-(—2) = (22 +1) + 2 (23 —z(22+1)) =
z-23+ (1 —22) (22 +1).

Changing the field

The same pair of polynomials can be read over a bigger field: 22 — 2 € Q[x] is also an element
of R[z], where it factors as (z — v/2)(x + V/2). Factorizations depend on the field; division and
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the ged do not, because the Euclidean algorithm never leaves the smaller field.

Recall that a subfield of a field L is a subset K C L containing 0 and 1 and closed under
+, -, negatives and inverses of non-zero elements (Definition 2.3.1; Proposition 2.3.1 is the
practical check). Then K is a field with the operations of L, and K[x] C L[z|: a polynomial
with coefficients in K is one with coefficients in L, and sums, products, degrees and leading
coeflicients are computed by the same formulas in both rings. The examples are Q C R C C,
with R C C by Proposition 1.1.1 and Theorem 1.2.4.

Proposition 5.2.6. Division and gcd Do Not Depend on the Field
Let L be a field, K C L a subfield, and f, g € K|[z].

(a) If g # 0, the quotient and the remainder of f on division by ¢ are the same in K|[x]
and in L[x].

(b) If g # 0, then g | f in L[z] if and only if g | f in K[z].

(c¢) ged(f,g) is the same computed in K[z] or in L[z]. In particular, f and g are coprime
over K if and only if they are coprime over L.

In words: computing a quotient, a remainder or a gcd never needs an element outside the smaller

field.

O Second reading - The proof: the algorithm never leaves the smaller field

Proof.

(a) Let f = qg+r with ¢,r € K|[z] and degr < deg g be the division in K[z] (Theorem 5.1.2
(a)). The same equation holds in L[z], and the degrees are the same there, so it is a
division with remainder in L[z]. By the uniqueness in L[], it is the division there.

(b) By (a), the remainder r is the same in both rings, and by Theorem 5.1.2 (b), applied
in each ring, ¢ | f holds in that ring if and only if » = 0.

(¢) If f =g =0, both geds are 0. If g = 0 # f, then (f,0) = (f) in either ring, generated
by the monic associate lc(f) ™1 f, so ged(f,0) = lc(f) 1 f in either ring (Theorem 5.2.2
(c) and the uniqueness in Theorem 5.2.1 (b)). The inverse lc(f)~! is the same in K
and in L, since K is closed under inverses and inverses in L are unique (Theorem 2.1.1
(c)). If g # 0, run Theorem 5.2.5 in K[z] and in L[z]. By Logic and Proof, Axiom 4.2.1
(through Number Systems: From \(\nN\) to \(\nR\), Corollary 1.7.3 (b)) on k, the
pairs (ug, vg) agree: they agree for k = 0, and if they agree at k, the next pair is (vg, rx)
with the same remainder r; by (a), or the same pair. So the first index with vy = 0 is
the same in both runs, the polynomial u at that index is the same, and so is its monic
associate, by the remark on inverses. By Theorem 5.2.5 (¢), the two geds are equal. In
particular one is 1 if and only if the other is.

For example, z2+1 and z—1 are coprime over Q (2?41 = (z+1)(z—1)+2 and 0-(z—1)+3-2 = 1;
apply Lemma 5.2.4 and Corollary 5.2.3), so they are coprime over C as well, although 2% + 1 =
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(x —i)(x + 1) has factors of degree 1 only over C.

Quick check. Compute ged(z? — 2, 23 — 22) in Q[z]. Over R, x — /2 divides both. Why is
the ged over R still not  — /27

Solution. The divisions are 22 —2 =0 (z® — 2z) + (22 — 2) and 23 — 2z = z- (22 — 2) + 0, so
K =2 and uy = 22 — 2, which is monic: ged = 22 — 2 in Q[z]. By Proposition 5.2.6 (c) it is
22—2in R[z] too. The common divisor x—+/2 is not the gcd because the ged must be divisible
by every common divisor, and x+ /2 is another one; both divide 22 —2 = (z —/2)(z+/2).

Remark (Looking ahead). Section 5.6 uses part (b) of the last proposition with R C C, to
bring a divisibility found in C[z] back to R[z].

Exercises

5.2.6.1 A. Check your understanding

Exercise. Al
These questions are about the proof of Theorem 5.2.1.

(a) Where is “least degree” used?
(b) Why is d made monic, and what would fail without it?

(¢) Run the proof on I := {f € Q[z] : f(1) =0 and f(—1) = 0}: show that I is an ideal,
and find d.

(d) The polynomials in two indeterminates z,y over Q with zero constant term (such as
z, y, 2%y — 3y) are closed under sums and under multiplication by any polynomial in

x,y. Name the step of the proof that has no analogue there. (A prose answer; no proof
that the theorem fails is asked for.)

(e) State the idea of the proof in two sentences.

Solution.

(a) Once, in (C): the remainder r = f — ¢d lies in I and has degree below n = deg d; since
n is least among the degrees of non-zero elements of I,  cannot be non-zero, so r = 0.

(b) For uniqueness. Every associate of d generates I (for instance 2d when 2 # 0 in F:
d= % - 2d), so without a normalization “the generator” would not be one polynomial.
Exactly one associate is monic (Proposition 5.1.1 (f)).

(¢) I = I N1I_; in the notation after Definition 5.2.1. Each clause (I1)—(I3) holds in I;
and in I_1, hence in the intersection. The polynomial z2 — 1 lies in I, since 1 — 1 = 0
and (—1)2 — 1 = 0. No non-zero element of I has degree at most 1: if f = ax + b with
f)=a+b=0and f(—1) = —a+ b =0, adding gives 20 =0, s0 b =0 (as 2 # 0 in
Q), and then a = 0. So the least degree is 2, and the proof’s d is the monic element
22 —1 (any element of degree 2, scaled to be monic, is 2 — 1 by the uniqueness clause).
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Hence I = (22 — 1).

(d) The division step, f = qd+r with degr < degd, which the proof applies to an arbitrary
f € I and the element d of least degree. Two indeterminates have no division with
remainder of that kind. In this ideal, z and y both have the least possible degree, 1,
and dividing y by « would need a leftover in the ideal of degree below 1, that is, 0; so
2 would have to divide y, and it does not. (That this ideal is generated by no single
polynomial is true, but not proved here.)

(e) Take a non-zero element d of I of least degree, made monic. Dividing any element of 1
by d leaves a remainder that lies in I and has smaller degree, so it is 0, and I consists
of the multiples of d.

5.2.6.2 B. Practice

Exercise. B1: A gcd and its common root

In Qlz], let f =23+ 22+ 2+ 1 and g = 3 + z + 2. Compute ged(f, g) with the Euclidean
algorithm, and write it as af + bg. Hence show that —1 is the only common root of f and g

in Q.

Solution. The divisions are
Btz 4+1=1-(B+z+2)+ (2?-1),
B rr+2=x-(2>-1)+ 2z +2),
2’ —1= (32— 32z +2) +0.
So K =3, ug = 2x + 2, and ged(f,g9) = x + 1 (Theorem 5.2.5 (¢)). Back-substitution:
20 +2=yg-a(2®~1)=g-a(f - g) = () f + (z + 1)g,
o
z+1=(-1x)f+i(x+1g.

(
?heck: —tof=-3(a*+ 23+ 2% +2) and J(z +1)g

(2t + 23 + 2% + 3z + 2); the sum is

Common roots. f(—1) =—-1+1—-14+1=0and g(—1) =—-1—-1+2 =0, so —1 is a common
root. Let ¢ € Q be any common root. By Theorem 5.1.3 (b), x — ¢ divides f and g, so it
divides « + 1 by Theorem 5.2.2 (b). Both are monic of degree 1, so they are associates by
Theorem 5.2.2 (e) (equal degree), hence equal (Proposition 5.1.1 (f)). So x —c¢ =2+ 1, and
c=—1.

Exercise. B2: A gcd over the field with two elements

In Fy[xz], let f =2*+ 23+ 2 +1and g = 23 + 22 + z + 1. Show that ged(f,g) = 22+ 1 and
that 22 +1=1-f+z-g.
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Solution. In Fy, —1 =1 and 1 +1=0. First, zg = 2* + 23 + 2% + z, so
f-zg=—-224+1=22+1,

that is, f = x-g+(22+1), a division with remainder. Next, (z+1)(z2+1) = 23+224+2+1 = g,
so g = (x+ 1)(z% + 1) + 0. The algorithm stops with us = x? + 1, which is monic, so
ged(f,g) =22+ 1. Finally 22 + 1= f —2xg=1-f + - g, since —x = x in Fy[x].

5.2.6.3 C. Going deeper

Exercise. Cl: Exit check: ideals of F'[z] and Bézout
Let F be a field.

(a) Prove that for every ideal I # {0} of F[z] there is exactly one monic d with I = (d).

(b) Let f,g € F[x], not both 0, and let d be the monic generator of (f,g). Prove that
d| f,d| g, that every common divisor of f and g divides d, that d = ged(f, g), and
that d = af + bg for some a,b € F|x].

Solution.

(a) A generator. The degrees of the non-zero elements of I form a non-empty subset of
N, which has a least element n (Sets, Relations, and Cardinality, Theorem 2.1.3). Let
e € I be non-zero of degree n, and d := Ic(e)"te. Then d € I by (I3), and d is monic
of degree n. Every multiple hd lies in I by (I3), so (d) C I. Conversely, let f € I, and
divide: f = ¢qd + r with degr < n (Theorem 5.1.2 (a)). Then r = f + (—¢)d € I by
(I3) and (I2). If r # 0, it is a non-zero element of I of degree less than n, against the
choice of n; so r =0 and f € (d). Hence I = (d).
Uniqueness. If also I = (d’) with d’ monic, then d € (d') and d' € (d), so d and d’
divide each other. Then d’ = cd for a non-zero constant ¢ (Proposition 5.1.1 (f)), and
comparing leading coefficients gives ¢ = 1.

(b) The ideal (f,g) is not {0}, since it contains f and g; let d be its monic generator, from
(a). Since f,g € (d), d| f and d | g. Since d € (f,g), d = af + bg for some a,b € F[z].
Ifh| fand h | g, then h | af +bg = d (Proposition 5.1.1 (¢)). So d is a monic common
divisor that every common divisor divides: d = ged(f, g) by Definition 5.2.2.

Marking scheme. (10 points) - 1: a non-zero element of least degree exists, with the
well-ordering of N cited. - 1: it is made monic, and the monic element is shown to lie in [/
(absorption). - 3: an arbitrary element of I is divided by d, and the remainder is shown to
lie in /. - 2: minimality of the degree forces the remainder to be 0. - 1: uniqueness of the
monic generator (by any route: mutual divisibility, or minimality of the degree applied to
the difference). - 2: d | f, d | g, d = af + bg, and “every common divisor divides d” are read
off from (f, g) = (d), and d = ged(f, g) is concluded from the definition.

Fatal errors (0 for the step): assuming that the ged is a combination of f and g (circular);
“d divides f because d has least degree”, with no division step; citing Theorem 5.2.5 (¢) or
the ged clause of Lemma 5.2.4 for (b) (both are proved from Bézout’s theorem). A second
route for (b), the Euclidean algorithm with back-substitution by induction on the number of
steps, may use the ideal equality of Lemma 5.2.4; it earns the 2 points of (b) when it shows
that the monic associate of the last non-zero remainder divides f and g, is a combination of
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them, and is divisible by every common divisor. Existence in (a) has no second route here.

Exercise. C2: Scaling the gcd
Let F be a field, f,g € F[z], and h € F[x] monic. Prove that ged(hf, hg) = hged(f, g).

Solution (Hint 1). Compare the ideals (hf, hg) and (f, g).

Solution (Hint 2). Show first that (hf, hg) = {hu:u € (f,g)}.

Solution. If f = g =0, then hf = hg = 0, and both sides are 0: ged(0,0) =0 = h - 0.

Otherwise let d := ged(f, g), monic, with (f, g) = (d) (Theorem 5.2.2 (c)). Since h is monic,
h # 0, and one of hf, hg is non-zero (Corollary 4.3.3 (a)); so Theorem 5.2.2 applies to
(hf,hg) as well.

The ideals. For a,b € F[x], a(hf) + b(hg) = h(af + bg). As a,b range over F[z], af + bg
ranges over (f, g) = (d), so

(hf,hg) ={h-cd:ce€ Flz]} = {c-hd: c € Flz]} = (hd).

The generator. hd is monic, since lc(hd) = lc(h)le(d) = 1 (Theorem 4.3.2 (b)). By Theo-
rem 5.2.2 (c), (hf, hg) = (ged(hf,hg)) with ged(hf, hg) monic; by the uniqueness in Theo-
rem 5.2.1 (b), ged(hf, hg) = hd = hged(f, g).

This is the polynomial twin of Number Systems: From \(\nN\) to \(\nR)\), Exercise (C2:
Scaling the gecd) (ged(ka, kb) = kged(a,b) for £ > 0), with “monic” in place of “positive”.
Without “monic” the formula fails: ged(2z,2) =1 # 2 = 2ged(x, 1) in Qx].

Marking scheme. (10 points) - 2: treats f = g = 0 by the convention, and checks that
hf, hg are not both 0 otherwise (no zero divisors in F'[z]). - 4: shows (hf, hg) = (hd), citing
(f,g) = (d). - 2: shows hd is monic. - 2: concludes ged(hf, hg) = hd by the uniqueness of
the monic generator.

Fatal errors (0 for the step): asserting that every common divisor of hf and hg is h times
a common divisor of f and ¢ (false: 1 divides - x and x - (x + 1), and 1 is not z times a
polynomial); using factorizations into irreducibles, which this section does not have. A second
route (hd = (hf)a + (hg)b is a monic common divisor and a combination, so every common
divisor divides it) scores 2 for the zero case, 3 for “monic common divisor and combination”,
3 for “every common divisor divides hd”, 2 for the conclusion by Definition 5.2.2.

Exercise. C3: The gcd of two binomials

Let F be a field. For m,n € N, not both 0, prove that

ged(z™ —1,z" - 1) = ged(mn) 4
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in F[z] (here 2° — 1 = 0, and ged(m,n) is the integer ged). Compute ged(z'? — 1,218 — 1).

Solution. Two remarks. For m > 1, ™ — 1 is monic of degree m. And for m > n > 1, by
the power laws (Lemma 4.1.1 (c)),

g —1=z2"""(z" -1)+ (™ " - 1),
since g™ """ — MM 4™ -1 =™ — 1.

We prove, by Logic and Proof, Axiom 4.2.1 (through Number Systems: From \(\nN\) to
\(\nR\), Corollary 1.7.3 (b)) on s, the statement P(s): “for all m,n € N, not both 0, with
m-+n < s, the displayed formula holds”. P(0) holds vacuously: m+n < 0 forces m =n = 0.
Suppose P(s), and let m +n < s+ 1, not both 0. If m +n < s, use P(s). Otherwise
m+n=s+1.

Case n = 0. Then m > 1. The ged of 2™ — 1 and 0 is the monic generator of (z™ —1,0) =
(™ —1) (Theorem 5.2.2 (c)), which is 2™ — 1. On the integer side, the common divisors of
m and 0 are the divisors of m, and the greatest is m (Number Systems: From \(\nN\) to
\(\nR\), Proposition 3.1.1 (a), (e)), so gcd(m,0) = m. Both sides are z™ — 1. Case m =0
is the same, since both gcds are symmetric.

Case m,n > 1. Both gcds are symmetric, so we may suppose m > n. By the identity above
and Lemma 5.2.4,
ged(z™ —1,2" — 1) = ged(2™ — 1, 2™ " = 1).

The pair (n,m —n) is not (0,0), sincen > 1, and n+(m —n) =m < m+n = s+ 1, so
P(s) applies to it: the right side is 28°4(»™=") _ 1. Finally m = 1-n+ (m — n), so Number
Systems: From \(\nN\) to \(\nR\), Lemma 3.2.3 gives gcd(m,n) = ged(n,m — n). This
proves P(s+1).

Since every pair (m,n) has m +n < s for s = m + n, the formula holds for all m,n. For
m =12, n = 18: ged(12,18) = 6, so ged(x12 — 1,218 — 1) = 25 — 1.

Each polynomial step is one step (m,n) — (n, m —n) of the subtractive Euclidean algorithm
on the exponents.

5.3 Irreducible Polynomials and Unique
Factorization

Over every field, z* — 1 = (z — 1)(z 4+ 1)(2? +1). Over Q the last factor cannot be split further;
over F5 it can, and 2* — 1 becomes a product of four factors of degree 1; over Fy all of them
coincide, and 2% — 1 = (x + 1)*. So the “primes” of F[z] depend on the field F. Once F is
fixed, though, every polynomial of positive degree splits into such primes in essentially one way,
as every positive integer does in Number Systems: From N to R, Section 3.3, and for the same
reason: a prime that divides a product divides one of the factors.

Sections 5.1 and 5.2 supplied the tools: division with remainder (Theorem 5.1.2), the monic
greatest common divisor and its Bézout identity (Theorem 5.2.2). This section spends them.
Throughout, F' is a field, and F[z] is a commutative ring with no zero divisors (Theorem 4.2.4
(a), Corollary 4.3.3); degrees of products add (Theorem 4.3.2 (b)), and the units of F[z] are the
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non-zero constants (Proposition 5.1.1 (e)).

Irreducible polynomials

In Z, a prime is a number p > 2 whose only positive divisors are 1 and p. Two features of that
definition need adjusting for polynomials. “Positive” has no meaning in F[z], and its job there
was to ignore the units +1; in F[z] the units are the non-zero constants, so we ignore those.
And “p > 2” kept the units themselves from counting as primes; in F[z] the condition becomes
“degree at least 1”.

An irreducible polynomial is one that cannot be split into two factors of smaller degree.

Definition 5.3.1. Irreducible Polynomial

Let F' be a field and p € F[x]. The polynomial p is irreducible over F' if degp > 1 and,
whenever p = gh with g,h € F[x], one of g, h is a constant. A polynomial of degree at
least 1 that is not irreducible over F' is reducible over F'.

In words: the first clause rules out 0 and the non-zero constants; the second says that every
way of writing p as a product uses a constant factor. That constant is never 0, since p # 0. So
p is reducible exactly when p = gh with degg > 1 and degh > 1; then degg + degh = degp
(Theorem 4.3.2 (b)), so both factors have degree strictly less than deg p.

Examples.

o Every polynomial of degree 1 is irreducible. If p = gh with degp = 1, the degrees of g and
h are natural numbers adding up to 1, so one of them is 0.

o 22+ 2 =2(r+1) and 2° = x - 22 are reducible over every field: each is a product of two
factors of degree at least 1.

e 22 4+ 1 is reducible over Fy, where (z + 1)? = 22 + 22 + 1 = 22 + 1 because 2 = 0. Over
Q it is irreducible, as the next proposition shows. The polynomial is the same; the field
changed, and with it the answer. This is why the definition says “over F”.

o If pis irreducible and a € F' is non-zero, then ap is irreducible. First, deg(ap) = degp > 1
(Theorem 4.3.2 (b)), and a factorization ap = gh gives p = (a~'g)h, so a"'g or h is a
constant, and then so is g or h. Associates of irreducibles are irreducible.

9 Second reading - The degenerate cases: constants

The constants are kept out by the first clause, and each for a reason. Without it, the polynomial
0 would pass the second clause, since every factorization 0 = gh has ¢ = 0 or h = 0 (Corol-
lary 4.3.3), a constant. But every polynomial divides 0 (Proposition 5.1.1 (a)), so 0 behaves like
the integer 0, not like a prime. A non-zero constant « is a unit: it divides everything, and every
factorization @ = gh has two constant factors, since the degrees add up to 0. If units counted
as irreducible, every factorization could be padded with as many of them as we like, just as
(1,2,2,3,5) would pad the factorization of 60 if 1 were prime. The clause degp > 1 plays the
part of the integer condition p > 2.

For polynomials of degree 2 and 3, irreducibility can be decided by looking for roots.
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Proposition 5.3.1. Irreducibility in Low Degree
Let F be a field and p € Flz].

(a) If degp > 2 and p has a root in F', then p is reducible over F.
(b) If degp € {2,3}, then p is irreducible over F if and only if p has no root in F.

Proof. (a) Let ¢ € F be a root of p. By Theorem 5.1.3 (b), p = (z — ¢)q for some ¢q € F[x].
Then degq = degp — 1 > 1 by Theorem 4.3.2 (b), and deg(z — ¢) = 1, so neither factor is a
constant and p is reducible.

(b) (=) is (a), read contrapositively. (<) Suppose p is reducible, so p = gh with
degg,degh > 1 and degg + degh = degp € {2,3}. Two natural numbers, each at least 1,
with sum 2 or 3: one of them is 1. So p has a factor of degree 1, and Theorem 5.1.3 (c) gives
a root of pin F.

For 22 4+ 1 over Q: for every ¢ € Q, ¢ > 0 (Number Systems: From \(\nN\) to \(\nR\),
Proposition 2.3.5 (e), with 0> = 0), so ¢2+1 > 1 > 0 by (b) and (e) of the same proposition.
There is no rational root, and (b) makes 2% + 1 irreducible over Q. The same lines work in every
ordered field, so 2 + 1 is irreducible over R as well.

Warning. “No root” does not mean “irreducible” in degree 4 and above. For
ceQ, ct=(c%?>0,s c*+4>4>0 (Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.5 (h)): the polynomial 2% + 4 has no rational root. Yet

z* +4 = (22 + 22 + 2)(z® — 2z + 2),

as expanding the right side shows: the terms in 23, 22 and z cancel. Proposition Proposi-
tion 5.3.1 (b) is about degrees 2 and 3 only, where every splitting must contain a factor of

degree 1; in degree 4 a splitting may be 2 + 2, with no factor of degree 1 and so no root.
Quick check. Is 22% + 4 irreducible over Q? Is 22 + 2 irreducible over F3?

Solution. Over Q, yes: 222 + 4 = 2(x? 4+ 2), and x2 + 2 has no rational root (¢> +2 > 2 > 0,
Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (e), (h)), so it is irreducible
by Proposition 5.3.1 (b), and so is its associate 2z + 4. The factor 2 is a constant, so
2. (x2 + 2) is not a splitting into non-constants. Over F3, no: 124+2=3=0, so 1 is a root,
and indeed 22 +2 =22 — 1 = (z — 1)(z + 1) in F3.

Euclid’s lemma for polynomials

The definition of an irreducible p speaks about the factors of p. Unique factorization needs a
statement about the polynomials that p divides. As in Z, the bridge is the Bézout identity,
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and the move is the one of Number Systems: From N to R, Section 3.3: multiply the Bézout
identity.

Theorem 5.3.2. Euclid’s Lemma for Polynomials

Let F be a field and f,g,h € F[z]. If f | gh and ged(f,g) = 1, then f | h.

Proof. Since ged(f,g) = 1, Corollary 5.2.3 gives a,b € F[z] with af + bg = 1. Multiplying
by h,

h = h(af + bg) = (ah)f + b(gh).
Now f | f and f | gh, so f divides the combination (ah)f + b(gh) (Proposition 5.1.1 (c)).
Hence f | h.

The hypothesis ged(f,g) = 1 is needed. In Q[x], 22 | = - =, but 22 | z, since a divisor of a
non-zero polynomial has degree at most its degree (Proposition 5.1.1 (d)); here ged(z?, z) = .

For an irreducible p, the coprimality comes almost free, exactly as it did for a prime number.

Corollary 5.3.3. An Irreducible Dividing a Product
Let F be a field and p € F[z] irreducible over F.

(a) For every f € Flx]: p| f or ged(p, f) = 1.

(b) For all g,h € F[z]: if p | gh, then p | g or p | h.

(c¢) If (q1,...,q) is a list of polynomials in F|z|, with [ € N, and p | g1q2-- - q;, then [ > 1
and p | g; for some j € {1,...,1}.

(d) If p and g are monic and irreducible over F' and p | ¢, then p = q.

Here q1qs - - - q;, also written Hé’:1 gj, is the product of a finite list in the commutative ring F'[x],
given by the recursion of Sets, Relations, and Cardinality, Definition 2.3.1 as Lemma 4.1.1 (a)

reads it: the empty product is 1, and Hé’;ll ¢ = (Hé’:l 4) Q41

Idea. For (a), the ged of p and f is a monic divisor of p, and an irreducible p has only
two kinds of divisors: constants and associates of itself. Part (b) is Euclid’s lemma in the
coprime case of (a). For (c), peel the last factor off the product and apply (b); induction on
the length does the rest. For (d), the cofactor of p in ¢ must be a constant, and comparing
leading coefficients makes it 1.

Proof. (a) Since p # 0, the ged d == ged(p, f) is monic (Definition 5.2.2, Theorem 5.2.2 (c)).
It divides p: write p = du with u € F[z]. As p is irreducible, d or u is a constant. If d is
a constant, it is a monic constant, so d = 1. If u is a constant, then u # 0 (as p # 0) and
d=u"tp;since d | f, f = dk = p(u'k) for some k € Flx],s0op| f.

(b) Let p | gh. By (a), p | g or ged(p,g) = 1, and in the second case Theorem 5.3.2 gives
plh
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(c) By Logic and Proof, Axiom 4.2.1 (on N = w, Number Systems: From \(\nN\) to \(\nR)),
Corollary 1.7.3 (b)) we prove, for every | € N, the statement P(l): “for every list (q1,...,q)
in Flz] with p | Hé’:l q¢;, we have [ > 1 and p | g; for some j <1”.

Base case P(0). The empty product is 1, and p { 1: otherwise degp < degl = 0 by
Proposition 5.1.1 (d), against degp > 1. So the hypothesis of P(0) never holds, and P(0) is
true.

Step. Assume P(l), and let p | Héill g = (Hé-zl ¢j)qi+1- By (b), p divides the first factor or
P | qiy1. In the first case P(l) gives j < [ with p | g;; in the second, take j = [ + 1. Either
way [ +1> 1, and P(l + 1) holds.

(d) Write ¢ = pu with u € F[x]. As ¢ is irreducible, p or u is a constant, and p is not, since
degp > 1. So u is a non-zero constant, and comparing leading coefficients (Theorem 4.3.2
(b)) gives 1 = 1-u. Hence u =1 and p = q.

Part (b) fails for reducible polynomials: 22 | z - 2 with #? { 2. Part (d) needs “monic”: z and
2z are irreducible over Q, and each divides the other.

The same multiplication of a Bézout identity combines two coprime divisors.

Proposition 5.3.4. Coprime Divisors of a Polynomial

Let F be a field and m,n, h € F[z] with m | h, n | h and ged(m,n) = 1. Then mn | h.

Proof. Write h = mk with k& € Flz]. Then n | mk, and ged(n,m) = ged(m,n) = 1,
since the clauses of Definition 5.2.2 do not depend on the order of the two polynomials. By
Theorem 5.3.2, n | k; say k = nt. Then h = m(nt) = (mn)t, so mn | h.

Without coprimality the conclusion fails: z | z twice over, yet - x = 22 { 2.

Quick check. Tn Fa[z], the polynomial 22+ 1 divides (x+1)(x+1), but divides neither factor.
Does this contradict Corollary 5.3.3 (b)?

Solution. No. In Fao[z], (z + 1)(z + 1) = 22 + 1, so 22 + 1 is reducible over Fa, and the
corollary says nothing about it. (It divides neither factor because each factor has degree
1 < 2, Proposition 5.1.1 (d).)

Factors that cannot be split further

The existence half of unique factorization needs a supply of irreducibles: every polynomial of
positive degree must have an irreducible factor. In Z, the least divisor at least 2 was prime
(Number Systems: From \(\nN\) to \(\nR\), Lemma 3.3.4). For polynomials, size becomes



CHAPTER 5.3. IRREDUCIBLE POLYNOMIALS AND UNIQUE FACTORIZATION 320

degree, and the “least divisor” becomes a monic divisor of least positive degree.

Lemma 5.3.5. An Irreducible Factor Exists

Let F be a field and f € F[x] with deg f > 1. Then f has a monic irreducible divisor in

Idea. Among the monic divisors of positive degree, take one of least degree. A splitting of it
into two non-constants would produce a monic divisor of smaller positive degree.

Proof. Let ¢ be the leading coefficient of f, and let
D :={degd : d € F|x] monic, degd>1, d | f} CN.

The monic associate ¢! f has degree deg f > 1 and divides f = c¢-(c~!f), so D is non-empty.
By Sets, Relations, and Cardinality, Theorem 2.1.3 (on N = w it is Number Systems: From
\(\nN\) to \(\nR\), Theorem 1.6.2), D has a least element ng; let p be a monic divisor of
f of degree ng. Then degp = ng > 1.

Suppose p = gh with degg > 1 and degh > 1. Then deg g = ng —degh < ny (Theorem 4.3.2
(b)). Let g1 be the monic associate of g, so g = lc(g) g1 and degg; = degg. Then g; | g,
glpandp| f,so g1 | f (Proposition 5.1.1 (b)), and degg; € D is smaller than ng, against
the choice of ng. So every factorization p = gh has a constant factor, and p is irreducible.

This is Number Systems: From \(\nN\) to \(\nR\), Lemma 3.3.4 with degree in place of size;
the twin is compared with, not used.

Unique factorization

Two facts about products of lists. The proof below handles lists of polynomials, and it uses
two facts about their products, both proved by induction on the length from the recursion of
the product. Let (qi,...,q) be a list in F[z], with [ € N.

(L1) If every g; is non-zero, then Hé-zl gj # 0, and its degree is 22:1 degg;. If every g; is monic,
so is the product.

(L2) If I > 1 and j € {1,...,1}, let (¢},...,q/_;) be the list with the entry j removed: ¢} := ¢
for t < j and ¢ == g1 for j <t <1—1. Then [T'_, ¢ = (Hi;% ¢;)q;. In particular every

entry of a list divides its product.

The names (L1), (L2) are used throughout this chapter.

¢ Second reading - Proofs of (L1) and (L2)

(L1). Induction on [. For I = 0 the product is 1, which is monic of degree 0, the empty sum. If
the claim holds for [, then Héill q; = (H§:1 ¢;)qi+1 1s a product of two non-zero polynomials, so

it is non-zero with degree 22:1 deg q; + degq;+1 and leading coefficient the product of the two
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leading coefficients (Theorem 4.3.2 (b)); that is 1 -1 = 1 when both factors are monic.

(L2). Induction on [ > 1, for all j < [ at once. For [ = 1, j = 1, the shortened list is empty
and both sides are ¢;. Suppose the claim holds for lists of length [, and let (q1,...,q+1) and
j <1+1 be given. If j =1+ 1, the shortened list is (q1,...,q) and the claim is the recursion
itself. If j < I, the claim for the list (q1,...,q) and the same j gives [Tt ¢ = ([T.Z} ),
where (ry,...,7-1) is (¢1,...,q) with entry j removed. The list (qf,...,q) obtained from
(q1,-..,q41) has the first  — 1 entries r1,...,7-1 and the last entry ¢; = ¢+1. So, by the
recursion twice and commutativity and associativity in F[z],

+1 -1
H q = (H Tt)Qj di+1
t=1 t=1
-1 l
= ((IT)a1)e = (TTat)e-
t=1 t=1

The last clause of (L2) follows: ¢; divides ([]; ¢;)g¢;-

Everything is now in place.

Theorem 5.3.6. Unique Factorization of Polynomials
Let F be a field and f € F[x] with deg f > 1 and leading coefficient c.

(a) Existence. There are £k > 1 and monic polynomials pi,...,pg, irreducible over F,
with f = cpipg - pi.

(b) Uniqueness. If also f = dq1q2---q; with ¢ € F, | € N and monic polynomials
q1,- - -, q irreducible over F, then ¢ = ¢, | = k, and there is a bijection o: {1,...,k} —
{1,...,1} (Sets, Relations, and Cardinality, Definition 1.4.5) with g, ;) = p; for every
i.

In words: every polynomial of positive degree is its leading coefficient times a product of monic
irreducibles, and the leading coefficient and the irreducibles, counted with repetition, are deter-
mined by f; only their order is free. The bijection o says “the same list, possibly in another
order”: it matches each p; with an equal g,(;), and each ¢ is used exactly once.

Idea. FEuzistence. Split off one monic irreducible factor (Lemma 5.3.5); the cofactor has
smaller degree, so strong induction on the degree factors it.

Uniqueness. Divide by the leading coefficient, so that both products are equal products of
monic irreducibles. The last factor pri1 of one list divides the other product, so by Euclid’s
lemma (in the form Corollary 5.3.3 (c)) it divides one of the ¢;, and, both being monic and
irreducible, it equals it. Cancel it from both sides and use induction on the length.

Before reading on: where is Euclid’s lemma used, and why does “monic” turn “pgi1 is a
constant times q; 7 into “pp41 = q; "¢
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Proof. Existence. We prove, by Logic and Proof, Theorem 4.2.2 onn € N (read on w: its proof
uses only Logic and Proof, Axiom 4.2.1 and Number Systems: From \(\nN\) to \(\nR\),
Theorem 1.6.1 (a), (b), (d), as in Section 3.1), the statement E(n): “every monic g € F[x]
of degree n > 1 is a product p;p - - - pg of a list of monic irreducibles, £ > 1”. For n = 0 there
is nothing to prove. Let n > 1, assume E(m) for every m < n, and let g be monic of degree
n. By Lemma 5.3.5, ¢ = pu with p monic and irreducible, and u € F[z]. Comparing leading
coefficients (Theorem 4.3.2 (b)), 1 = 1-1c(u), so u is monic, and degu = n — degp < n. If
degu = 0, then u =1 and g = p is a list of length 1. Otherwise E(degu) gives u =pj---p,
with monic irreducibles p;, and the list (p1,...,p,, p) has, by the recursion, the product

(H§:1 Pi)p = up = g. This proves E(n).

Now let f be as in the theorem. Its monic associate ¢! f has degree deg f > 1, so 1 f=
p1---pr by E(deg f), and f = cp1-- - pg.

Uniqueness. By (L1), q1 - - - ¢ is monic. As f # 0, ¢ # 0, and comparing leading coefficients
in f=cq - q (Theorem 4.3.2 (b)) gives ¢ = ¢’ - 1 = ¢. Multiplying both expressions for f
by ¢!,

pip2---Pk = q192 - 4qi.

It remains to prove, by Logic and Proof, Axiom 4.2.1 on k € N, the statement U (k): “for every
l e N, if (p1,...,pr) and (q1,...,q) are lists of monic irreducibles with Hle D = ngl 4,
then | = k and there is a bijection o: {1,...,k} — {1,...,I} with g,;) = p; for every i < k”.

Base case U(0). The empty product is 1, of degree 0. By (L1), Hé-:l qj has degree > ; deg q; >
[, since each degg; > 1. So | = 0, and the empty function § — 0 is the required bijection.

Step. Assume U(k), and let (p1,...,px+1) and (qi, ..., q) be lists of monic irreducibles with
the same product N. By the recursion, N = (Hi?:l Pi)Pk+1, SO Dk+1 | N = Hé‘:l gj.- By
Corollary 5.3.3 (c), { > 1 and pg41 | g; for some j < I; by Corollary 5.3.3 (d), pr+1 = ¢;. Let
(q1,---,q]_;) be the g-list with entry j removed. By (L2),

(ﬁpi)pk+1 == (l_l_[l qé)qj = (lﬁ q;>pk+1-
i=1 t=1 =1

Since pr+1 # 0, we may cancel it (Corollary 4.3.3 (b)): lepi = Hf;ll q;. The list
(q4,-..,q,_) consists of monic irreducibles, so U(k), applied with { —1 € N, gives [ —1 =k
and a bijection ¢’: {1,...,k} — {1,...,l — 1} with qu'(z‘) = p;.

Let 7: {1,...,0 =1} = {1,..., 1} \{j} be 7(t) =t fort <jand 7(t) ==t + 1 for t > j. It is
a bijection (its inverse sends s < j to s and s > j to s—1), and ¢, = qr(+) by the definition of
q. Define o: {1,...,k+1} = {1,...,1} by o(i) = 7(0’(i)) for i < k and o(k + 1) :=j. On
{1,...,k}, o is a bijection onto {1,...,l}\ {j}, a composite of two bijections; and it sends
k + 1 to the one remaining point j. So ¢ is injective and surjective, a bijection. Finally
Qo(i) = Qr(o’(i)) = q;,(i) = p; for : < k, and gy(x41) = ¢j = px+1; and [ = k + 1. This proves
U(k+1), and the theorem.

The answer to the prompt. Euclid’s lemma enters at one line, “py41 | g; for some j”: that is
Corollary 5.3.3 (c), whose step is (b), which is Theorem 5.3.2 in the coprime case. “Monic”
enters twice. Irreducibility of ¢; only gives ¢; = py41u with u a non-zero constant; both being
monic forces u = 1 (part (d)), and without that the cancellation would leave a stray constant
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u on one side. And the leading coefficients ¢, can be compared only because the products of
monic lists are monic.

Remark. In Z, Number Systems: From N to R, Section 3.3 stated uniqueness for non-
decreasing lists of primes (Number Systems: From \(\nN\) to \(\nR\), Theorem 3.3.5), so
that two factorizations of the same number are literally equal. Polynomials have no natural
order to sort by, so here “the same up to order” is said with a bijection of indices.

Example. The Factorizations of z* — 1

Factor z* — 1 into monic irreducibles over Q, over R, over F3, over F5 and over F.

Solution. Over every field, (z—1)(z+1) = 22 —1 and (22 —1)(z?+1) = 2* —1, by expanding,
so
gt —1=(z—-1)(z+1)(z? +1).

The two factors of degree 1 are irreducible. Everything depends on x? + 1, which by Propo-
sition 5.3.1 (b) is irreducible exactly when it has no root in the field.

e Q and R. No root, since ¢2 +1 > 1 > 0 in an ordered field (after Proposition 5.3.1).
So (x — 1,2 + 1,22 + 1) is the factorization, with leading coefficient 1.

e F3. The values of 22 + 1 at 0,1,2 are 1,2,5 = 2: no root. The factorization is
(x—1,z+ 1,22 + 1) again, withz +1 =2 — 2.

e Fs. Here 22 +1 =15 =0, and indeed (x — 2)(x —3) =22 — 52 +6 = 22 + 1 in F5. So
rt—1=(x—1)(z - 2)(x — 3)(x — 4), using x + 1 = z — 4: four factors of degree 1.

e Fo. Here -1 = 1,s0 x —1 = x+ 1, and 22 + 1 = (2 + 1)? (the example after
Definition 5.3.1). So 2z — 1 = (z + 1)*: one irreducible, four times.

By Theorem 5.3.6, each of these lists is the only one up to order.

Quick check. Is 2 + z + 1 irreducible over Fy? Over F3?

Solution. Over Fo, its values at 0 and 1 are 1 and 3 = 1: no root, so it is irreducible
(Proposition 5.3.1 (b)). Over F3, 1+ 141 =3 =0, so 1 is a root and it is reducible; indeed
(x—1)2=22—-2x+1=22+2+1inTF3.

Rational roots

Over Q, the low-degree test of Proposition 5.3.1 asks for rational roots, and there are infinitely
many rationals to try. For a polynomial with integer coefficients and non-zero constant term
the candidates can be listed (a zero constant term is dealt with by factoring out a power of z,
below). The proof is about integers, not polynomials: here, unlike in the rest of this section,
integer results of Number Systems: From N to R, Chapter 3 (Euclid’s lemma, lowest terms) are
steps of the proof and not only compared with.
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Theorem 5.3.7. Rational Root Test

Let n > 1, let ag,a1,...,a, € Z with a, # 0, and let f = > " ja;2' € Q[z]. If u € Z,
v € Z>0, ged(u,v) =1 and f(u/v) =0, then u | ap and v | a,, in Z.

Idea. Clear denominators: v" f(u/v) = 0 is an equation in Z in which every term but one
is a multiple of u, and every term but another is a multiple of v. Then Euclid’s lemma for
integers strips the powers of v from agv™, one at a time.

Proof. Multiply f(u/v) =0 by v"™. For i < n, (u/v)"’ = u’ and v = v""*v* (Lemma 4.1.1
(¢), in the commutative ring Q), so

1

ant” + ap_1u" v+ - 4 au™ 4 apo™ = 0,

an equation between integers. Every term except the last contains the factor u, and every
term except the first contains the factor v (as n > 1). So

n n—1
apt" = —u E aut o™ apu” = —v E autv"
=1 1=0

and u | agv™, v | apu™ in Z.

We show u | agv™ 7 for every j < n, by Logic and Proof, Axiom 4.2.1 on j. The case j = 0 is
the line above. If u | agv™ 7 with j < n, then agv™ ™7 = v - (agv™ 7~ 1), and ged(u,v) = 1, so
Number Systems: From \(\nN\) to \(\nR)), Theorem 3.3.1 gives u | agv"~U*+D. At j = n:
u | ag. The same induction with the roles of u and v exchanged (and ged (v, u) = ged(u, v) =
1) turns v | apu™ into v | ay,.

Every rational root has such a form: by Number Systems: From \(\nN\) to \(\nR)\), Propo-
sition 3.3.6, each r € Q is u/v with u € Z, v € Z~o and ged(u,v) = 1. So, when ag # 0,
the rational roots of f are among the finitely many fractions u/v with u | ap and v a positive
divisor of a,: a divisor u of ag # 0 has —|ag| < u < |ag|, by Number Systems: From \(\nN\)
to \(\nR\), Proposition 3.1.1 (d), (e), and likewise 1 < v < |a,|. If ap = 0, then 0 is a root;
let k& be the least index with ay # 0 (so k < n). Then f = 2¥g with g == Z?:_ok a; ', which
has integer coefficients and constant term ax # 0, and the non-zero rational roots of f are those
of g, since f(r) = r¥g(r) (Theorem 4.4.1) and Q has no zero divisors; apply the test to g when
degg > 1, and when degg = 0, g has no root. The test lists candidates; it does not say which
of them are roots.

Example. A Cubic with No Rational Root

Show that 323 4+ 22 — 2 is irreducible over Q.

Solution. By Theorem 5.3.7, a rational root u/v in lowest terms has u | —2 and v a positive
divisor of 3. The divisors of —2 are £+1,£2, and the positive divisors of 3 are 1,3 (a positive
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divisor of 3 is at most 3, Number Systems: From \(\nN\) to \(\nR\), Proposition 3.1.1 (e),
and 3 = 1-2+1). So the candidates are £1,+2, +£1/3,4£2/3. The values of f = 323 + 2% —2
at them are

c 1 -1 2 —2 1/3 ~1/3  2/3 —2/3
(o) 2 —4 26 —22 ~16/9 -2 —2/3  —22/9
For instance f(2/3) =3 & + % —2=38+ % —2=—2. None is 0, so f has no rational root,

and as deg f = 3, Proposition 5.3.1 (b) makes f irreducible over Q.
Quick check. Which rational numbers can be roots of 222 + 3z — 2? Which are?

Solution. The candidates are u/v with v | —2 and v € {1,2}: £1,£2,£1/2. Evaluating, the
roots are 1/2 and —2; indeed 222 + 3z — 2 = (2 — 1)(z + 2).

Remark (Looking ahead). Two sharper tests for irreducibility over @, Gauss’s lemma and
Eisenstein’s criterion, belong to a later algebra volume of the series; nothing in this volume
uses them.

Exercises

5.3.6.1 A. Check your understanding

Exercise. Al
These questions are about the uniqueness half of the proof of Theorem 5.3.6.

(a) Which line of the proof uses Euclid’s lemma, and through which result?
(b) Where is “monic” used?

(¢) InF5[z], run the induction step on the two lists (p1,p2,p3,p4) = (z—1,2—2,x—3,2—4)
and (q1,q2,q3,q4) = (x—4,x—3,x—2,x—1). Which j matches p;? What is the bijection
o at the end?

(d) Why must the empty list be allowed?

(e) Give the idea of the uniqueness proof in two sentences.

Solution.

(a) The line “py11 | gj for some j < I”. It cites Corollary 5.3.3 (c), proved by induction
from (b), which is Theorem 5.3.2 applied when ged(p, g) = 1.

(b) In pry1 = gj: from piiq | ¢; and irreducibility of ¢; we only get ¢; = uppy1 with u
a non-zero constant, and comparing the leading coefficients 1 = u needs both monic
(Corollary 5.3.3 (d)). Also in ¢/ = ¢: the products of the monic lists are monic by (L1).
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(c) pa =x —4 divides q1¢2q3qa4; the only g; it divides is ¢ =2 —4,s0 j =1 and 0(4) = 1.
The shortened list is (¢}, ¢5,q5) = (x — 3,2 — 2,2 — 1), and 7(¢t) = t + 1. The step
for k = 2 matches p3 = x — 3 with ¢}, and so on down. Unwinding, o(i) = 5 — @
QG—;i =x—1=p; fori=1,2,3,4.

(d) The induction on k starts at £ = 0, and U(0) is about the empty list, whose product
is 1; each step removes one entry, so the empty list is where every chain of steps ends.

(e) The last irreducible of one factorization divides the other product, so by Euclid’s lemma
it divides, and so equals, one of the other’s irreducibles. Cancel it from both sides and
apply the induction hypothesis to the two shorter lists.

5.3.6.2 B. Practice

Exercise. B1: Determine which

Determine whether each polynomial is irreducible over the given field. Justify your answer.

Solution.

(a) Over Q: irreducible, since ¢* +2 > 2 > 0 for ¢ € Q (Number Systems: From \(\nN\)
to \(\nR\), Proposition 2.3.5 (e), (h)), so there is no root, and the degree is 2 (Propo-
sition 5.3.1 (b)). Over Fa: 2 = 0, so the polynomial is x?
2=—1,s0itis 22 — 1 = (x — 1)(x + 1), reducible.

(b) Over Fy: the values at 0 and 1 are 1 and 3 = 1; no root, degree 3, irreducible.
Over F3: the value at 1 is 3 = 0, so it is reducible (Proposition 5.3.1 (a)); indeed
B34+z+1=(x—1)(2®>+z+2)in Fa.

(c) Reducible: z* + 4 = (22 + 2z + 2)(2? — 2z + 2) (the warning after Proposition 5.3.1),
although it has no rational root.

(d) InFg, 3 =1 and —2 = 0, so the polynomial is 23 + 22 = 2%(x + 1). It has the root 0
and degree 3, so it is reducible.

= x - x, reducible. Over F3:

Exercise. B2: The polynomials vanishing at the square root of two

Let s € R be the non-negative square root of 2 (Number Systems: From \(\nN\) to \(\nR)),
Proposition 6.1.4, in the complete ordered field R), and let

J={f€Qla]: f(s) =0},
where f(s) is computed in R, reading Q[z] C R[z] coefficientwise. Prove that J = (2% — 2).
The beginning and the end of a proof are given.

J is an ideal of Q[z], since evaluation at s respects sums and products (Theo-
rem 4.4.1). It contains 72 —2, and 1 ¢ J. Let d be a monic element of least degree
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in J. Let f € J, and divide: f = gd + r with degr < degd (Theorem 5.1.2).
[Blank.]
So J = (d). Then d | 22 —2, and degd > 2: degd = 0 would make d = 1 € J, and

degd = 1 would give d = x + a with a € Q and s = —a, a rational number whose
square is 2, against Number Systems: From \(\nN\) to \(\nR)\), Theorem 2.6.1.
Hence d = 2% — 2.

Name the mowve, then complete it.

Solution. The move is least degree, then divide: in a set closed under the right operations,
a remainder on division by an element of least degree lies in the set and has smaller degree,
so it is 0.

Completion of the blank: r = f —qd, and f,d € J, so r € J because J is an ideal (it absorbs
the multiple gd and is closed under differences). A non-zero r would be a non-zero element of
J of degree less than deg d; its monic associate would lie in J too and have the same degree,
against the choice of d. So r =0, and f = qd € (d). Conversely every multiple of d lies in J.
This is the argument of Theorem 5.2.1, run on J.

For the end: d | 22 — 2 because 22 — 2 € J = (d). So degd < 2 (Proposition 5.1.1 (d)), and
with degd > 2, 22 — 2 = du with u a constant; both being monic, u = 1. In the language of
this section, #2 — 2 is irreducible over Q: it has degree 2 and no rational root, since a root
c would satisfy ¢? = 2, against Number Systems: From \(\nN\) to \(\nR\), Theorem 2.6.1
(Proposition 5.3.1 (b)). Every rational polynomial vanishing at s is a multiple of it.

Exercise. B3: The small irreducibles over the two-element field

List all irreducible polynomials of degree at most 3 over Fa, and prove that the list is complete.

Solution. Over Fy the only non-zero constant is 1, so every non-zero polynomial is monic and
associates are equal. There are 244+ 8 = 14 polynomials of degree 1, 2 or 3: the coefficient
of the top power is 1, and each lower coefficient is 0 or 1.

o Degree 1: = and z + 1, both irreducible (the first example after Definition 5.3.1).

o Degrees 2 and 3: by Proposition 5.3.1 (b), irreducible exactly when there is no root.
The value at 0 is the constant term, and the value at 1 is the sum of the coefficients,
which is 0 in Fy exactly when the number of non-zero coefficients is even. So the
irreducible ones have constant term 1 and an odd number of non-zero coefficients.

In degree 2, the candidates with constant term 1 are 22 + 1 (two non-zero coefficients) and
22 + 2 + 1 (three); only 22 + x + 1 is irreducible. In degree 3 they are 2% + 1, 23 + 2 + 1,
22+ 22+1, 22+ 22+ 2+ 1, with two, three, three and four non-zero coefficients; so 23 +z +1
and 23 + 2?2 4 1 are irreducible. The complete list is

r, z+1, 2°+z+1, z*4+z+1, 23+z22+1.

5.3.6.3 C. Going deeper
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Exercise. C1: Exit check: unique factorization

Prove the uniqueness half of Theorem 5.3.6: if ¢py -+ pr = /q1 - - - q; with ¢, € F non-zero
and all p;, ¢; monic irreducible over the field F', then ¢ = ¢/, | = k, and the two lists agree up
to a bijection of indices. You may cite Euclid’s lemma (Theorem 5.3.2) and Corollary 5.3.3.

Solution. The uniqueness part of the proof of Theorem 5.3.6 is a complete answer. Its steps,
in order: the products of the monic lists are monic (L1), so comparing leading coefficients
gives ¢ = ¢, and dividing by ¢ leaves equal products; induction on k, with the statement
quantified over every length [ of the other list; base case k = 0, where a non-empty list of
monic irreducibles has a product of degree at least 1; in the step, pry1 divides the other
product, so it divides some ¢; by Corollary 5.3.3 (c), and equals it by (d); remove ¢; from its
list (L2) and cancel pg11 # 0 (Corollary 4.3.3 (b)); the induction hypothesis on the shortened
lists gives [ — 1 = k and a bijection, extended by k + 1 — j.

Marking scheme. (10 points) - 1: compares leading coefficients to get ¢ = ¢/, with a reason
that a product of monic polynomials is monic. - 2: sets up an induction on the length of one
list (or a least counterexample), with the statement quantified over all lengths of the other
list, and proves the base case by a degree argument. - 3: shows that an irreducible of one
list divides the other product and equals one of its factors, citing Euclid’s lemma for several
factors and “monic irreducible divides monic irreducible implies equal”. - 1: justifies the
cancellation by the absence of zero divisors in F[z]|. - 3: applies the induction hypothesis to
the shortened lists, with the removal of the matched entry stated, and extends the bijection.
Fatal errors (0 for the step): using the uniqueness for a polynomial of smaller degree without
an induction set up; concluding py41 = ¢; from py; | ¢; without using that both are monic
and irreducible. A proof by strong induction on deg f maps to the same points: its set-up
and the degree-0 case take the 2 points of the induction, and “the cofactor has a unique
factorization” takes the last 3.

Exercise. C2: Find the error
Here is a statement and an argument for it.
Claim. z* + 1 is irreducible over Q.

Argument. (1) By Theorem 5.3.7, a rational root of x*+1 is u/v with u | 1 and
v | 1, so the only candidates are 1 and —1. (2) Both give the value 1 +1 =2 # 0,
so z* + 1 has no rational root. (3) By Proposition 5.3.1, a polynomial without
roots is irreducible. (4) Hence z* + 1 is irreducible over Q.

Is the claim true? Does the argument prove it? If not, name the line that fails, explain why,
give a counterexample to the step, and repair the proof.

Solution. The claim is true; the argument does not prove it.

Lines (1) and (2) are correct. The failing line is (3). Proposition 5.3.1 (b) is stated for
polynomials of degree 2 or 3, and z* + 1 has degree 4: the line applies a result outside its
hypotheses, a “fact” that is not available, entry (N9) of Logic and Proof, Example (What
is not allowed). A counterexample to the step: z* + 4 has no rational root and is reducible
(the warning after Proposition 5.3.1).
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Repair. Suppose z* + 1 = gh with degg,degh > 1. The leading coefficients multiply to 1,
so replacing g, h by their monic associates we may take both monic. The degrees add up to
4. If one of them is 1, that factor has a root in Q (Theorem 5.1.3 (c)), against lines (1)—(2).
So both have degree 2: ¢ = 2> + ax + b, h = 22 + cx + d with a,b,¢,d € Q. Comparing
coefficients in

(2® + az +b)(2® + cx + d) = z* + (a + )z® + (b + d + ac)2? + (ad + be)z + bd

with 2% + 1 gives ¢ = —a, b+d — a®> = 0, a(d —b) = 0 and bd = 1. Since Q has no zero
divisors (Theorem 2.1.1 (f)), a =0 or d = b.

e If a =0: d= —band —b? = 1, impossible since b> > 0 > —1 (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (e)).

e If d = b: b2 = 1, 50 b = £1 (Corollary 2.1.2), and a® = 2b = £2. Now a? = 2
is impossible by Number Systems: From \(\nN\) to \(\nR\), Theorem 2.6.1, and

a’? = —2 < 0 is impossible since squares are non-negative.

So no splitting exists, and z* + 1 is irreducible over Q.

Exercise. C3: Infinitely many irreducibles

(a) Let F be a field. Prove that no finite list contains every monic irreducible polynomial
of Fx]: for every list (p1,...,px) of monic irreducibles, k € N, some monic irreducible
is not an entry of it.

(b) Let p be prime. Prove that there are exactly p™ monic polynomials of degree n in
[F,[x], for each n € N, and deduce that [F,[x] has monic irreducibles of arbitrarily large
degree.

Solution (Hint 1). For (a), copy the integer argument: consider p; -- - pp+ 1. For (b), a monic
polynomial of degree n is determined by its n lower coefficients.

Solution (Hint 2). For (a): by (L1) the product has degree at least 1 when k& > 1, so
N = p; -+ pr + 1 has a monic irreducible factor (Lemma 5.3.5).

Solution. (a) If k = 0, the polynomial x is monic and irreducible and not an entry. Let
k>1and P :=p;---pg. By (L1), P is monic of degree Y ;degp; > 1. Then N := P + 1
has deg N = deg P > 1 (Theorem 4.3.1, the degrees of P and 1 differ), so N has a monic
irreducible divisor ¢ (Lemma 5.3.5). If ¢ = p; for some i, then ¢ | P by (L2),and g | N—-P =1
(Proposition 5.1.1 (c)), so degg < 0 (Proposition 5.1.1 (d)), against degqg > 1. So ¢ is a
monic irreducible that is not an entry of the list.

(b) A monic polynomial of degree n has n lower coefficients ay,...,an—1 € Fp, and by
Definition 4.1.1 (equality coefficientwise) the map sending it to (ag,...,a,—1) is a bijection
onto the set T;, of such tuples; its inverse puts 1 in position n and zeros above. We show
|T,| = p™ by Logic and Proof, Axiom 4.2.1 on n. Tj has one element, the empty tuple, and
p? = 1. The tuples of length n + 1 split by their last entry into p pairwise disjoint sets,



CHAPTER 5.3. IRREDUCIBLE POLYNOMIALS AND UNIQUE FACTORIZATION 330

one for each element of F,,, which has p elements (Definition 2.2.1); each is in bijection with
T, (drop the last entry). Applying Sets, Relations, and Cardinality, Proposition 3.1.5 p — 1
times (an induction on the number of pieces), [Ty, 11| = p- p" = p™+i.

So for each M € N, the monic polynomials of degree at most M form a finite set: a union
of the finitely many finite sets for n = 0, ..., M, pairwise disjoint, again by Sets, Relations,
and Cardinality, Proposition 3.1.5. Suppose every monic irreducible of F,[z] had degree at
most M. Then they would form a subset of a finite set, hence a finite set (Sets, Relations,
and Cardinality, Proposition 3.1.6), and a bijection {1,...,k} — that set (Sets, Relations,
and Cardinality, Definition 3.1.2) would be a list containing every monic irreducible, against
(a). So for every M there is a monic irreducible of degree greater than M.

Marking scheme. (10 points) - 2: (a) builds a polynomial N of degree > 1 that is 1 more
than a multiple of p; ---pg (e.g. p1---pr + 1, or p1---pr + 1), and shows deg N > 1 for
every k, k = 0 included (or treats k = 0 separately). - 3: (a) takes a monic irreducible factor
g of N and shows ¢ is no p;, since it would divide 1. - 3: (b) counts the monic polynomials
of degree n through their coefficient tuples, with an induction or a cited counting result. - 2:
(b) concludes by contradiction with (a): a bound on the degrees would make the irreducibles
a finite set, hence a list. Fatal errors (0 for the step): claiming that N itself is irreducible;
taking “the product of all monic irreducibles” without a finite list.

Exercise. C4: Greatest common divisor and least common multiple
Let f,g € F[z] be monic, d := gcd(f, g), and write f = df1, g = dgi.

(a) Prove that ged(f1,91) = 1.

(b) Prove that L := df;g; is a monic common multiple of f and ¢ that divides every
common multiple of f and g, and that d- L = fg.

(¢) In Q[z], let f = g = 22 (not monic). The ged is z, and the monic common multiple
dividing every common multiple is . Show that ged(f,g) - = # fg.

Solution. (a) Since f # 0, d is monic, so d # 0. By Theorem 5.2.2 (d), d = af + bg for some
a,b € Flz],so d-1 = d(af; + bg1). Canceling d (Corollary 4.3.3 (b)), af1 + bg1 = 1, and
ged(f1,91) = 1 by Corollary 5.2.3.

(b) Comparing leading coefficients in f = df; (Theorem 4.3.2 (b)) gives le(f1) = 1; likewise
g1 is monic, so L is monic (L1). It is a common multiple: L = fg; = ¢gf1. Let h be a common
multiple, h = fk = gm with k,m € F[z]. Then dfik = dgim, and canceling d, fik = gim.
So g1 | fik, and ged(g1, f1) = 1 by (a), hence g1 | £ by Theorem 5.3.2; say k = git. Then
h = dfigit = Lt, and L | h. Finally d - L = (df1)(dg1) = fg.

(c) ged(2z, 2x) = x by Definition 5.2.2: x is monic and divides 2z, and every common divisor
h of 2x and 2z divides 271 (2z) = 2 (Proposition 5.1.1 (b)). Next, x is monic and a common
multiple of f = g = 2z, since 27!(22) = 2. It divides every common multiple h: z | 2x
and 2z | h, so z | h by Proposition 5.1.1 (b). Any other monic L' with these two properties
satisfies | L' and L' | z, so L' = & by Proposition 5.1.1 (f). But z-z = 2? # 42% = fg, since
1 # 4 in Q. The identity of (b) needs f and g monic. For non-zero f, g, the monic associates
le(f)~1f and lc(g) ~'g have the same common divisors and the same common multiples as f
and g, since each divides the other; so (b) applied to them gives d - L = le(f)~!lc(g) "L fg.
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5.4 Roots, Multiplicity, and the Formal
Derivative

Over Q, the polynomial z* — 223 + 22 — 1 vanishes at 1 and at —1, and nowhere else. Yet it
has degree 4, and 1 behaves like three roots at once: x* — 223 + 22 — 1 = (z — 1)3(z + 1). This
section counts roots properly. It proves that a non-zero polynomial of degree n has at most n
roots, that a polynomial over an infinite field is determined by its values, and what it means for
a root to be repeated; then it shows how to see a repeated root without factoring, through the
formal derivative of Section 4.5.

Here the integers have no twin. Section 5.3 followed Number Systems: From N to R, Section
3.3 step by step, but an integer cannot be evaluated at a point. The main new tool is one fact
from Section 5.1, the factor theorem (Theorem 5.1.3): ¢ is a root of f if and only if z — ¢ | f.
Throughout, F is a field.

Counting roots

A root of f gives a factor of degree 1. Several distinct roots give several factors, and degrees
add, so there cannot be too many of them.

Theorem 5.4.1. Counting Roots

Let F be a field, f € Flz], k > 1, and let ¢1,...,cx € F be distinct roots of f. Then

(z—a)z—c) - (z—ck) | [

If f 0, then k£ < deg f. In particular, a non-zero polynomial of degree n has at most n
distinct roots in F.

Idea. Peel the roots off one at a time. If f = (x —¢1) -+ (x — cx—1) h, then the next root ¢
must be a root of h: at ¢ the product of the factors ¢, — ¢; is non-zero, because the roots
are distinct and a field has no zero divisors. Then the factor theorem splits x — ¢ off h.
Counting degrees at the end gives k < deg f.

Proof. For k > 1let P = [[*,(z — ¢), the product of a list in F[z] (the recursion of
Section 5.3, after Corollary 5.3.3). We prove “Py, | f for all distinct roots ci, ..., cx of f” by
Logic and Proof, Axiom 4.2.1 on k£ > 1 (on w, Number Systems: From \(\nN\) to \(\nR\),
Corollary 1.7.3 (b)).

For k=1, P =x —cj,and = — ¢; | f by Theorem 5.1.3 (b).

Suppose the claim holds for k, and let ¢y, ..., ck1 be distinct roots of f. By the claim for
Cly.--sCky, f = Pph for some h € F[z|. Evaluating at c¢xy1 (Theorem 4.4.1, applied factor by
factor along the recursion),

0= f(ckt1) = (crr1 — c1)(Crr1 — c2) -~ (1 — ck) h(Crt1)-

Each cpy1 — ¢; with ¢ < k is non-zero, since the roots are distinct, and a product of non-zero
elements of a field is non-zero (Theorem 2.1.1 (g), by induction on the number of factors).
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So h(ckg+1) = 0 by Theorem 2.1.1 (f). By Theorem 5.1.3 (b), h = (z — cgx4+1)h1 for some
hi € F[z], and by the recursion

f=Pg(x — ck1)h1 = Peiarh.

So Py | f-

Now let f # 0 and write f = Pyh;. Then hy # 0, Py is monic of degree k by (L1) of Section
5.3, and deg f = k + degh; > k by Theorem 4.3.2 (b).

Both hypotheses have a job: “distinct” in the factors cxy11 — ¢; # 0, and “field” in the step “a
product of non-zero elements is non-zero”.

O Second reading - Dropping a hypothesis

Without “distinct™ 1,1 is a list of two roots of # — 1, but (z — 1)? { 2 — 1, by degrees (Propo-
sition 5.1.1 (d)). Without “field”: over the ring Z/8Z, which has zero divisors, the polynomial
x? — 1 of degree 2 has the four roots 1,3,5,7, since 32 —1 =28, 52 — 1 = 24 and 7> — 1 = 48 are
multiples of 8; there (3 —1)(3+ 1) = 8 = 0 with both factors non-zero.

Quick check. Can a polynomial over Q of degree 3 vanish at 1,2,3 and 4?7 Can a polynomial
of degree at most 37

Solution. Not one of degree 3: it is non-zero, so it has at most 3 distinct roots (Theo-
rem 5.4.1). A polynomial of degree at most 3 can, but only the zero polynomial, whose
degree is —oo < 3.

Values determine the polynomial

Section 4.4 insisted that a polynomial is not a function: over Fo, 2 + z and 0 have the same
values (Example (Different Polynomials, Equal Functions)). Its warning promised that over a
field such as Q the values do determine the polynomial. Counting roots pays that promise.

Theorem 5.4.2. Polynomials Determined by Values

Let F be a field and f, g € F[z].

(a) Let n € N. If deg f < n, degg < n, and f(¢;) = g(¢;) for n + 1 distinct elements
Coy---,Cp € F, then f =g.

(b) If F is infinite and f(c) = g(c) for every c € F, then f = g.
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Idea. Two polynomials that agree at a point differ by a polynomial with a root there. If they
agree at more points than their degree allows, the difference has too many roots, so it is 0.
An infinite field has as many points as we need.

Proof. (a) By Theorem 4.3.1, deg(f — g) < max(deg f,degg) < n (the degree of —g is that
of g). By Theorem 4.4.1, (f — g)(¢;) = f(e;) — g(ci) = 0, so co,...,cp, are n + 1 distinct
roots of f —g. If f — g # 0, Theorem 5.4.1 gives n + 1 < deg(f — g) < n, which is false. So
f—g9=0.

(b) We first find enough distinct elements.

Claim. An infinite set S contains, for every m € N, a list of m distinct elements: an injective
function {1,...,m} — S.

Proof. By Logic and Proof, Axiom 4.2.1 on m. For m = 0 the empty function works. Suppose
S1,...,8m are distinct elements of S. The set A := {s1,..., s} has m elements, through the
bijection ¢ +— s;, so it is finite (Sets, Relations, and Cardinality, Definition 3.1.2). Since S is
infinite (Sets, Relations, and Cardinality, Definition 3.1.3), A # S, and as A C S, there is
s € S with s ¢ A. Then s1,...,58y,,s are m + 1 distinct elements of S.

The claim is proved by induction on a statement of the form “there exists a list”, and each
step takes one element from a non-empty set, once; no sequence of choices is made, so no
axiom of choice is used. Now let n := max(deg f,degg,0) € N. The claim with S = F' and
m =mn+ 1 gives n + 1 distinct elements of F, at which f and g agree, and (a) gives f = g.

Over Q, R and C, which are infinite, equality of polynomials and equality of polynomial functions
are therefore the same thing. Two polynomials with integer coefficients that agree at every
integer are equal too: read them in Q[z], and apply (a) at n + 1 distinct integers. Part (a) says
more, and it says it over every field: n + 1 values fix a polynomial of degree at most n. A line
is fixed by two points, a parabola by three.

Warning. Over a finite field, (b) fails. For a prime p, every ¢ € F), satisfies ¢ = ¢
(Theorem 2.6.6 (a)), so the polynomial 2 — x, which is not 0 (its coefficient of 2P is 1),
vanishes at every element of F,. For p = 2: 02 -0 =0 and 12 — 1 = 0, which is Example
(Different Polynomials, Equal Functions). For p = 3: the values at 0,1,2 are 0, 0 and
8 —2 =6 = 0. There is no conflict with (a): a polynomial of degree p needs p + 1 points,
and I, has only p.

Example. Polynomial Functions over a Finite Field

(a) Show that 2 + 2z and 0 have the same values on F3, and factor o3 + 2x in F3[z].
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(b) Let p be prime. Show that, in Fp[x],

p—1

:z:p—x:H(a:—c):x(x—l)(a:—Z)-“(a:—(p—1)).

c=0

Solution.

(a) InF3,2 = —1,80 23+2x = 23 —z. Its valuesat 0,1,2 are 0, 1 -1 =0and 8—2 =6 = 0:
the same as those of 0, although 2® — z # 0. So 0, 1,2 are three distinct roots, and by
Theorem 5.4.1, x(x — 1)(x — 2) | #3 — . Both are monic of degree 3, so the cofactor
has degree 0 and, comparing leading coefficients, is 1:

342z =2(x—1)(z—2) in F3fz].

Expanding confirms it: z(x — 1)(z — 2) = 23 — 322 + 22 = 23 4 2z, since 3 = 0.

(b) The elements 0,1,...,p — 1 of F,, are distinct (Definition 2.2.1), and each is a root of
xP — x by the warning. By Theorem 5.4.1, the product P of the z — ¢ divides zP — x;
P is monic of degree p by (L1) of Section 5.3, and so is 2P — x, because p > 2 > 1. As
in (a), 2P —x = P - u with degu = 0, and comparing leading coefficients gives u = 1.

Re-centering at a point

To study a polynomial near a point ¢, it helps to write it in powers of & — ¢ instead of powers
of z. For 22 and ¢ = 1: 22 = 1+ 2(z — 1) + (x — 1)%. Such an expansion always exists and is
unique, and it is found by dividing by x — ¢ repeatedly.

Theorem 5.4.3. Expansion in Powers of z — ¢
Let F be a field, f € Flz] with deg f =n >0, and c € F.

(a) There are unique by, by, ...,b, € F with
7= ij(x —c).
§=0

(b) by = f(c), and by, is the leading coefficient of f.
(c) Forevery h € F, f(c+h) =37, bih.

By Theorem 4.3.2 (b) and induction on j, each (x—c)? is monic of degree 5; so a sum Z}]:o dj(z—
c)? with d; # 0 has degree exactly J: the term dj(x — c)” has degree .J, every other non-zero
term has smaller degree, and Theorem 4.3.1 (with equality when the degrees differ, applied one
term at a time) does the rest. The uniqueness half of (a) below uses this fact; part (b) uses its
first clause, that (z — ¢)™ is monic of degree n.

Idea. Divide f by x — ¢: the remainder is the constant f(c), and the quotient has degree
one less. Expand the quotient the same way, by induction, and multiply back by x — ¢. For
uniqueness, compare degrees: a non-trivial combination of the powers (z —¢)? has the degree
of its highest term, so it is not 0.
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Proof. (a), existence. By Logic and Proof, Axiom 4.2.1 on n, for every f of degree n. If
n = 0, f is a non-zero constant by = bo(z — ¢)°. Let deg f = n + 1. By Theorem 5.1.2
and Theorem 5.1.3 (a), f = (x — ¢)g + f(c) with ¢ € F[z]. Since degf > 1 > deg f(c),
Theorem 4.3.1 gives deg((z — ¢)q) =n+ 1, so ¢ # 0 and degq = n (Theorem 4.3.2 (b)). By
the induction hypothesis, ¢ = >77_, d;(z — c)’. Then

n n+1

=1+ dila—cf ™ =3 bi(e—cf,

j=0 7=0

with by := f(c) and bj41 = dj, by the distributive law for finite sums (Lemma 4.1.1 (b),
(¥2)) and a shift of the summation index.

(a), uniqueness. If 37_obj(x —c)) = YU _gbi(x — c), then Y7 _o(b; — b)(z — ) = 0
(Lemma 4.1.1 (b), (¥1), (¥4)). If some b; — b’; were non-zero, the largest such j would be
the degree of this sum, by the fact before the Idea; but the sum is 0. So b; = b;- for every j.

(b) Evaluate at ¢ (Theorem 4.4.1): (¢ —¢)? =1 and (¢ —c)! = 0 for j > 1, so f(c) = bo.
The terms with j < n have degree less than n, and b, (x — ¢)™ has coefficient b, at 2", since
(x — ¢)™ is monic of degree n; so the coefficient of 2™ in f, its leading coefficient, is by,.

(c) Evaluate at ¢ + h: (x — ¢) takes the value h there, and Theorem 4.4.1 carries sums,
products and powers through.

The coefficients b; are computed by the existence proof: divide by = — ¢, keep the remainder
as by, divide the quotient by = — ¢, keep the remainder as b;, and so on until the quotient is a
constant, which is b,,. The next example runs this.

Quick check. Expand 23 in powers of 2 — 1 over Q.

Solution. z3 = (z—1)(z®+z+1)+1, 22 +z+1=(z—-1)(z+2)+3,z+2=(z—1)-1+3.
SOboZl,b1=3,bQZ3,b3=1:

2 =1+3(z-1)+3(x -1+ (z - 1)

Multiplicity

The hook’s polynomial (x —1)3(x+1) is divisible by (x —1)3 and not by (x —1)*. That exponent
is what “three roots at once” means.

The multiplicity of a root counts how many factors x — ¢ can be split off.

Definition 5.4.1. Multiplicity of a Root

Let F be a field, f € F[z] non-zero, and ¢ € F. The multiplicity of ¢ in f, written
mult.(f), is the largest m € N with (z —¢)™ | f. The root ¢ is simple if mult.(f) =1 and
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multiple if mult.(f) > 2.

In words: keep dividing f by « — ¢ while the division comes out exact; the number of exact
divisions is the multiplicity.

Well defined. The set M = {m € N: (z — ¢)™ | f} contains 0, since (z — ¢) = 1 divides f. For
m € M, m = deg(z — ¢)™ < deg f (Proposition 5.1.1 (d)), so M is bounded above, and it has a
greatest element (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.6, with N C Z).
By the factor theorem (Theorem 5.1.3 (b)), 1 € M exactly when f(c) =0, so

mult.(f) =0 < f(c) #0.

For the direction from right to left: if f(c) # 0, no m > 1 lies in M either, since (z — ¢)" =
(r —c)™ 1(z —c) (Lemma 4.1.1 (c)), so (x —c)™ | f would give x —c | f (Proposition 5.1.1 (b)),
that is, 1 € M. Hence M = {0}. A multiplicity 0 means “not a root”. The zero polynomial is
excluded because every power of x — ¢ divides it, and M would have no greatest element.

Examples. In Q[z], mult;((z — 1)?) = 2: (z — 1)? divides itself, and (x — 1)® does not, by
degrees. multg(z? + x) = 1: the value at 0 is 0, and 22 does not divide 2% + x, since division
with remainder gives 22 + x = 2% - 1 + 2 with remainder = # 0. And multy(z? + x) = 0, since
the value at 2 is 6 # 0.

The definition asks for a largest exponent, which is awkward to check directly. The next lemma
replaces it by a single evaluation.

Lemma 5.4.4. Multiplicity through the Cofactor
Let F' be a field, f € F[z| non-zero, ¢ € F and m € N.

(a) mult.(f) =m if and only if f = (z — ¢)"g for some g € F[z] with g(c) # 0.
(b) Such a g is unique.

() U f=3" 0bj(z— c)? is the expansion of Theorem 5.4.3, then mult.(f) is the least j
with b; # 0.

Idea. If the cofactor g vanished at ¢, one more factor x — ¢ would split off; if one more factor
split off, cancellation would make g vanish at c. For (c), the expansion displays the cofactor
directly.

Proof. (a) (=) Let m = mult.(f), so f = (z—c¢)™g for some g. If g(c) =0, then g = (z—c)q1
(Theorem 5.1.3 (b)) and (z — ¢)™*! | f, against the maximality of m. So g(c) # 0.

(<) Let f = (x—c¢)™g with g(c) # 0; then m € M. Suppose some m’ > m were in M. Then
(z —¢)™*! divides (z —¢)™, hence f: say f = (z — )"k = (z — ¢)™((x — ¢)k). Canceling
(x —¢)™ # 0 (Corollary 4.3.3 (b)) gives g = (z — ¢)k, so g(c) = 0, a contradiction. So m is
the largest element of M.

(b) If (x —c)™g = (x — )¢, cancel (z — ¢)™ # 0.

(c) The coefficient b, is the leading coefficient of f, so it is non-zero, and the set of j with
b; # 0 has a least element J (Sets, Relations, and Cardinality, Theorem 2.1.3). The terms
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with j < J vanish, so, taking the factor (z — ¢)’ out of the remaining terms,
n—J ]
f=@-0979, g=) brulz—0o"
=0
Evaluating at ¢, as in Theorem 5.4.3 (b), g(c) = by # 0. By (a), mult.(f) = J.

The factor g is the cofactor of cin f. Multiplicities of a product add, because cofactors multiply.

Proposition 5.4.5. Multiplicity of a Product

Let F be a field, f,g € F[z] non-zero and ¢ € F. Then mult.(fg) = mult.(f) + mult.(g).

(f) and n = mult.(g). By Lemma 5.4.4 (a), f = (z — ¢)™u and
¢) # 0 and v(c) # 0. Then fg = (z — ¢)" "uv (Lemma 4.1.1 (c),
), fg # 0 (Corollary 4.3.3 (a); a field is an integral domain), and
0 (Theorem 4.4.1, Theorem 2.1.1 (f)). By Lemma 5.4.4 (a) again,

Proof. Let m := mult,
g = (x — ¢)"v with u(
commutativity of F[z]

(uv)(c) = u(c)v(c) #
mult.(fg) = m +n.

Quick check. Over Q, find multy(z® + ) and multy (23 — 47).

Solution. x° + z3 = x3(x? + 1), and the cofactor 22 + 1 has value 1 # 0 at 0, so multy = 3
by Lemma 5.4.4 (a). 2% — 42 = (z — 2) - #(x + 2), with cofactor value 2-4 = 8 # 0 at 2, so
multy = 1: a simple root.

All roots can now be split off at once. The roots of a non-zero f form a finite set: otherwise the
claim in the proof of Theorem 5.4.2 (b), applied to the set of roots, would give deg f + 1 distinct
roots, against Theorem 5.4.1. So they can be listed without repetition.

Theorem 5.4.6. Splitting Off All Roots

Let F' be a field and f € F[z] non-zero. Let c1,...,c; € F, k € N, be the distinct roots of f
in F' (every root of f in F' is one of them), and m; := mult.,(f). Then

f=@—-—c)"(z—c)™ - (x—cp)™yg
for some g € F[z]| with no root in F', and mj + mg + -+ - +my < deg f.
Idea. Split off the full power of one root with Lemma 5.4.4. The cofactor keeps every other

root, with the same multiplicity, because the power just removed does not vanish there;
induction on the number of roots does the rest.
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Proof. By Logic and Proof, Axiom 4.2.1 on k, we prove: for every non-zero f and every
list c1,...,c, of distinct elements of F' whose entries are exactly the roots of f in F', the
displayed factorization holds with g rootless. For &k = 0, f has no root, and g := f works
with the empty product 1.

Assume the statement for k, and let the roots of f be exactly the distinct cy,...,cx+1. By
Lemma 5.4.4 (a), f = (z — cg+1)™ 1 g1 with g1(ck+1) # 0; then g1 # 0.

The roots of g; are exactly c¢i1,...,cx. A root c of g1 is a root of f (Theorem 4.4.1), and
¢ # Cp41, 80 ¢ = ¢; with ¢ < k. Conversely, for i < k, the polynomial (z — cp41)™*+! has the
value (¢; — cpy1)™+1 # 0 at ¢; (a power of a non-zero element of a field, Theorem 2.1.1 (g)),
so its multiplicity at ¢; is 0, and Proposition 5.4.5 gives

multe, (g1) =m; —0=m; > 1.
So ¢; is a root of g1, with the same multiplicity as in f.

The statement for k, applied to g; and ¢y, ..., ¢k, gives g1 = Hé“:l(a? —¢;)™i g with g rootless.
Hence, by commutativity and associativity and the recursion of the product,

k k+1
f= (@ ™)@~ exsny™r g = ([[ @~ )™ )s.
i=1 i=1

For the degree, the product is monic of degree >, m; by (L1) of Section 5.3, and g # 0, so
deg f =32, m; +degg > >, m; (Theorem 4.3.2 (b)).

So the multiplicities add up to at most deg f: counted with multiplicity, a non-zero polynomial
of degree n still has at most n roots. The case where nothing is left over has a name.

Definition 5.4.2. Splitting over a Field

Let F be a field and f € F[x] non-zero of degree n. The polynomial f splits over F if
f=alx—a)(xr—az) - (x—ap)

for some a,aq,...,a, € F, repetitions among the a; allowed. For n = 0 this says that f =«
is a non-zero constant.

If f splits, the multiplicities of its roots add up to exactly n: the rootless factor g of Theo-
rem 5.4.6 is then a constant.

¢ Second reading - Why nothing is left over

In the factorization of Theorem 5.4.6, suppose the rootless g had degree at least 1; it would have
a monic irreducible factor ¢ (Lemma 5.3.5), say g = gh. Since g | f, also ¢ | f (Proposition 5.1.1
(b)). As f #0, a # 0, and ¢ divides a~'f = (x —a;1)(x —az) - - - (x — ay) (Proposition 5.1.1 (c)).
By Corollary 5.3.3 (¢), n > 1 and ¢ | x — a; for some i. Each z — a; is monic and, having degree
1, irreducible (Section 5.3), so Corollary 5.3.3 (d) gives ¢ = x — a;. Then g(a;) = q(a;)h(a;) =0
(Theorem 4.4.1), against g rootless. Hence g is a constant, non-zero as f # 0, and deg f = >, m;
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(Theorem 4.3.2 (b)).

For example, 22 — 2 does not split over Q: a splitting a(x — a;)(x — az) would make a; a rational
root, and a? = 2 is impossible (Number Systems: From \(\nN\) to \(\nR\), Theorem 2.6.1).
Over R it splits, as (x — s)(z + s) with s the non-negative square root of 2 (Number Systems:
From \(\nN\) to \(\nR\), Proposition 6.1.4).

Example. Multiplicities by Repeated Division

Find the roots of f = z* — 223 + 22 — 1 € Q[z] with their multiplicities, and expand f in
powers of x — 1.

Solution. The value at 1is 1 —2+2 —1 =0, so divide by  — 1, and keep dividing while the
remainder is 0:

gt =23 42— 1=(z-1)(23 -2 —2+1)+0,
B2 —z+1=(x-1)(z2-1)+0,
22 —1=(z—1)(x+1)+0,
r+l=(x—-1)-1+2.

So f = (z — 1)3(z + 1), and the cofactor = + 1 has the value 2 # 0 at 1: mult;(f) = 3 by
Lemma 5.4.4 (a). At —1, the cofactor of z + 1 is (z — 1), with value (-2)% = —8 # 0, so
mult_1(f) = 1. There are no other roots: f(c) = (c—1)3(c+1) =0 forcesc=1or c = —1
(Theorem 2.1.1 (f)). The multiplicities add up to 4 = deg f, and f splits over Q, with a = 1
and (al, as, as, a4) = (1, 1, 1, —1).

The remainders 0, 0, 0, 2 and the last quotient 1 are the coefficients by, . . . , by of Theorem 5.4.3
at ¢ = 1, by its existence proof:

f=2z—-134+ (z-1)%

and the least j with b; # 0 is 3, the multiplicity, as Lemma 5.4.4 (c) says. Expanding
(z —1)3((x — 1) + 2) confirms the expansion.

Repeated roots and the derivative

Finding multiplicities by division needs the root first. The formal derivative detects repeated
roots, and repeated factors, without knowing them. Section 4.5 defined it with no limits: for
f=2kt K,
f/ — Z(k . fk)xkfl
k>1

(Definition 4.5.1), where k - fi is the k-th multiple and k- 1 may be 0 in F'. It obeys the rules
of calculus (Theorem 4.5.1): it is additive with (af)’ = af’ for a constant a; the product rule
(fg) = f'g+ fg holds; and (¢™) = (m-1)g™ ¢/, in particular ((z —¢)™) = (m-1)(x — )™
for m > 1. In characteristic 0, f/ = 0 only for constant f, and deg f’ = deg f —1 when deg f > 1
(Proposition 4.5.2 (a)); in characteristic p a non-constant polynomial can have derivative 0: over
Fo, (22) = (2- 1)z = 0.

At a double root the graph of a real polynomial touches the axis, with slope 0. The formal
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version of that picture needs no graph and no slope.

Theorem 5.4.7. Repeated Roots and the Derivative
Let F be a field, f € F[x]| non-zero and ¢ € F.

(a) c¢is a multiple root of f if and only if f(c) =0 and f/(c) = 0.
(b) If mult.(f) =m >1and m-1 0in F, then f’' # 0 and mult.(f') = m — 1.

Idea. Write f = (x — ¢)™g with g(c) # 0 and differentiate by the product rule. Both terms
contain (z — ¢)™ 1, so f' = (x — ¢)™ ' B with a bracket B whose value at c is (m - 1)g(c).
Everything follows from looking at m and at that value.

Proof. Let m := mult.(f). If m = 0, then f(c) # 0, so both sides of (a) are false, and (b)
does not apply. Let m > 1, and write f = (x — ¢)"¢ with g(c) # 0 (Lemma 5.4.4 (a)). By
Theorem 4.5.1,
fl=(m-@-c" g+ (@-cmy
= (z — )™ 1B, B=(m-1)g+(x—c)g.
At ¢, B(c) = (m - 1)g(c) (Theorem 4.4.1).

(a) Here f(c) = 0. If m > 2, then m —1 > 1 and f'(c) = 0™ 'B(c) = 0. If m = 1, then
f/=Band f'(¢c) = (1-1)g(c) = g(c) # 0. So f'(¢) = 0 exactly when m > 2, that is, when ¢
is a multiple root.

(b) If m -1 # 0, then B(c) = (m-1)g(c) # 0 by Theorem 2.1.1 (f). So B # 0, hence ' # 0
(Corollary 4.3.3), and Lemma 5.4.4 (a) applied to f' = (x —¢)™ !B gives mult.(f’) = m — 1.

The hypothesis m-1 # 0 in (b) is needed. Over F3, f = 2 has multo(f) = 3, but f’ = (3-1)2% =
0, whose multiplicity is not even defined. Part (a) holds over every field.

Remark. The polynomial 27—z has only simple roots. Over F,, (27 —x)" = (p-1)zP~ -1
by Theorem 4.5.1, and this is —1, since p- 1 = 0 in F,, (Example (The characteristics of the
standard fields): charF, = p). The derivative —1 vanishes nowhere, so by (a) no root of
xP — z is multiple. By Example (Polynomial Functions over a Finite Field) (b), every c € I,
is a root, and each is simple: zP — x is the product of the p distinct factors x — ¢. This is the
fact that Section 4.5’s warning set aside.

The same computation, with an irreducible factor in place of x — ¢, detects repeated factors
through a ged, which the Euclidean algorithm of Section 5.2 computes without factoring any-
thing.

Corollary 5.4.8. Repeated Factors and the Greatest Common Divisor

Let F be a field and f € Fx] with deg f > 1.
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(a) If p € F[z] is irreducible and p? | f, then p | ged(f, /). So if ged(f, f') = 1, no
irreducible divides f twice, and f has no multiple root in F'.

(b) If F has characteristic 0 (Definition 2.5.1) and ged(f, /) # 1, then p? | f for some
irreducible p.

Idea. For (a), differentiate p?g: every term keeps a factor p. For (b), take an irreducible p
dividing both f and f’. If p divided f only once, f = pg, then p would divide f' —pg’ = p'g,
and hence p’, which in characteristic 0 is non-zero of smaller degree.

Proof. (a) Write f = p?g. By Theorem 4.5.1,
f'=2-Vpp'g+p°d =p((2- )p'g +pg'),

so p divides both f and f’, and hence divides ged(f, f/) (Theorem 5.2.2 (b); f # 0). If
ged(f, f') = 1, this would give p | 1, impossible since degp > 1 (Proposition 5.1.1 (d)). A
multiple root ¢ would give (z — ¢)? | f with 2 — ¢ irreducible.

(b) Let d == ged(f, f'). It is monic (f # 0) and d # 1, so degd > 1, and d has a monic
irreducible divisor p (Lemma 5.3.5). Then p | f and p | f' (Proposition 5.1.1 (b)). As
for multiplicities, the set of m € N with p™ | f contains 0 and 1 and is bounded by deg f
(m < mdegp = degp™); let m > 1 be its greatest element and write f = p™g. Then p 1 g,
since otherwise p™*! | f.

Suppose m = 1. Then f' = p'g + pg’, and p divides f" and pg’, so p | f' —pg = pg
(Proposition 5.1.1 (c)). By Corollary 5.3.3 (b), p | p’ or p | g, and p { g. But F has
characteristic 0 and degp > 1, so p’ # 0 and degp’ = degp — 1 < degp (Proposition 4.5.2
(a)); then p {p’ by Proposition 5.1.1 (d). This contradiction shows m > 2, and p? | f.

Characteristic 0 is used once, at degp’ = degp — 1. Over Q, a polynomial f therefore has a
repeated irreducible factor exactly when ged(f, f’) # 1, and that question is answered by the
Euclidean algorithm (Theorem 5.2.5) with no factoring at all.

Quick check. Is 1 a multiple root of 23 — 3z + 2 € Q[z]?

Solution. Yes. f(1) =1-3+2=0, f' = 3z2—3 and f’(1) = 0, so Theorem 5.4.7 (a) applies.
Indeed 23 — 3z + 2 = (x — 1)?(z + 2).

Exercises

5.4.6.1 A. Check your understanding

Exercise. Al
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(a) Find mult; and mult_; of 2% — 223 + 2z — 1 € Q[x].

(b) In F3[z], let f = 23. Is 0 a multiple root by the test of Theorem 5.4.7 (a)? Does part
(b) apply?

(¢) True or false: a polynomial over Q of degree at most 2 that vanishes at 1,2, 3 is the
zero polynomial.

(d) True or false: a polynomial over Fy that vanishes at every element of Fy is the zero
polynomial.

Solution.

(a) 3 and 1 (Example (Multiplicities by Repeated Division)).

(b) Yes: f(0) = 0 and f' = (3-1)z®> = 0, so f/(0) = 0, and 0 is a multiple root (its
multiplicity is 3). Part (b) does not apply: m = 3 and 3-1 = 0 in Fs; indeed f' =0,
and its multiplicity is not 2, it is not defined.

(c) True: a non-zero polynomial of degree at most 2 has at most 2 distinct roots (Theo-
rem 5.4.1), or Theorem 5.4.2 (a) with n =2 and g = 0.

(d) False: 22 + x # 0 vanishes at 0 and 1 (Example (Different Polynomials, Equal Func-
tions)). Part (b) of Theorem 5.4.2 needs an infinite field.

5.4.6.2 B. Practice

Exercise. B1: Put the proof in order

The following lines contain a proof of the divisibility part of Theorem 5.4.1, shuffled, together
with two lines that do not belong. Write the seven correct lines in an order that makes a
proof, say which other orders are also admissible, and say why each of the other two lines
fails.

(i) We use induction on k; for k =1,  — ¢; | f by the factor theorem.
(ii) Assume the claim for every list of & — 1 distinct roots, and let ¢y, ..., ¢, be distinct
roots of f.
(iii) Write f = (x —c1) -+ (x — cx—1) h.
(iv) Evaluate at c¢: 0= (¢ —c1) - (cx — ck—1) h(ck)-
(v) Each ¢ — ¢;, i < k, is non-zero, since the roots are distinct.
(v') Each ¢ — ¢, @ < k, is non-zero, since ¢ # 0.
(vi) A product of non-zero elements of a field is non-zero, so h(c) = 0.
(vi') h(ck) = 0, because f(cx) = 0.
(vii) By the factor theorem, h = (z — cx)hi, so f = (x —c1) -+ (x — ¢x) ha.

Solution. An admissible order is (i), (ii), (iii), (iv), (v), (vi), (vii):

We use induction on k; for k = 1, x — ¢; | f by the factor theorem. Assume the
claim for every list of k — 1 distinct roots, and let ¢y, ..., c; be distinct roots of f.
Write f = (z—c1) -+ - (x—cg—1)h. Evaluate at cx: 0 = (cp—c1) - -+ (e —cx—1)h(ck)-
Each ¢, —c¢;, i < k, is non-zero, since the roots are distinct. A product of non-zero
elements of a field is non-zero, so h(c;) = 0. By the factor theorem, h = (x—cy)h1,
sof=(x—c1) - (x—ck)hi.
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Lines (i) and (ii) set up the induction and come first, in that order; (iii) uses the hypothesis
of (ii). Line (v) uses only the distinctness from (ii), so it may come anywhere after (ii) and
before (vi); in particular (iv) and (v) may be exchanged, and (v) may even precede (iii). Line
(vi) needs both (iv) and (v), and (vii) needs (vi) and (iii). So the admissible orders are: (i),
(ii), then (iii), (iv), (v) with (iv) after (iii) and (v) anywhere among them, then (vi), (vii).

The distractor (v') gives a wrong reason: ¢ = 0 is allowed, and ¢, # 0 says nothing about
¢k — ¢;. The distractor (vi’) skips the cancellation: f(cx) = 0 only says that the product in
(iv) is 0, and passing to h(ck) = 0 needs both (v) and the absence of zero divisors. Over a
ring with zero divisors the step fails: over Z/8Z, x?> — 1 = (z — 1)(z + 1) has the root 3, yet
neither factor vanishes at 3.

Exercise. B2: Expansions at a point

(a) Expand x3 — 22 + 5 € Q[z] in powers of x — 1.

(b) Find mult_s(z® — 3z + 2) from the first two coefficients of an expansion in powers of
T+ 2.

Solution.

(a) Divide by x — 1 three times:

73— 22 +5=(z—1)(zX+z—1)+4,
?4z—1=(—1)(z+2)+1,
z+2=(x—1)-1+3.

By the existence proof of Theorem 5.4.3, 23 — 22 +5 = 4+ (x — 1) +3(z— 1)+ (z - 1)3.
Expanding the right side gives back z3 — 2x + 5.

(b) Here c= —2 and x —c = x +2. First 23 -3z +2 = (z+2)(z? — 22+ 1)+ 0, so by = 0;
then 22 — 22 +1 = (z+2)(x —4) + 9, s0 by = 9 # 0. By Lemma 5.4.4 (c), mult_s = 1:
—2 is a simple root.

Exercise. B3: Functions on a finite field

Let p be prime and f,g € Fp[z]. Prove that f(c) = g(c) for every ¢ € F, if and only if

2P —x | f —g. Then find a polynomial of degree less than 5 with the same values on F5 as
7

38" I B

Solution. (<) If f — g = (2P — x)h, then for ¢ € F,,, f(c) — g(c) = (¢? — ¢)h(c) = 0, since
c? = ¢ (Theorem 2.6.6 (a)).

(=) If f and g agree on Fp,, then 0,1, ..., p—1 are p distinct roots of f—g, so Hﬁ;é (x—c) | f—g
by Theorem 5.4.1, and that product is P — x (Example (Polynomial Functions over a Finite
Field) (b)).

2

orp=>5 ' =x-z°,and z' —z° =2(z° —z),s0 (z' + ) — (z° +x) =2°(z° —z) is
F 5: 27 5 and 27 3 2(,.5 7 3 2(,.5 :
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a multiple of 2° — x. By the first part, 2> + = has the same values as 27 + x on F5, and its
degree is 3 < 5.

5.4.6.3 C. Going deeper

Exercise. C1: The coefficients as derivatives

Let I be a field of characteristic 0, f € F'[x] of degreen >0, c € F, and f = 377 bj(z — c)’
as in Theorem 5.4.3. Prove that

bj = = (0<j<n),

where fU) is the j-th formal derivative (Definition 4.5.1). Check the formula on the expansion
of Exercise B2 (a) at j = 2.

Solution (Hint 1). Compute the j-th derivative of (z — ¢)? first.

Solution (Hint 2). By induction on j, ((z — c)i)(j) =((i(i—1)---(i—7+1) 1)(x—c)
for j <14, and 0 for 5 > 1.

Solution. The derivatives of the powers. We prove the formula of Hint 2 by Logic and Proof,
Axiom 4.2.1 on j, for all ¢. For j = 0 the coefficient is the empty product 1. Suppose it holds
for j. If j+1 <4, then i —j > 1 and, by Theorem 4.5.1 (a) and (c),

((.’L‘ — c)i)(j+1) — ((Z ce (l —j+ 1)) . 1) ((Z _ ]) . 1) (IE . C)ii];l?

and (u-1)(v-1) = (uv)-1 (Lemma 2.5.1 (b)) gives the coefficient (i--- (i—j))-1. If j+1 =i+1,
the i-th derivative is the constant (i! - 1), whose derivative is 0; and the derivative of 0 is 0
for larger j.

The coefficients. Since the derivative is additive with (af)" = af’ for constants a (Theo-
rem 4.5.1 (a)), so is the j-th derivative (induction on j), and

n

FO=3"b((i-- = +1) - 1)(@— o).

=7

At z = ¢, every term with i > j vanishes, and the term i = j is b;(j!-1). So fU)(c) = (j!-1)b;.
In characteristic 0, j!- 1 # 0 (Definition 2.5.1, as j! > 1), and dividing gives the formula.

Check. For f =3 — 22+ 5, f” = 6z and (1) = 6, so by = 6/2 = 3, as in Exercise B2 (a).

Exercise. C2: Repeated factors through the gcd

(a) Using only ged(f, f'), decide whether f := 2* — 223 + 22 — 1 € Q[z] has a repeated
irreducible factor.
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(b) Over Fo, let f = 2* 4+ 1. Compute f’ and ged(f, f'), and explain why part (b) of
Corollary 5.4.8 does not apply.

Solution.

(a) f" = 4a® — 622 + 2. The Euclidean algorithm (Theorem 5.2.5):

f= (%x—%)f’—%(m2—2x+l),

f'= (-3 -20+1))(-5(@z +1)) +0.

The last non-zero remainder is —3 (22 — 2z + 1), so ged(f, f') =2 —22+1# 1. As Q
has characteristic 0, Corollary 5.4.8 (b) says that f has a repeated irreducible factor.
(Indeed f = (z — 1)3(z + 1), Example (Multiplicities by Repeated Division).)

(b) f' = (4-1)2® = 0 in Fa. Then (f,0) = (f), whose monic generator is f itself, so
ged(f, f') = f = 2* +1 # 1 (Theorem 5.2.2 (c)). Part (b) of the corollary assumes
characteristic 0, and Fy has characteristic 2 (Definition 2.5.1: 1 # 0, 2-1 = 0). Its proof
uses that hypothesis at degp’ = degp — 1, which fails in characteristic 2: (22 +1)" = 0.
Here the conclusion happens to hold anyway, since 2* + 1 = (z + 1)* in Fy, but it is
not given by the corollary; the ged f records only that f/ = 0.

5.5 Interpolation, Quotient Rings, and the
Chinese Remainder Theorem

Section 5.4 proved a uniqueness statement: two polynomials of degree at most n that agree at
n + 1 distinct points are equal (Theorem 5.4.2 (a)). It said nothing about existence. Is there,
for instance, a quadratic through the points (0, 1), (1,3), (2,7)? This section builds one by a
formula. It then reads the same question as three congruences. By Theorem 5.1.3 (a), “the
value at ¢ is y” says that f leaves the remainder y on division by x — ¢. So we look for f with

f=1 (mod z), f=3 (modzx-—1), f=7 (modax—2).

Three congruences to coprime moduli: that is the Chinese remainder theorem of Number Sys-
tems: From N to R, Chapter 3 (Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.5.3),
with polynomials in place of integers. On the way we meet the classes modulo a polynomial m.
They form a ring F[x]/(m), and it is a field exactly when m is irreducible, as Z/pZ is a field
exactly when p is prime.

Throughout, F is a field. “Polynomial” means an element of F'[z] unless another field is named.

Polynomials through given points

The points at which values are prescribed are called nodes. Suppose the nodes are ¢y, ...,c, € F
and the values yg,...,yn € F. Fitting all the values at once is hard. Fitting one value while
ignoring the others would be easy if we had, for each node ¢;, a polynomial that is 1 at ¢; and
0 at every other node: then g times the first, plus y; times the second, and so on, has every
value right. A polynomial that vanishes at the nodes c¢; with j # 4 is a multiple of the product
of the factors z — ¢; (Theorem 5.4.1); the simplest is that product itself. Its value at ¢; is the
product of the numbers ¢; — ¢, and dividing by that product makes the value 1.
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FEach Lagrange polynomial is 1 at its own node and 0 at all the others.

Definition 5.5.1. Lagrange Polynomials

Let n € N and let cg,...,c, € F be distinct. For i € {0,...,n}, the i-th Lagrange
polynomial of these nodes is

l; = f[(cZ — cj)_l(x —¢j) € Flz],

[en]

By

the product, in increasing order of j, of the n polynomials (¢; — ¢;)~!(z — ¢;) with j # i.

The inverse (c; — cj) ! exists because ¢; # ¢; for j # i, and F is a field. The product of a list of
polynomials is given by the recursion of Sets, Relations, and Cardinality, Definition 2.3.1, read
in the commutative ring F[x] (Theorem 4.2.4 (a)); the pattern Number Systems: From N to R
used for lists of integers.

Examples.

e Two nodes. For the nodes 0,1 € Q: o = (0—1)"}(z—1) =1-zand f; = (1-0)"}(z—0) =
. Indeed 60(0) = 1, 50(1) = 0, 61(0) = O, 51(1) = 1.
e Three nodes. For the nodes 0,1,2 € Q, the polynomial £y is

L=0-1)"Yz—-1)-(0-2)" (2 -2) = 3(z—1)(z —2).

It vanishes at 1 and 2, and £(0) = 3 - (—=1)(-2) = 1.
e Owver a finite field. In F3, with the nodes 0,1,2, the same formula gives o = 27! (z —
N(z—-2)=2(xz—1)(x—2),since 2-2=4=1in F3. Its value at 0 is 2- (—1)(—-2) =4 = 1.

O Second reading - One node, and a repeated node

One node (n = 0). The product defining ¢y has no factors, so ¢y = 1, the empty product. The
theorem below then says that the only polynomial of degree at most 0 with value yg at cg is the
constant yg, which is right.

A repeated node. Change the nodes 0,1 of the first example to 0,0. The clause that fails is
“distinct™: the factor (co — c1)™' = 07! does not exist. Nothing can repair this. A polynomial
cannot have the value 1 at 0 and also the value 2 at 0, so with a repeated node some prescribed
values have no interpolating polynomial at all.

The next theorem says that the Lagrange polynomials do what they were built for, and that the
polynomial they produce is the only one.

Theorem 5.5.1. Lagrange Interpolation

Let n € N, let ¢g,...,c, € F be distinct, and let yo,...,y, € F. Let £y,...,¢, be the
Lagrange polynomials of the nodes (Definition 5.5.1).

(a) For all i,k € {0,...,n}, li(ck) = 1if k =7 and ¢;(c;) = 0 if k # i. Each ¢; has degree
exactly n.
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(b) The polynomial p := Y"1, y;¢; satisfies degp < n and p(ci) = yi, for every k.
(c) It is the only polynomial of degree at most n with p(cx) = yi for every k.
(d) Every q € F[z] with degq < n satisfies ¢ = >_1"_ q(c;i)4;.

Try it first (ten minutes): for the nodes 0,1,2 € Q, write down €y, 41,2 and check (a) on them.
Then find a quadratic through (0,1), (1,3), (2,7). Why can there be no second one?

Idea. The direct attempt writes p = ag + a1z + azx? and solves the three equations p(0) = 1,
p(1) = 3, p(2) = 7 for ag, a1, az. It works here, but it gives no formula, and for n + 1 nodes
it is a system of n + 1 equations. The Lagrange polynomials replace the system by a sum:
(a) is “evaluate at a root”, since every factor z — ¢; with j # 4 vanishes at ¢;, and (b)
follows from (a) term by term. The second question, why there is no other quadratic, is not
answered by any construction. It is answered by counting roots: two such quadratics differ
by a polynomial of degree at most 2 with three roots.

Proof.

(a) Let i,k € {0,...,n}. Evaluation respects products (Theorem 4.4.1), so ¢;(c) is the
product of the values of the factors at cy:

If k # i, the factor with j = k is (¢; —cx)~' -0 = 0, so the product is 0. If k = 4,
every factor is (¢; — ¢j) "' (¢; — ¢j) = 1, so the product is 1. For the degree, each factor
(c; — ¢j) 7tz — (e; — ¢j)"Lc; has degree 1, since its coefficient of z is non-zero. A field
has no zero divisors, so by Theorem 4.3.2 (b) the degree of a product is the sum of the
degrees; with n factors, degt; = n.

(b) Each term y;¢; has degree at most n (Theorem 4.3.2 (a)), so deg p < n by Theorem 4.3.1,
applied one term at a time. Evaluating at ¢; and using (a),

n

pler) =D yili(cr) = i,

=0

since every term with i # k is y; - 0 = 0, and the term ¢ = k is y, - 1 ((£3) of

Lemma 4.1.1).

(c) Let ¢ € Flx] with degq < n and ¢(c;) = yi for every k. Then p and g both have
degree at most n and agree at the n + 1 distinct points cg, ..., c,. By Theorem 5.4.2
(a), ¢ =p.

(d) Let degq < n, and apply (b) and (c) with y; = g(¢;). The polynomial Y, ¢(¢;)¢; and ¢
itself both have degree at most n and the values ¢(cp),. .., q(c,) at the nodes, so they
are equal by (c). This proves the theorem.

So for distinct nodes and any values, there is exactly one polynomial of degree at most n
through the points, and (b) writes it down. Part (d) says that a polynomial of degree at most n
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is determined by its values at n 4+ 1 nodes, and rebuilt from them by the same formula. Where
the linear-algebra companion, Chapter 6, speaks of “the Lagrange basis”, this book has only the
formula (d); no basis is defined here.

Warning. The bound “degree at most n” in (c) is what makes the interpolant unique.
Without it, uniqueness fails: p and p+ (z — ¢o)(z — ¢1) - - - (x — ¢,,) have the same values at
every node, and the second has degree n + 1. For the nodes 0,1 and the values 5,8, both
5+ 3z and 5+ 3z + z(z — 1) = 5 + 27 + 22 pass through (0,5) and (1, 8).

Quick check. Write down the Lagrange polynomials of the nodes 0,1 in Q, and use them to
find the line through (0,5) and (1, 8).

Solution. ¢p =1 —x and ¢; = x (the first example after Definition 5.5.1). By Theorem 5.5.1
(b), the line is 5¢g 4+ 8¢1 = 5(1 — x) + 8z = 5+ 3x. Check: its values at 0 and 1 are 5 and 8.

Here is a cubic, worked through the formula.

Example. A cubic through four points

Find the polynomial p € Q[x] of degree at most 3 with p(—1) = 2, p(0) =1, p(1) = 2 and
p(2) = 11.

Solution. The nodes cp = —1, ¢; =0, co = 1, ¢3 = 2 are distinct. From Definition 5.5.1, with
the denominators computed first,
)(=3) 'z(e — 1)(z — 2) = (—6) " (2® — 327 + 22),
1)( ) ‘a4 D)a-1D)=@-2) =21 222 — 2 +2),
)(1)(-1)) Yo+ Da(z —2) = (=2) " 12® — 2 — 22),
)(2)(1) @+ Da(z —1) =67'(2? - 2).

By Theorem 5.5.1 (b), p = 20y + ¢1 + 2¢5 + 1143. Collect each power of x:

6

(=
) =

((=1)(
(D=
(2)(D)
((3)(2)

333:—%-1-%—1—{—%:1, 2. 1-14+1=1,
D21 11 _ : _
So p = 2% + 22 — x + 1. Check the four values: p(—1) = —1+1+1+1 =2 p(0) = 1,

p(l)=14+1-14+1=2,p(2) =8+4—2+1=11. By Theorem 5.5.1 (c), no other polynomial
of degree at most 3 has these values.

Congruence modulo a polynomial

The opening question turned values into remainders. To compute with remainders as Number
Systems: From N to R, Chapter 3 did with integers, we need the relation “same remainder” and
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the classes it makes.

Definition 5.5.2. Congruence Modulo a Polynomial

Let m € F[z]. Polynomials f,g € F[z]| are congruent modulo m, written f = g (mod m),
if m | f — g (Definition 5.1.1), that is, if f — g € (m) (Definition 5.2.1).

In words: f and g differ by a multiple of m. The set (m) of multiples of m is an ideal of the
commutative ring F[z] (Definition 5.2.1), so the relation is the relation ~; of Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.4.1 for the ideal I = (m), and Number Systems: From
\(\nN\) to \(\nR\), Theorem 3.4.1 (a) makes it an equivalence relation. We write [f] = f+ (m)
for the class of f, and [f],, when the modulus must be named.

Examples.

e 72 =—1 (mod z? + 1), since 22 — (—=1) = 1- (2? + 1).

e Foreveryce F, f = f(c) (mod x—c): by Theorem 5.1.3 (a), f = q(x —c¢)+ f(c) for some
q, so f — f(c) is a multiple of z — c.

e Two polynomials are congruent modulo m exactly when they leave the same remainder on
division by m # 0; this is (b) of the next theorem.

O Second reading - The degenerate moduli 0 and the constants

For m =0, f = ¢ (mod 0) means 0 | f — g, that is, f = g (Proposition 5.1.1 (a)): every class is
a single polynomial. For a non-zero constant m, every f is a multiple of m (Proposition 5.1.1
(a)), so all polynomials are congruent and there is one class; the ring it forms is the zero ring, in
which [1] = [0]. Both cases are legal and neither is useful, which is why the next theorem asks
for degm > 1.

Quick check. Is 23 = x (mod z2 + 1) in Q[z]? In Fa[z]?

Solution. Divide: 3 = x(2?+1) — 2,50 2 = —z, and 2% — 2 = 2(22 +1) —22. Hence 2 =z

exactly when 2 +1 | —2z. In Q[z] the polynomial —2z is non-zero of degree 1 < 2, so 22 +1
does not divide it (Proposition 5.1.1 (d)): no. In Fa[z], —22 = 0, which every polynomial
divides: yes. The same symbols give different answers over different fields.

The ring of classes modulo a polynomial

Number Systems: From N to R, Chapter 3 built Z/nZ as the quotient of Z by the ideal nZ,
and found in each class exactly one remainder in {0,...,n — 1}. The same construction works
for F[z] and an ideal (m), and division with remainder again picks one representative per class,
now “of degree less than degm”.
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Theorem 5.5.2. The Ring of Polynomials Modulo m
Let m € F[x] with d := degm > 1, and write [f] = f + (m).

(a) Flz]/(m), with [f] + [g] == [f + ¢] and [f][g] = [fg], is a commutative ring with zero
[0] and one [1], and [1] # [0].

(b) Each class contains exactly one polynomial of degree less than d: the remainder of
any of its members on division by m. In particular f = g (mod m) if and only if f and
g leave the same remainder, and sending each class to its member of degree less than
d is a bijection from F[z]/(m) onto {r € F[z] : degr < d}.

(¢) The map F' — Flz]|/(m), ¢ — [c] (c a constant), is injective and preserves + and -.

(d) [f]isa unit of F[z]/(m) (Number Systems: From \(\nN\) to \(\nR)), Definition 3.5.1)
if and only if ged(f,m) = 1. In that case [f]™' = [a] for any a,b € F[z] with
af +bm = 1.

Idea. Part (a) is the quotient theorem of Number Systems: From N to R applied to the ideal
(my); only [1] # [0] needs the degree. Part (b) is division with remainder read twice: existence
of the remainder puts one polynomial of small degree into each class, and “compare degrees”
shows a class cannot hold two, since their difference would be a non-zero multiple of m of
smaller degree than m. Part (d) translates [a][f] = [1] into a Bézout identity, exactly as for
Z/nZ.

Proof.

(a) By Definition 5.2.1, (m) is an ideal of the commutative ring F[z], so Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.4.1 (a)—(c) give the commutative ring F'[x]/(m)
with these operations, zero [0] and one [1]. By Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.1 (d), [1] = [0] would mean 1 € (m), that is, m | 1; then
degm < degl = 0 by Proposition 5.1.1 (d), against d > 1. So [1] # [0].

(b) Since d > 1, m # 0. Euxistence. Let f € F[x]. By Theorem 5.1.2 (a), f = gm +r

with degr < d. Then f —r = gm € (m), so r € [f]. Uniqueness. Let r,r’" € [f] with
degr,degr’ < d. Then r—r" € (m) (both are ~ to f, and ~ is an equivalence relation),
som | r—r', and deg(r — ') < d by Theorem 4.3.1. If r — ' # 0, then d < deg(r — ')
by Proposition 5.1.1 (d), a contradiction. So r = r/.
Hence two polynomials are congruent exactly when their classes are equal (Sets, Re-
lations, and Cardinality, Theorem 2.5.1 (b)), exactly when the classes have the same
member of degree less than d, which is the common remainder. The map “class —
its member of degree less than d” is a function by the uniqueness just proved. It is
injective, since two classes with a common member are equal (Sets, Relations, and Car-
dinality, Theorem 2.5.1 (c)); and it is surjective, since a polynomial r with degr < d
is the member of degree less than d of its own class [r].

(¢) For constants ¢, [c]+][¢] = [c+] and [c][¢] = [ec] by the definition of the operations,
where ¢+ ¢ and ¢’ are computed in F' (Theorem 4.2.4 (b)). If [c] = [¢], then ¢ and ¢
are members of one class of degree at most 0 < d, so ¢ = ¢ by (b).

(d) (<) Suppose ged(f, m) = 1. By Corollary 5.2.3 there are a,b € F[x]| with af +bm = 1;
let a,b be any such pair. Then af —1 = —bm € (m), so [a][f] = [af] = [1]. So [f] is
a unit, and its inverse, which is unique (Number Systems: From \(\nN\) to \(\nR)),
Definition 3.5.1), is [a].
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(=) Suppose [a][f] = [1] for some a € F|z] (every element of the quotient is a class, Sets,
Relations, and Cardinality, Definition 2.5.4). Then af — 1 € (m): af — 1 = km for some
k € Flx]. Hence af + (—k)m = 1, and ged(f,m) = 1 by Corollary 5.2.3. This proves the
theorem.

So F[z]/(m) is a ring whose elements may be named by the polynomials of degree less than
degm, and by (c) its constants form a copy of F. From now on we write ¢ for the class [c]
of a constant when no confusion can arise. A computation in the quotient is: compute with
representatives, then replace the result by its remainder. The integer twins are Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.4.3 (b) (one remainder per class) and Number Systems:
From \(\nN\) to \(\nR\), Theorem 3.5.1 (units).

Quick check. In Q[z]/(z? — 2), show that [z + 1] is a unit, and find its inverse with (d).

Solution. Divide: 22 — 2 = (z — 1)(x + 1) — 1. Hence (x — 1)(z + 1) + (=1)(z2 —2) = 1, so
ged(z + 1,22 — 2) = 1 (Corollary 5.2.3), and by Theorem 5.5.2 (d) with a = z — 1, [z + 1] is
a unit with [z +1]7! =[x — 1]. Check: (z+1)(z—1)=22-1=2-1=1 (mod z* - 2).

When is every non-zero class a unit? By (d), when every f with m { f is coprime to m. For an
irreducible m, Corollary 5.3.3 (a) says exactly this. For a reducible m, a factor of m of smaller
positive degree is neither a multiple of m nor coprime to it.

Theorem 5.5.3. The Quotient Is a Field Exactly When m Is Irreducible

Let m € F[x] with degm > 1. Then F[z]|/(m) is a field (Definition 2.1.1) if and only if m
is irreducible over F' (Definition 5.3.1).

Proof. By Theorem 5.5.2 (a), F[z]/(m) is a commutative ring with [1]  [0]. So it is a field
exactly when every non-zero element is a unit.

(<) Let m be irreducible and [f] # [0]. Then f ¢ (m) by Number Systems: From \(\nN\)
to \(\nR\), Theorem 3.4.1 (d), that is, m 1 f. By Corollary 5.3.3 (a), gcd(m, f) = 1; the
definition of the ged (Definition 5.2.2) is symmetric in its two arguments, so ged(f,m) = 1.
Hence [f] is a unit by Theorem 5.5.2 (d).

(=) Let m be not irreducible. Since degm > 1, Definition 5.3.1 gives g, h € F[z], neither
a constant, with m = gh. Then g,h # 0 and degg,degh > 1, and degg + degh = degm
(Theorem 4.3.2 (b)), so degg,degh < degm. A non-zero polynomial of degree less than
degm is not a multiple of m (Proposition 5.1.1 (d)), so [g] # [0] and [h] # [0]. But [g][h] =
[gh] = [m] = [0]. In a field a product of non-zero elements is non-zero (Theorem 2.1.1 (f)),
so F[z]/(m) is not a field. This proves the theorem.

This is Number Systems: From \(\nN\) to \(\nR)\), Theorem 3.5.2 with “prime” replaced by
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“irreducible”. It manufactures new fields: from F and an irreducible m of degree d, a field whose
elements are named by the polynomials of degree less than d.

Example. A field with four elements, and the complex numbers again

(i)
(i)

Describe Fa[z]/{x? 4+ x + 1), and show that it is a field with four elements.
Describe R[z]/(x? + 1).

Solution.

(i)

Let m == 22 + x + 1 € Fa[x]. Its values are m(0) = 1 and m(1) =1+ 1+ 1 =1 in Fo,
so m has no root in Fo; it has degree 2, so it is irreducible by Proposition 5.3.1 (b),
and the quotient is a field by Theorem 5.5.3. By Theorem 5.5.2 (b), its elements are
the classes of the polynomials of degree less than 2 over Fy, namely 0,1, x,x + 1: four
elements. Write o = [z]. Since 22 — (z + 1) = 2% + z + 1 in Fa[z] (where —1 = 1),
22 =x+1, and so

o =a+1, ala+l)=a’+a=2a+1=1, (a+1)?=0a’+2a+1=aq,

using 2 = 0 in Fy. The multiplication table of the non-zero elements is therefore

‘ 1 « a—+1
1 1 « a+1
« « a+1 1
a+1l|a+1 1 «

and every non-zero element has an inverse in it, as the theorem promised. Also o =
a-a? = a(a+1) = 1. This is the four-element field of Exercise (C1: A Field with Four
Elements). There the rule a? = 1 + « is part of the definition of the multiplication;
here it is computed, as the remainder of 22 on division by 22 4+ x + 1.

The polynomial 22 + 1 € R[z] has no real root, since ¢ +1 > 1 > 0 for every ¢ € R
(Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5 (e)); it has degree 2,
so it is irreducible (Proposition 5.3.1 (b)), and R[z]/{z? + 1) is a field. Its elements
are the classes [a + bz] with a,b € R, each named by exactly one such polynomial, and
[]?> = [2?] = [-1]. So it is a field containing a copy of R (Theorem 5.5.2 (c)) and
an element whose square is —1: it looks like the complex numbers of Chapter 1, and
Exercise B3 shows it is a copy of them.

The theorem needs “irreducible”, and having no root is not a substitute: Section 5.3 showed
that the two differ from degree 4 on.

Warning. “m has no root, so F[z]/(m) is a field” is false. The polynomial m = (2% + 1)? €
R[z] has no real root: for every ¢ € R, ¢ +1 > 0 (Example (A field with four elements, and
the complex numbers again) (ii)), so m(c) = (¢2+1)? > 0 by Number Systems: From \ (\nN\)
to \(\nR\), Proposition 2.3.5 (e). But [z? + 1] # [0], since 22 + 1 has degree 2 < 4 = degm,
while [22 4+ 1]2 = [(2® + 1)?] = [0]. A non-zero element with square zero cannot be a unit, so
R[z]/{(z% + 1)?) is not a field.
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Quick check. Is Q[z]/{x? — 2) a field? Is R[z]/(x? — 2)?

Solution. Q[z]/{z? — 2): yes. A rational root ¢ would give ¢*> = 2, impossible by Num-
ber Systems: From \(\nN\) to \(\nR\), Theorem 2.6.1; so #? — 2 is irreducible over Q
(Proposition 5.3.1 (b)), and Theorem 5.5.3 applies. R[z]/(z? — 2): no. With s the posi-
tive square root of 2 in R (Number Systems: From \(\nN\) to \(\nR)\), Proposition 6.1.4),
22 — 2 = (z — s)(z + s) is reducible over R, and the theorem says the quotient is not a field;
concretely [z — s]|[z + s] = [0].

The Chinese remainder theorem for
polynomials

Now several congruences at once. Number Systems: From N to R, Chapter 3 solved two congru-
ences to coprime integer moduli by writing 1 as a combination of the moduli and multiplying
(Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.3). With polynomials the move is
the same, and we take k moduli at once. The one new ingredient is that coprimality survives
products.

Lemma 5.5.4. Coprime to Each Factor, Coprime to the Product

(a) Let s > landp,qi,...,qs € Flz]. If ged(p, g;) = 1 for every j, then ged(p, q1 - - - ¢s) = 1.

(b) Let £ > 1 and let my,...,my € F[z] be pairwise coprime: gcd(m;, m;) = 1 whenever
i # j. Ilf m; | h for every i, then myq ---my | h.

In words: a polynomial coprime to each factor is coprime to the product, and pairwise coprime
divisors of h divide h together.

9 Second reading - The proof: multiply the Bézout identities

Idea. For (a), write 1 as a combination of p and each factor, and multiply the identities:
every term of the product but one contains p, and the remaining term is a multiple of the
product of the factors. For (b), the product of the first £ moduli is coprime to the next one
by (a), so two coprime divisors combine (Proposition 5.3.4); induction adds one modulus at
a time.

Proof.

(a) We apply Logic and Proof, Axiom 4.2.1 (on N = w, Number Systems: From \(\nN\) to
\(\nR\), Corollary 1.7.3 (b)) to P(n): “the claim holds for s = n + 1”7 P(0), the case
s = 1, has nothing to prove. Suppose P(n), that is, the claim for s = n + 1, and let p
be coprime to each of ¢1,...,qs11. Write @ := q1 - - - g5, so that q1 -+ - gs11 = Q¢s11 by
the product recursion (Sets, Relations, and Cardinality, Definition 2.3.1, read in F[z]).
By the induction hypothesis and Corollary 5.2.3, ap + bQ = 1 and a’'p + b'qsy1 = 1 for
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some a,b,a’, b € F[z]. Multiplying the two identities and expanding,

p(ad'p+ ab'qs11 + a'bQ) + (V') Qqsy1 = 1.

So ged(p, @gs+1) = 1 by Corollary 5.2.3.

(b) We apply Logic and Proof, Axiom 4.2.1 (on N = w, Number Systems: From \(\nN))
to \(\nR\), Corollary 1.7.3 (b)) to P(n): “the claim holds for £k = n + 1”. P(0), the
case k = 1, has nothing to prove. Suppose P(n), that is, the claim for k = n + 1,
and let my, ..., mg41 be pairwise coprime, each dividing h. With M = m; - - - my, the
induction hypothesis gives M | h. The modulus my; is coprime to each of mq, ..., my,
so ged(myy1, M) =1 by (a), and ged(M, my11) = 1 since the ged is symmetric (Defi-
nition 5.2.2). By Proposition 5.3.4, Mmy.1 = mq - - - my1 divides h.

Without coprimality (b) fails: for m; = mgo = x and h = x, each m; divides h, but mymgy = z2

does not (Proposition 5.1.1 (d)); here ged(my, ma) = x # 1.

Theorem 5.5.5. Chinese Remainder Theorem for Polynomials

Let k > 1, let my,...,my € F[x] be non-zero and pairwise coprime, and let m = my - - - my.
For each i, let M; be the product of the m; with j # ¢ (in increasing order of j).

(a) For each i there are a;,b; € F[x] with a;M; + bym; = 1. Put e¢; := a;M;. Then ¢; = 1
(mod m;) and e; =0 (mod my;) for j # i, and for all rq,...,r, € F[z] the polynomial
f= Zle rie; satisfies

f=ri (modmy) for every i € {1,...,k}.

(b) A polynomial g satisfies the same k congruences if and only if g = f (mod m).
(c) Exactly one polynomial of degree less than degm satisfies the k congruences.
(d) The rule ®([f]m) = ([flmys---, [flm,) is a well-defined bijection

®: Flz]/(m) — Flz]/(m1) x --- x Flz]/(mz),

and, with + and - on the right taken componentwise, ® preserves + and - and sends
[Um to ([Wmys-- -5 [Lmy)-

Idea. This is the integer proof of Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.3
with & moduli. The identity a;M; 4+ b;m; = 1 makes a polynomial e; that is 1 modulo m;
and 0 modulo every other modulus, as ¢; is 1 at one node and 0 at the others. Then }_ r;e;
has every remainder right. Uniqueness modulo m is Lemma 5.5.4 (b): a difference divisible
by every m; is divisible by their product. Part (c) picks the remainder modulo m, and (d)
restates (a) and (b) as a bijection.

Proof. By (L2) of Section 5.3, applied to the list (mq,...,my) with the entry i removed,
m = Mym;, so m; | m; and m; | M; for j # i, by the last clause of (L2), since m; is an entry
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of the list whose product is M;. By (L1) of Section 5.3, m # 0, since every m; is non-zero.

(a) If £ = 1, then M; = 1 (the empty product), and a; = 1, by = 0 will do. If & > 2,
then m; is coprime to each m; with j # 4, so Lemma 5.5.4 (a) gives ged(m;, M;) = 1;
by the symmetry of the gcd and Corollary 5.2.3, a;M; 4+ b;m; = 1 for some a;,b;. In

either case e, — 1 = —b;m;, so e; =1 (mod m;); and for j # i, m; | M; | e;, so e; =0
(mod m;).

Now fix j. In f —1; = 3, mie; +rj(ej — 1), every term with i # j is a multiple of
mj, and so is 7j(e; — 1) = —r;bjm;. A sum of multiples of m; is a multiple of m;

(Proposition 5.1.1 (c), and induction on the number of terms). So f =r; (mod m;).

(b) (=) Suppose g = r; (mod m;) for every i. Then m; | (9—r;)—(f—r;) = g— f for every
i (Proposition 5.1.1 (c¢)). The m; are pairwise coprime, so m | g — f by Lemma 5.5.4
(b). (<) Suppose m | g— f. Since m; | m, m; | g — f (Proposition 5.1.1 (b)), and then
mi | (g — f) + (f —ri) = g —rq for every i.

(c) Existence. Since m # 0, divide f by m: f = gm-+r with degr < degm (Theorem 5.1.2).
Then r = f (mod m), so r satisfies the k congruences by (b). Uniqueness. If g and
g’ both satisfy them and have degree less than degm, then ¢ = f = ¢’ (mod m) by
(b), so m | g — ¢, while deg(g — ¢') < degm (Theorem 4.3.1). A non-zero multiple
of m has degree at least degm (Proposition 5.1.1 (d)), so g = ¢'. (If every m; is a
non-zero constant, then degm = 0, and the one solution of degree less than 0 is the
zero polynomial.)

(d) Well defined. Fixi. If f = g (mod m), then f = ¢g (mod m;), since m; | m. By Number
Systems: From \(\nN\) to \(\nR\), Theorem 2.2.1 (a), applied to the identity map
of Fz] with congruence modulo m on the source and modulo m; on the target, there
is exactly one function F[x]/(m) — F|x]/(m;) sending [f]m to [f]m,. Taking these k
functions together gives .

Surjective. An element of the target is ([r1]m,, ..., [Tk]m,) for some r1,..., 7 € F[z] (Sets,
Relations, and Cardinality, Definition 2.5.4). With f as in (a), [f]m, = [ri]m, for every i
(Sets, Relations, and Cardinality, Theorem 2.5.1 (b)), so ®([f]) is that element.

Injective. If ®([f]m) = ®([9]m), then [flm, = [g]m,, that is, m; | g — f, for every i (Sets,
Relations, and Cardinality, Theorem 2.5.1 (b)). By Lemma 5.5.4 (b), m | g — f, that is,

[9]m = [£1m-

Operations. By the definition of + in each quotient (Number Systems: From \(\nN\) to
\(\nR\), Theorem 3.4.1 (b)) and of the componentwise sum,

O([flm + [glm) = @(If + glm) = (If + glms -+, [f + glms)
(Flmy + [glmrs - g + [9lm) = 2([f]m) + 2([g]m)-

The same lines with fg in place of f + g give the product, and ®([1],,) = ([1]m1, .-, [L]my)
by definition. This proves the theorem.

In (a) the solution is built from the moduli alone, and the right-hand sides r; enter linearly; the
e; depend only on myq,...,my. Part (c) is the version used in computation: reduce any solution
modulo m. Compared with Number Systems: From \(\nN\) to \(\nR\), Theorem 3.5.3, this
theorem allows any number k£ > 1 of moduli in one step, where the integer theorem combines
two at a time.
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Quick check. Find the polynomial f € Q[x] of degree less than 2 with f = 3 (mod x) and
f=5 (mod z —1).

Solution. By Theorem 5.1.3 (b), f = 3 (mod x) says that 0 is a root of f—3, that is, f(0) = 3;
likewise the second congruence says f(1) = 5. By Theorem 5.5.1, f = 3(1 —z)+5x = 3+ 2.
(The Chinese remainder route: z — (x —1) =1,s0e; = —(z —1) =1 —x and e3 = z, and
f = 3e1 + beg, the same polynomial.)

The check is no accident. Interpolation is the Chinese remainder theorem for the moduli z — ¢;.

Proposition 5.5.6. Interpolation Is the Chinese Remainder Theorem for Linear Moduli
Let n € N, let cg, ..., c, € F be distinct, let yo,...,y, € F, and let m == (x —cp) - -+ (x — ).

(a) The moduli x — ¢, ...,z — ¢, are pairwise coprime, and degm = n + 1.

(b) For f € Flz] and each i: f =y; (mod z — ¢;) if and only if f(¢;) = y;.

(¢) The polynomial of degree less than n + 1 given by Theorem 5.5.5 (c) for the right-
hand sides vo,...,yn is Y ;yili, the interpolating polynomial of Theorem 5.5.1. In
particular, the remainder of the polynomial e; of Theorem 5.5.5 (a) on division by m
is the Lagrange polynomial ¢;.

In words: the congruences modulo x — ¢; are the values at c;, so the polynomial of the Chinese
remainder theorem is the interpolating polynomial, and its building blocks e;, reduced modulo m,
are the Lagrange polynomials.

O Second reading - The proof: evaluate, and compare by uniqueness

Idea. Two linear moduli differ by a non-zero constant, which is a Bézout identity after scaling.
A congruence modulo x — ¢ is a statement about the value at ¢, by the factor theorem. And
two polynomials of degree less than n + 1 solving the same congruences are equal, by the
uniqueness half of the Chinese remainder theorem; so it is enough to check that the Lagrange
formula solves them.

Proof.

(a) Fori# j, (x —¢;) — (x — ¢j) = ¢j — ¢, a non-zero constant. Multiplying by its inverse,

(cj—c) Mz —c)=(—c) Hz—¢) =1,
so ged(x — ¢j,x — ¢j) = 1 by Corollary 5.2.3. Each factor of m has degree 1, so
degm =n + 1 by Theorem 4.3.2 (b).

(b) By Theorem 5.1.3 (b), z—¢; | f—y; if and only if ¢; is a root of f—y;, and (f —y;)(¢;) =
f(¢i) — yi by Theorem 4.4.1.

(c) The polynomial p := >, y;¢; has degree at most n < n + 1 and p(¢;) = y; for every i
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(Theorem 5.5.1 (b)), so by (b) it satisfies the congruences p = y; (mod z — ¢;). By the
uniqueness in Theorem 5.5.5 (c), it is the solution of degree less than degm. For the
second claim, fix ¢ and take the right-hand sides 1 at the index ¢ and 0 elsewhere. By
Theorem 5.5.5 (a), e; satisfies these congruences, and so does its remainder on division
by m, which is congruent to e; modulo m (Theorem 5.5.5 (b)) and has degree less than
degm. By the first claim, with these right-hand sides, that remainder is }; y;{; = ¢;.

So two routes lead to the same polynomial. The Lagrange route needs only evaluation and the
root count; the Chinese remainder route needs Bézout identities, and in exchange it works for
moduli of any degree. The next two examples use moduli that are not all linear.

Example. A linear and a quadratic modulus

Find the polynomial f € Q[z] of degree less than 3 with

f=1 (modzx—2) and f=2r—-1 (modaz?+1).

Solution. A Bézout identity. Divide: 2% + 1 = (x + 2)(z — 2) + 5. Hence
1=32"+1)— iz +2)(z—2),

so the moduli m; = x — 2 and my = 22 + 1 are coprime (Corollary 5.2.3), and m =
(x —2)(2? + 1) = 23 — 222 + x — 2 has degree 3.

The polynomials e1, ea. Here M; = z2+1 and My = x—2. The identity reads a; M;+bym; = 1
with a; = %, and as My + bamo = 1 with ay = —%(:1: +2). So

e1 = t(z? +1), er=—tx+2)(z—2)=—1(z"—4).

Assemble and reduce. By Theorem 5.5.5 (a),

l-eg+ (2z — 1)ex = $(a® + 1 — (22 — 1)(2® — 4))
= $(—22° + 22 + 8z — 3).

Its remainder on division by m is found by adding %m: since —2x3 + 222 + 8z — 3 + 2(x® —
222+ —2) = 222 + 10z — 7,

f= —%x2+2x—%,
the unique solution of degree less than 3 (Theorem 5.5.5 (c)).

Check. f(2) = =% +4—I =1, which is the first congruence (Proposition 5.5.6 (b)). Modulo
22 + 1, replace 2% by —1: fE%—i—ZJ:—%:Z:L‘—l.

Squares of linear moduli prescribe a value and a derivative at once.
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Example. Values and derivatives at once

(a) Let c,a,b € F and f € F[z]. Show that f = a + b(x — ¢) (mod (x — ¢)?) if and only if
f(¢) =a and f'(c) = b (the formal derivative of Definition 4.5.1).

(b) Find the polynomial p € Q[z] of degree at most 3 with p(0) =2, p’(0) = —1, p(1) =1
and p'(1) = 3.

Solution.

(a) Divide by (x—c)?, which has degree 2: f = q(z—c)?+r with degr < 1 (Theorem 5.1.2).
Every polynomial of degree at most 1 can be written a + S(x — ¢) with o, 5 € F: if
r = ro+ riz, take 8 == r; and « = r9 + ric. Evaluating at ¢ (Theorem 4.4.1),
f(e) =¢q(c) -0+ a = a. By Theorem 4.5.1 (a)—(c),

ff=d@-c?+@2-1)q@@—-c)+5,

so f'(¢) = B. Now f =a+b(x—c) if and only if r = a+ b(z — ¢), and both have degree
less than 2, so by Theorem 5.5.2 (b) this holds if and only if a+ f(x —¢) = a+b(x —¢).
Comparing the coefficients of x and then the constant terms, that is 5 = b and « = a,
that is, f’(c) = b and f(c) = a.

(b) By (a), the conditions say p = 2 — 2 (mod #?) and p = 1+ 3(z — 1) = 3z — 2
(mod (z — 1)2). The moduli are coprime: expanding,

2z +1)(z — 1)+ (3 — 2z)2? = (223 — 322 + 1) + (322 — 223) = 1.

So, with m1 = 22 and mg = (z — 1)?, Theorem 5.5.5 (a) gives e; = 223 — 322 4 1 and
es = 322 — 223, and

(2 — x)e1 + (3z — 2)e = —8x* + 2023 — 1222 — z + 2.
Adding 8m = 8(z* — 223 + 22) gives the remainder modulo m = 2?(x — 1)%
p=4z3 —42®> —z + 2.

Check: p(0) = 2; p' = 1222 — 8z — 1, s0 p'(0) = —1; p(1) = 4 -4 -1+ 2 = 1;
p'(1) =12 -8 — 1 = 3. By Theorem 5.5.5 (¢), p is the only polynomial of degree less
than 4 with these four conditions.

This section met the Chinese remainder theorem three times: as interpolation (moduli = — ¢;),
as a value and a derivative at a point (moduli (z — ¢)?), and in general. In each case the ring
F[z]/(m) of Theorem 5.5.2 is the place where the computation happens.

Exercises

5.5.5.1 A. Check your understanding

Exercise. Al

(a) Finish the Try it first before Theorem 5.5.1: find the polynomial of degree at most 2
through (0, 1), (1,3), (2,7) in Q[z].



CHAPTER 5.5. INTERPOLATION, QUOTIENT RINGS, AND THE CHINESE
REMAINDER THEOREM 359

(b) Describe the classes of F[z]/(z). Which ring is it, up to renaming?
(c) True or false: R[z]/(x? — 1) is a field. Justify your answer.

(d) Where does the proof of Theorem 5.5.1 (c) use that the nodes are distinct, and where
do (a) and (b) use it?

Solution.

(a) With the nodes 0, 1,2, Definition 5.5.1 gives

b= 5(x—1)(z —2), 0 = —z(z — 2), by = x(z —1).

N[ =

Sop={ly+3l+ 7l =%(a® -3+ 2) — 3(2® — 22) + 2(2? — 2) = 22 + z + 1. Check:
p(0) =1, p(1) = 3, p(2) = 7. It is the only one of degree at most 2 (Theorem 5.5.1
(c))-

(b) By Theorem 5.5.2 (b) with d = 1, each class contains exactly one polynomial of degree
less than 1, a constant; the constant in [f] is f(0), the remainder on division by z — 0
(Theorem 5.1.3 (a)). So the classes are the [c], ¢ € F, and they are distinct for distinct
c. By Theorem 5.5.2 (c), ¢ — [c] preserves + and -; it is injective, and surjective by
what was just said. So F[z]/(z) is F' with each element ¢ renamed [c]; and [f] = [f(0)],
so passing to the quotient is “evaluate at 0.

(c) False. 2 —1 = (z — 1)(z + 1) is reducible, so Theorem 5.5.3 says the quotient is not a
field. Concretely, [z—1] # [0] # [z+1] (degree 1 < 2), while [z—1][z+1] = [z%2~1] = [0].

(d) Part (c) uses distinctness only through Theorem 5.4.2 (a), which needs the n+ 1 points
to be distinct, ultimately because the root count of Section 5.4 counts distinct roots.
Parts (a) and (b) use it to form the inverses (¢; — ¢;)~! in the definition of ¢;.

5.5.5.2 B. Practice

Exercise. Bl

Find the polynomial f € Q[z] of degree less than 4 with f = 1 (mod z?) and f = —1
(mod 2% + 1).

Solution. The moduli are coprime, since (22 4+ 1) — 22 = 1 (Corollary 5.2.3), so by Theo-
rem 5.5.5 (c) there is exactly one such f. The first congruence says f — 1 = x?h for some
h € Q[z]. Then

fH1=2+2*h=(2-h)+h=*+1),

so the second congruence holds if and only if 22 +1 | 2 — h, that is, h = 2 (mod x? 4+ 1). The
choice h = 2 gives f = 1+ 222, of degree 2 < 4. Check: f —1=22? and f+1 = 2(z> + 1).
Hence f =1+ 222

Exercise. B2

In Q[x]/(x® — 2), show that [z? + 1] is a unit, and compute its inverse.
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Solution. Run the Euclidean algorithm (Theorem 5.2.5) on 3 — 2 and 2% + 1:

3 —2=z(?+1)+ (—z-2),
2’ +1=(—z+2)(—z—2)+5.

The last remainder is the non-zero constant 5, so the ged is 1. Back-substitute:

5=(x2+1) - (—z+2)((=® - 2) — z(z® + 1))
= (=22 4+2c+1) (2% +1) + (z — 2)(z - 2).

Dividing by 5: (=22 +2z+ 1) (2> + 1) + £(z — 2) - (23 — 2) = 1. By Theorem 5.5.2 (d),
[2 + 1] is a unit and

[2? + 1] = [F(—2® + 22+ 1)].

Check: (22 + 1)(—22+ 2z + 1) = —2? 4 223 + 22 + 1, and with 23 = 2, 2! = 2z, this is
=-2z+4+2x+1=5.

Exercise. B3

(a) Write the addition and multiplication tables of Fa[x]/(x? + = + 1), with its elements

named 0, 1, o, a+1 as in Example (A field with four elements, and the complex numbers
again), and check from the table that every non-zero element is a unit.

(b) Show that ¢(a+bi) == [a+bz] (a,b € R) is a bijection C — R[x]/(z%+1) that preserves

+ and - and sends 1 to [1].

Solution.

(a)

Addition is coefficientwise in Fo, where 1 +1 = 0:

+ 0 « a+1 0 1 « a+1
0 0 « a+1 0 0 0 0 0
1 1 0 a+1 « 1 0 1 « a+1
Q a a—+1 0 1 o' 0 a a—+1 1
a+l|a+1 o' 1 0 a+1[0 a+1 1 o'

The products come from o? = a + 1, a(a+1) = 1, (a + 1)2 = a (Example (A
field with four elements, and the complex numbers again)). Each non-zero row of the
multiplication table contains 1: 17! =1, a ' =a+1, (a+1)"! =a.

Every complex number is a + bi for exactly one pair (a,b) € R? (Proposition 1.1.1 and
the comparison of real and imaginary parts after it), and every element of R[z]/(2%+1)
is [a + bz| for exactly one such pair, by Theorem 5.5.2 (b) (the polynomials of degree
less than 2 are the a + bz, distinct for distinct pairs). So ¢ is a bijection. Sums: ¢
of (a+bi)+ (c+di)=(a+c)+ (b+d)iis [(a+c)+ (b+d)z] = [a+ bx] + [c + dz].
Products: in R[z],

(a+bz)(c+ dz) = (ac — bd) + (ad + be)z + bd(x* + 1),

so [a+bz][c+dx] = [(ac—bd)+ (ad+bc)z], which is ¢ of (a+bi)(c+di) = (ac—bd)+ (ad+
be)i (Definition 1.1.1, Proposition 1.1.1). Finally ¢(1) = [1]. So the field of Chapter

360
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1 could have been built as this quotient: the multiplication rule of Definition 1.1.1 is
“multiply, then replace 2 by —1”.

5.5.5.3 C. Going deeper

Exercise. C1: Two routes to the same theorem
Let co,...,cn € F be distinct and m == (z — ¢p) - - (z — ¢p).

(a) Prove, using Theorem 5.5.1 and the root count but no Bézout identity, that for all
r0s...,Tn € Flz] some f satisfies f = r; (mod x — ¢;) for every i, and that g satisfies
the same congruences if and only if g = f (mod m).

(b) Conversely, derive from Theorem 5.5.5 that for all yo,...,y, € F exactly one polyno-
mial of degree at most n satisfies p(ci) = yx for every k (the content of Theorem 5.5.1
(b) and (c), without the formula >, y;¢;).

(c) Which derivation is shorter, and why?

Solution.

(a) By the second example after Definition 5.5.2, r; = 7i(¢;) (mod x — ¢;). Let f =
>iri(ci)li. By Theorem 5.5.1 (b), f(c;) = ri(ci), so f = ri(c;) = r; (mod x — ¢;), by
Proposition 5.5.6 (b) and transitivity. If g also satisfies the congruences, then g— f =0
(mod x — ¢;) for every i, so each ¢; is a root of g — f (Theorem 5.1.3 (b)). The ¢; are
distinct roots, so m | g — f by Theorem 5.4.1. Conversely, if m | g — f, then each x —¢;
divides m (it is an entry of the list whose product is m, (L2) of Section 5.3) and so
divides g — f (Proposition 5.1.1 (b)), and g = f = r; (mod = — ¢;).

(b) By Proposition 5.5.6 (a), (b), the moduli z — ¢; are pairwise coprime, degm = n + 1,
and “f(c¢;) = y; for every ¢” is the system f =y; (mod = — ¢;). By Theorem 5.5.5 (c),
exactly one polynomial of degree less than n + 1, that is, of degree at most n, solves
it. That is the existence of an interpolating polynomial and its uniqueness at once,
without the formula for ¢;; identifying it with ), y;¢; still needs Theorem 5.5.1 (a).

(¢) The route in (a) is shorter in what it needs: evaluation and the root count. The route
in (b) passes through Lemma 5.5.4 and Bézout identities for the moduli. The Lagrange
route is shorter because linear moduli are special: “divisible by = — ¢” can be tested
by evaluating at ¢, which turns every congruence into an equation in F. For moduli of
higher degree, evaluation at a single point is no longer enough. For (x — ¢)?, Example
(Values and derivatives at once) (a) needs the derivative as well as the value. For 22 +1
over Q in Example (A linear and a quadratic modulus), the modulus has no root in Q,
so no evaluation in Q detects divisibility at all. The Chinese remainder route handles
every modulus in the same way.

Exercise. C2: Every function on a prime field is a polynomial

Let p be a prime. Prove that every function ¢: F,, — F), is the polynomial function ¢ — f(c)
of exactly one f € [F,[x] with deg f < p.
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Solution. The elements 0,1,...,p — 1 of F, are p distinct elements (Definition 2.2.1), and
there are no others. Use them as nodes, ¢; :=i fori=0,...,p—1,son=p—1.

Existence. With y; :== ¢(7), Theorem 5.5.1 (b) gives f with deg f <p—1 < p and f(i) = ¢(7)
for every ¢. Since the i are all the elements of F,,, the polynomial function of f is ¢.

Uniqueness. 1If g also has degree less than p and the function ¢, then f and g have degree
at most p — 1 and agree at the p distinct nodes, so f = g by Theorem 5.5.1 (c).

So over [F), every function is a polynomial function, and the polynomials of degree less than
p correspond one to one to the functions F,, — [F,,. (As a count: both sets have p? elements,
p choices for each of p coefficients, or for each of p values.) Interpolation over F, can use at
most p nodes, since I, has no more distinct elements. Polynomials of degree p or more are
no longer determined by their functions: 2P and z have the same function by Theorem 2.6.6
(a), which is the warning of Section 5.4.

5.6 The Fundamental Theorem of Algebra

Over Q the polynomial 2% — 2 has no root, and over R the polynomial 22 + 1 has none. Chapter
1 announced that over C this stops: every non-constant complex polynomial has a root. This
section proves it, and then reads off what it says about factoring complex and real polynomials.

No argument from the field axioms alone can prove the theorem. The field Q(i) = {a + bi :
a,b € Q} of Example (Rational and Integer Complex Numbers) satisfies every field axiom, and it
contains an element 7 with i> = —1, just as C does. Yet 22 — 2 has no root in it. If (a + bi)? = 2
with a,b € Q, then comparing real and imaginary parts (Definition 1.1.1), a® — b? = 2 and
2ab = 0,80 a =0 or b =0 (Q has no zero divisors, Theorem 2.1.1 (f), and 2 # 0). If b = 0, then
a? = 2, which no rational satisfies (Number Systems: From \(\nN\) to \(\nR)\), Theorem 2.6.1).
If @ = 0, then —b% = 2, impossible since —b? < 0 (Number Systems: From \(\nN\) to \(\nR)),
Proposition 2.3.5 (e)). So the proof must use a property of R that Q lacks. It is the supremum
property of Number Systems: From N to R, Chapter 5 (Number Systems: From \(\nN\) to
\(\nR\), Theorem 5.6.3).

The plan has two halves. First, |p| attains a smallest value on C (Theorem 5.6.3). Second, at
any point where p is not 0, some nearby point gives |p| a smaller value (Lemma 5.6.5). So at
a point where the smallest value is attained, p must be 0. The first half is where completeness
is invoked directly (Steps 2 and 5); the second half uses it only indirectly, through square roots
(see the remark after the minimum theorem).

Throughout, p is a polynomial in C[z], and p(z) is its value at z € C (Definition 4.4.1). Inequal-
ities are between real numbers; the modulus |z| is a non-negative real (Definition 1.2.1).

Two estimates

O Second reading - The facts about the modulus used in this section

All of them are from Chapter 1. For z,w € C: |z|?> = (Rez)? + (Imz)? (Definition 1.2.1);
Rez| < |2|, Imz| < |2] and |z| < |[Rez| + |Im z| (Lemma 1.3.1); |zw| = |z||w], so |27| = |z} by
induction on j, and |z| = 0 only for z = 0 (Theorem 1.2.2 (d), (e)); |21+ - -+2m| < 21|+ +|2m]
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and |z| — |w| < |z +w| (Corollary 1.3.3 (b), (c)). For a real number the modulus is the absolute
value of Number Systems: From N to R, Chapter 4 (Proposition 1.2.1), so the rules of Number
Systems: From \(\nN\) to \(\nR)\), Proposition 4.1.3 apply to it.

Three facts about powers of non-negative reals are used as well, each by induction on the
exponent with Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5 (¢): if 0 < a < b,
then o/ < b7; ifaz1andz’§j,thenai§aj;if0<t§1andz’§j,thentj§ti.

The first estimate says that |p(z)| is large when |z| is large, so the search for a smallest value
can be confined to a bounded region.

Lemma 5.6.1. Growth of a Complex Polynomial
Let p = > g a;z’ € Clz] with n = degp > 1, so a, # 0. Let

2A }

A= lao| + -+ + |an-1], R = max{l,m
n

Then for every z € C with |z| > R,

p(2)] = 3lanll2]" > 3lan]|2.

In words: beyond the radius R, the top term outweighs all the others together, at least by half.

O Second reading - The proof: the top term against the rest

Proof. Let |z| > R. Then |z| > 1, so |27 < |2[*7! for 0 < j < n — 1. Write p(2) = ap2"™ +w

with w = ?:_& a;jz’ (the sum recursion). By Corollary 1.3.3 (b) and Theorem 1.2.2 (d),
n—1 ]
wl < Slasllal < Als.
j=0

By Corollary 1.3.3 (c), which is the reverse triangle inequality (a) with the second number
negated, [p(2)| > |an||z|™ — |w| > |2|""1(Jan||2| — A). Since |z| > 2A4/|a,| and |a,| > 0,
A < 3lan]|z], so |an|lz| — A > %lan||z|. Hence |p(2)| > 3|as||2". Finally |2|" > |z|, since
|z| >1and n > 1.

The second estimate replaces continuity, which this volume does not have. It bounds how much
p can change between two points of a bounded region, with an explicit constant.

Lemma 5.6.2. A Lipschitz Bound for a Complex Polynomial
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Let p = > g a;z/ € Clz] and let M € R with M > 0. Put
e .
L= Zj\aj\M]_l (jla;| the multiple (j - 1)|a;| in R).
j=1

Then |p(z) — p(w)| < L|z — w| for all z,w € C with |z| < M and |w| < M.

In words: on the disc of radius M, p moves at most L times as far as its argument.

O Second reading - The proof: factor each difference of powers

Proof. Let |z|,|lw| < M. Termwise (the sum rules (X1), (X¥2), (¥4) of Lemma 4.1.1),
p(z) —p(w) =377 aj(z? —w’), and the term j = 0 is 0. For j > 1, Lemma 1.1.4 gives

j—1
Z—w =(z—w) Z PR
1=0

Each of the j terms of the sum has modulus |z|*|w|/~1~* < M*M/='=% = MJ=1. So |27 —
w/| < jMI~tz — w| by Corollary 1.3.3 (b), and summing over j with the same corollary,
Ip(2) — p(w)| < Xy la;| JMI ™z — w| = Lz — w].

This is the only “continuity” the proof below needs, and it comes with a constant that can be
computed.

Quick check. For p = 2> + 1, compute A and R of Lemma 5.6.1, and the constant L of
Lemma 5.6.2 for M = 4.

Solution. Here ag = 1,a1 =0,a2 = 1,n =2. So A = |1|4|0| = 1 and R = max{1,2-1/1} = 2.
For M =4, L =1-0-4°+2.1-4" = 8 (Check of the Lipschitz bound in one case:
p(2) = p(w)| = [2* — w?| = |z + w||z — w| < 8|2 — w| when |z, |w| < 4.)

The smallest value of the modulus is
attained

We now look for a point where |p| is smallest. The infimum of the values |p(z)| exists by
completeness; the work is to find a point at which it is attained. We trap such a point in smaller
and smaller squares.

For 0,7 € R and s € R with s > 0, let

S(o,7,s) ={z€C:0<Rez<o+s, 7<Imz<7+s},
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the closed square with lower-left corner o + 7i and side s. (In this section o and 7 are real
numbers. Chapter 3 uses the same letters for permutations, which do not appear here.) Each
such square contains its corner, so it is non-empty. Its four quarters, in this fixed order, are

S(o,7,5/2), S(o+s/2,1,5/2),
S(o, 7+ 5/2,5/2), S(o+s/2,7+5s/2,5/2).

Each quarter lies in the square, and every point of the square lies in some quarter: Rez < o+s/2
or Rez > o + s/2, and likewise for Im z, since < is a total order on R (Number Systems: From
\(\nN\) to \(\nR\), Proposition 2.3.5 (i)).

Theorem 5.6.3. The Modulus of a Complex Polynomial Attains Its Minimum

For every p € Clz]| there is z* € C with |p(z*)| < |p(z)| for every z € C.

Idea. Confine the search to one big square Sy by the growth lemma. The infimum m of |p|
over S exists. Cut Sy into four quarters: the infimum over Sy is the least of the four infima,
so some quarter has the same infimum m; keep the first such quarter, and repeat. We call
this move keep the quarter that keeps the infimum. The squares shrink to a single
point z*, which completeness supplies as a supremum of corners. Near z* every square still
has points where |p| is almost m, and the Lipschitz bound says |p(z*)| is almost the same;
so |p(z*)| = m. This is the bisection of Number Systems: From N to R, Chapter 5, now in
the plane. Before reading on: why keep a quarter whose infimum equals the square’s, rather
than a quarter containing a point where |p| is smallest?

Proof. If p is a constant ag (including 0), then p(z) = ag for every z, and z* := 0 works. Let
n := degp > 1, with leading coefficient a,, # 0, let R be as in Lemma 5.6.1, and let

2|p(0)| }

|an|

p = maX{R,

so p > 1.

Step 1 (a square that suffices). Let Sy := S(—p, —p,2p). It contains 0. If z ¢ Sy, then
|Re z| > por |Im z| > p (Number Systems: From \(\nN\) to \(\nR\), Proposition 4.1.3 (d)),
so |z| > p > R (Lemma 1.3.1), and by Lemma 5.6.1,

p(2)| > 5lanllzl > lanlp > [p(0)]. (1)

Step 2 (the infimum; completeness, first use). For a square S, the set V(5) := {|p(2)| :
z € S} C R is non-empty and bounded below by 0. So it has an infimum m(S) in R (Sets,
Relations, and Cardinality, Definition 2.6.5); the fold after the proof derives this from the
supremum property. Two consequences are used: m(S) < |p(z)| for every z € S; and for
every £ > 0 there is z € S with |p(z)| < m(S) + ¢, since otherwise m(S) + ¢ would be a
lower bound of V(S) larger than the greatest one. If S C S, then m(S) is a lower bound of
V(S") CV(S), so m(S) < m(S").

Step 3 (a quarter with the same infimum). Let S be a square and Q1,...,Qy its
quarters. Each m(Q;) > m(S) by Step 2. Let u be the least of the four numbers m(Q;).
Every z € S lies in some Q;, so [p(z)| > m(Q;) > p: p is a lower bound of V(S), hence



CHAPTER 5.6. THE FUNDAMENTAL THEOREM OF ALGEBRA 366

pw < m(S). So u = m(S), and some quarter has m(Q;) = m(S). Let ¢(S) be the first
quarter, in the fixed order, with m(Q;) = m(S). This is a rule: ¢ is a function from squares
to squares.

Step 4 (the nested squares). Identify the square S(o,7,s) with the triple (o,7,s). By
Sets, Relations, and Cardinality, Theorem 2.3.1 (read on N = w through Number Systems:
From \(\nN\) to \(\nR\), Corollary 1.7.3), there is exactly one sequence of squares S =
S(ok, Tk, Sk), k € N, with Sy as in Step 1 and Sk11 = ¢(Sk). By induction on k:

o s, = 2p/2% the power 2¥ taken in R (Number Systems: From \(\nN\) to \(\nR)),
Definition 4.2.1), since each quarter has half the side;

o m(Sk) = m, where m := m(Sy), by the choice of g;

o 0 <o <op+sp—sy and 7, < T < T + 8 — s for all K > k, since the corner of a
quarter is o or o + s/2 and its far edge o + s/2 or o + s. In particular S C Sy, C Sp.

Step 5 (the common point; completeness, second use). The set {o; : kK € N} is
non-empty and bounded above by oo + sg (Step 4 with & = 0). By Number Systems: From
\(\nN\) to \(\nR\), Theorem 5.6.3 it has a supremum o* (Number Systems: From \(\nN\)
to \(\nR)\), Definition 5.6.1). Fix k. Then o, < o*, and o}, + s is an upper bound of the
set: for k' > k, o3 < o}, + si by Step 4, and for ¥’ < k, o) < 0}, by Step 4 with the roles of &
and k' exchanged. So o, < 0* < o) + sy for every k. In the same way 7* = sup{7 : k € N}
satisfies 7, < 7% < 71, + si. Hence z* := o* 4+ 7%¢ lies in every Sk.

Step 6 (the value at the common point). For z,w € Sk, |Re(z — w)| < s, and
Im(z — w)| < sg, so |z — w| < 2s; (Lemma 1.3.1). Every point of Sy has modulus at most
p+ p = 2p, by the same lemma. Let L be the constant of Lemma 5.6.2 for M = 2p.

Let ¢ € R with € > 0. By Number Systems: From \(\nN\) to \(\nR)\), Theorem 5.4.2 there
is k € N with & > 8pL/e; then 28 > k + 1 > 8pL/e by Number Systems: From \(\nN\) to

\(\nR\), Lemma 5.6.1, so
4pL ¢
251 L = — < —. 2
This k depends on ¢ (and on p, through p and L). Since m(Sk) = m, Step 2 gives a point
w € Sk with [p(w)| < m+¢e/2 (FE: the point w is used only inside this argument for this ¢).
Both z* and w lie in S C Sp, so by the triangle inequality (Theorem 1.3.2), the Lipschitz

bound and (2),
* * 9
PG < Ip(w)] + |p(z") = p(w)| <m+ 5 + L 255 <m e

As € > 0 was arbitrary, |p(z*)| < m: otherwise ¢ := [p(2*)| — m > 0 would give |p(z*)| <
Ip(z*)|. Also |p(z*)| > m, since z* € Sy. So |p(z*)| = m.

Step 7 (the minimum over all of the plane). Let z € C. If z € Sy, then |p(z)| > m =
Ip(2*)|. If z ¢ Sp, then |p(z)| > |p(0)| > m by (1), since 0 € Sy. This proves the theorem.

¢ Second reading - Step 2: why the infimum exists

Let V' C R be non-empty and bounded below by 0, and let B be the set of lower bounds of V.
Then 0 € B, and every element of V' is an upper bound of B, so B is non-empty and bounded
above; by Number Systems: From \(\nN\) to \(\nR\), Theorem 5.6.3 it has a supremum m
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(Number Systems: From \(\nN\) to \(\nR\), Definition 5.6.1). Each v € V is an upper bound
of B, so m < wv: m is a lower bound of V. Each lower bound u of V is in B, so u < m. Thus m

is the greatest lower bound of V, its infimum in the sense of Sets, Relations, and Cardinality,
Definition 2.6.5.

The answer to the prompt. A quarter containing a point where |p| is smallest is what the theorem
is trying to prove exists, so it cannot be used to choose quarters. The infimum of a quarter always
exists, by completeness, and Step 3 shows that some quarter keeps it. Choosing “the first such
quarter in a fixed order” makes the step a rule, so the recursion theorem applies and no choice
is made at any stage; compare Number Systems: From \(\nN\) to \(\nR\), Example (Picking
Representatives Is a Use of Choice), where a proof that picks infinitely many objects without a
rule uses the axiom of choice.

Remark. The supremum property is invoked directly in Steps 2 and 5 and nowhere else in
this chapter. It also enters indirectly, through the non-negative real square roots of Number
Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4, which that result derives from the
supremum: they give the modulus used in every inequality of this section, and the complex
square roots of Proposition 1.4.1 used in the next lemma. In Q(i), with Q in place of R,
both fail; Exercise C1 (c) asks where.

Quick check. In Step 3, why does it matter that there are only four quarters?

Solution. The proof takes u, the least of the numbers m(Q1),...,m(Q4). A finite list of real
numbers has a least element, so u exists and equals one of them; that is what produces a
quarter with m(Q;) = m(S). With infinitely many pieces, the infimum of their infima need
not be attained by any one piece.

A direction in which the modulus decreases

The second half of the plan is algebra, together with complex square roots (Proposition 1.4.1).
Near a point zg, write p(zo + h) = by + bih* + (higher powers of h), with by = p(20). If we can
choose the direction of h so that bih* points back toward 0 from by, and h so small that the
higher terms do not undo the gain, then |p| decreases. Dividing by by, the first need is a ¢ for
which ¢¢* has negative real part.

Lemma 5.6.4. A Direction with Negative Real Part
Let ¢ € C with ¢ # 0, and let k& € N with £ > 1. Then there is ¢ € C with Re(c¢*) < 0.

Try it first (ten minutes): for c =i, find ¢ with Re(c¢?) < 0. Then find ¢ with Re(c¢?) < 0.
Idea. For k = 3, the four “axis” directions ¢ € {1, —1,i, —i} already turn ¢ around: ¢> runs

through 1, -1, —i,4, and i -i = —1. For k = 2 they do not: ¢? € {1, —1} for these four, and
c¢? € {i, —i} has real part 0. What works for k = 2 is a square root of a direction that works
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for k = 1: n =i gives Re(i-i) = —1, and if (> = 0, then ¢(? = cn. So odd k is handled by the
axes, and even k = 25 by a square root of a direction for j, which is strong induction. Square
roots of complex numbers come from real square roots (Proposition 1.4.1), so no polar form
is needed.

O Second reading - The proof: the axes for odd k, a square root for even k

Proof. We prove, by strong induction on k (Logic and Proof, Theorem 4.2.2, on N = w), the
statement: if k& > 1, then for every non-zero ¢ € C there is ¢ with Re(c¢*) < 0. For k = 0
there is nothing to prove. Let k > 1, assume the statement for every smaller exponent, and
let ¢ # 0. By Number Systems: From \(\nN\) to \(\nR\), Proposition 1.6.4 (d), k =2j +1
or k = 2j for some j € N.

Case 1: k odd, k = 2j + 1. Since i> = —1, the power laws (Proposition 1.1.3 (a)—(c)) give
i* = (i2)75 = (=1)94i € {i, =i}, (=1)* = —1 and (—4)* = (=1)*i* = —i*. So as ¢ runs through
1,—1,4, —i, the products ¢(* run through ¢, —c and ic, —ic (in some order). If Rec # 0, one
of Rec and Re(—c) = —Rec is negative. If Rec = 0, then ¢ = bi with b := Imc # 0, and
ic = —b, —ic = b: one of them has negative real part.

Case 2: k even, k = 25 with 1 < j < k. By the induction hypothesis for j, there is n with
Re(cn/) < 0. Then n # 0, since otherwise e’ = 0. By Proposition 1.4.1 there is ¢ with
(%2 =mn, and ¢* = (¢?)? =/ (Proposition 1.1.3 (b)). So Re(c¢¥) = Re(en?) < 0. This proves
the lemma.

With polar form one would take ¢ to be a k-th root of —¢/|¢|. This volume’s k-th roots of
complex numbers (Theorem 1.6.2) rest on the cosine and sine of Axiom 1.5.2, which it borrows
from analysis. The proof above uses only the complex square roots of Proposition 1.4.1, which
Section 1.4 builds from the real square roots of Number Systems: From N to R (Number Systems:
From \(\nN\) to \(\nR\), Proposition 6.1.4).

Quick check. For ¢ =i and k = 1, which ¢ € {1,—1,4, —i} gives Re(c() < 07
Solution. ( =i: ¢ =1-i= —1, with real part —1 < 0. The others give i, —i and —i -7 =1,
with real parts 0,0, 1.

Now the descent itself. Re-centering at zy is Theorem 5.4.3 of Section 5.4.

Lemma 5.6.5. d’Alembert’s Lemma

Let p € C|x] be non-constant, and let zp € C with p(z9) # 0. Then there is z € C with
Ip(2)| < Ip(20)].
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Idea. Expand around zo: p(20 + h) = bo(1 + (br/bo)h* + ...), where k is the first index
Jj > 1 with b; # 0. With h = ¢(, t > 0 real and ¢ from the previous lemma, the bracket
is 1 + t*u + F with Reu < 0. For small s > 0, |1 + su| is about 1 — sa with & = — Reu,
and E is of order t**1, smaller than the gain t*o.. The proof fixes ¢ first and then checks the
inequality. Before reading on: where is k, the first index with by # 0, used?

Proof. Let n = degp > 1. By Theorem 5.4.3 there are by, ..., b, € C with p =377 4 b;(z —
20)?, bo = p(20) # 0 and b, # 0 (the leading coefficient of p). So the set of j € {1,...,n}
with b; # 0 contains n, and it has a least element k (Sets, Relations, and Cardinality,
Theorem 2.1.3): k> 1, by, # 0, and b; =0 for 1 < j < k.

Let ¢ == by, /by # 0. By Lemma 5.6.4 there is ¢ with Re(c¢*) < 0. Put
k SR,
w=c*, a=-Reu>0, B:= Y ‘f“gv > 0.
2 g,
j=k+1

Then o < |u| (Lemma 1.3.1), so |u| > 0. Choose

= min{l, ﬁ, %} (the last entry omitted if B = 0),

a real number with 0 < t < 1. It depends only on p, zp and (. We show that z := 25 + ¢
works.

The expansion. By Theorem 5.4.3 (c¢) with h = ¢(, and since b; =0 for 1 < j <k,
@® . .
p(z0 +1¢) = bo + bet" CF + Y~ b;t7¢7 = bo(1 + tFu+ E),
j=k+1

where E = > (b;/bo)t/¢7. Since 0 < t < 1, t < tFH for j > k41, so |E| < t**!B
(Corollary 1.3.3 (b)).

The main term. Let s € R with 0 < s < a/Jul?. Since 1 + su has real part 1 — sa and
imaginary part sImwu,

11+ su> = (1 —sa)? + s*(Imu)? =1 — 2sa + s*|uf’> < 1 — sa,

where the last step uses slul?> < a. Also (1 — sa/2)? = 1 — sa + s2a?/4 > 1 — sa, and
1 — sa/2 > 0 because sa < a?/|u/? < 1. Two non-negative reals whose squares are in the
order |1 + sul? < (1 — sa/2)? are in the same order (Number Systems: From \(\nN\) to
\(\nR\), Proposition 2.3.5 (g)), so

|1—|—8u|§1—%. (3)

The choice of t at work. Let s == t*. Then 0 < s <t < a/|u|?, so (3) applies; and ¢tB < /4.
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Hence, by Theorem 1.2.2 (d) and the triangle inequality,

thk
[p(z0 +0)] < [bol (11 + ¢¥ul + | ]} < [bo| (1 — ==+t - ¢B)

tFa
< Jbol (1 = =) < lbo| = Ip(z0)l,

the last step because |bg| > 0 and t*a > 0. This proves the lemma.

Where k is used. The index k is the first non-zero coefficient after by, so the expansion has no
terms between by and bit*C*. A term b;jt’¢7 with 1 < j < k would be of order ¢/, larger than
the gain tFa for small ¢, and in an uncontrolled direction. And the direction lemma is applied
with this exponent k.

Example. One step of descent

Run the proof of Lemma 5.6.5 for p = 23 + 22+ 1 at 2y = 0, and compare with moving along
the real axis.

Solution. Here the expansion around 0 is p itself: bg =1, b1 =0, by =1, b3 =1. So k =2
and ¢ = bg/bo =1.

The direction. The proof of Lemma 5.6.4 for k = 2 = 2 -1 first finds a direction for j = 1:
since Rec =1 # 0, n = —1 works, with Re(cn) = —1. Then it takes a square root of n = —1;
the formula of Proposition 1.4.1 (witha=—-1,0=0,r=1) gives(=0+1-7 =1.

The constants. u = c(?> = —1, a =1, [u|? =1, B = |b3/bo||¢|> = 1, so t = min{1,1,1/4} =
1/4.

The new point. z =1i/4, and

{ 1 15 { 9 225 1 3601

1=2_ 2 2= 22 - 9%
6d 16 16 61 PO =555+ 1006 = 2096

The proof’s bound is 1 — t2a./4 = 63/64, and indeed 3601,/4096 < (63/64)2 = 3969/4096.

The real axis. p(1/4) =1/64+1/16 +1 = 69/64 > 1. Moving from 0 to the right increases
Ip|; the direction ¢ =i chosen by the lemma decreases it. The direction matters.

The theorem, and complex polynomials

Theorem 5.6.6. Fundamental Theorem of Algebra

Every non-constant p € C[z] has a root in C.

Proof. By Theorem 5.6.3 there is z* € C with |p(z*)| < |p(z)| for every z € C. Suppose
p(z*) # 0. By Lemma 5.6.5, applied at zp = z*, some z has |p(z)| < |p(z*)|, a contradiction.
So p(z*) = 0.
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Chapter 1 announced the theorem for expressions » ;_ apz® with a, # 0 and n > 1. Such
an expression is the value at z of the non-constant polynomial 37, azz”® (Definition 4.4.1), so
every complex polynomial expression of positive degree has a root.

Corollary 5.6.7. Complex Polynomials Split

(a) Every non-zero p € C|x] splits over C (Definition 5.4.2): p = a(x — 21) - - - (¥ — z,) with
n = degp, a the leading coefficient of p, and z1, ..., z, € C. The multiplicities of the
roots of p add up to n.

(b) The irreducible polynomials of C[z] are exactly those of degree 1.

Proof.

(a) Let c1,...,c, be the distinct roots of p in C, with multiplicities my, ..., mg. By The-
orem 5.4.6, p = (z —¢1)™ -+ (x — ¢)"™ g with g € C[z] having no root in C. Then
g # 0, since p # 0, and g is constant, since a non-constant g would have a root by
Theorem 5.6.6. A product of monic polynomials is monic (Theorem 4.3.2 (b)), so
comparing leading coefficients, g = a; and comparing degrees, degp = m1 + - - + my.
Writing each power (z — ¢;)™ as the product of m; factors z — ¢; gives the displayed
form.

(b) A polynomial of degree 1 is irreducible (the examples after Definition 5.3.1). Conversely,

let p be irreducible over C. Then degp > 1, so p has a root ¢ (Theorem 5.6.6), and
p = (x—c)h by Theorem 5.1.3 (b). Since x —c is not constant, h is a non-zero constant,

and degp = 1.
[
Example. Factoring a quartic over the reals and over the complex numbers
Factor 2% 4 1 into linear factors over C, and into irreducible factors over R.
Solution. Over C. Since i? = —1, 2* +1 = 2* —i®> = (2% — i)(2® +4). The formula of

Proposition 1.4.1 gives the square roots: for i (a =0, b=1,r = 1), w; = @(1 + i); for

—i (b= —1), wy = @(1 — ). Here \/1/2 = /2/2, since v/2/2 > 0 and (v/2/2)? = 1/2
Number Systems: From \(\nN\) to \(\nR)), Proposition 6.1.4). Since w? =i and w3 = —i
1 2

(Proposition 1.4.1 (a)), expanding gives 2% — i = 22 — w? = (z — wy)(x + w1) and 2% +4 =

z? — w2 = (x — ws)(x + ws), s0

2t + 1= (z —wi)(z +w1)(x — wa)(z + wa).

Over R. Note we = w7 and —wg = —w;. Pair each root with its conjugate:

(z —w1)(z —w7) = 2° — V2z + 1, (z +w)(z+w7) =22+ V22 + 1,
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since w1 + w1 = 2Rew; = /2 and wiwy = |w1|? = % + % =1 (Theorem 1.2.2 (c)). So

e +1=(®+V2z+1)(2? —V2z +1),

which can be checked directly: the right side is (22 + 1)2 — 222 = 2* 4 1. Neither quadratic

has a real root, since for every ¢ € R, c?£+v/2c+1 = (c£ g)Q —G—% > 0; so both are irreducible
over R (Proposition 5.3.1 (b)). No polar form was used: only the square roots of +i.

Quick check. Factor 2 — 1 over R and over C.

Solution. 3 —1 = (x —1)(22 + 2z + 1) (Lemma 1.1.4, or expand). The quadratic has no real
root, since for every c € R, ¢ + ¢+ 1= (c+ %)2 + % > 0, so this is the factorization over R
(Proposition 5.3.1 (b)). Over C: a square root of —3 is i1/3, and zy = (—1 4 i\/3)/2 satisfy
22+ 2+ 1 =0 (expand: 22 = (-1 F1iv3)/2, and 22 + z+ +1 = —1 + 1 = 0). They are
distinct roots, so (x — 24)(z — z—) | 22 + 2 + 1 (Theorem 5.4.1); both are monic of degree 2,
so they are equal, and 2% — 1 = (z — 1)(z — 2z )(z — 2z_).

Real polynomials

A real polynomial is also a complex one, so it splits over C. The question is what that says
over R. The answer comes from conjugation: the non-real roots of a real polynomial come in
conjugate pairs, and each pair makes a real quadratic factor.

For f = Y fre® € C[x], write f := >4 fr #¥, the polynomial with conjugated coefficients. A
polynomial in R[z] is one in C[z] whose coefficients are real (R C C, Proposition 1.1.1).

Proposition 5.6.8. Conjugate Roots of Real Polynomials

(a) The map C[z] — C[z], f f, is a ring homomorphism (Definition 4.4.2), and f(z) =
f(z) for every f € Clz] and z € C.

(b) Let f € R[z], f # 0, and z € C. Then z is a root of f if and only if Z is, and
multz(f) = mult,(f).

Idea. Conjugating every coefficient is a substitution homomorphism, so it respects sums,
products and powers, and it commutes with evaluation once the point is conjugated too. A
real polynomial is its own conjugate; so conjugating a root, or a factorization (z — 2)™g,
gives a root, or a factorization (z — Z)™g, of the same polynomial.

Proof.

(a) Conjugation C — C preserves + and - (Theorem 1.2.2 (a), (b)) and sends 1 to 1, so it
is a ring homomorphism (see also Example (Conjugation and Other Automorphisms));
followed by the constants C — Clz] (Theorem 4.2.4 (b)) it is a ring homomorphism
¢: C — Clz], a composite of two. By Theorem 4.4.2 with R = C, S = C[z] and
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s = x, the map f — >, ¢(fr)z® = f is a ring homomorphism. For the values,

2% = zF by induction with Theorem 1.2.2 (b), and then, through the sum recursion
with Theorem 1.2.2 (a), (b),

f(2) =3 fiud® = 3 fu 2 = f(2).

For real coefficients this is the computation of Proposition 1.6.4.

(b) The coefficients of f are real, so f = f (Proposition 1.2.1: @ = a for a € R). By
(a), f(z) = f(Z) = f(2), and W = 0 if and only if w = 0 (0 = 0 by Definition 1.2.1,
and conversely w = W by Theorem 1.2.2 (a)); so z is a root exactly when Z is. Let
m = mult,(f). By Lemma 5.4.4 (a), f = (z — 2)™g with g(z) # 0. Apply the
homomorphism of (a): f = f = (x —2)™g, and g(z) = g(z) # 0. By Lemma 5.4.4 (a)
again, multz(f) = m.

Quick check. The number 2+ i is a root of x? — 4z + 5 € R[z]. Name the other root without
computing, and factor the polynomial over C.

Solution. By Proposition 5.6.8 (b), 2+¢ = 2 — i is a root. The two roots are distinct, so
(x —2—1)(x — 2 +1) divides the polynomial (Theorem 5.4.1); both are monic of degree 2, so
22 —4x+5=(x —2—14)(x —2+1). (Check: the product is (z — 2)2 + 1.)

Corollary 5.6.9. The Irreducible Real Polynomials

A polynomial p € R]z] is irreducible over R if and only if degp = 1, or degp = 2 and p has
no real root.

Idea. An irreducible real polynomial has a complex root z by the theorem. A real root splits
off a real linear factor. A non-real root brings its conjugate along, and the two together split
off the real quadratic (x — 2z)(z — Z), first in C[z] and then, because division does not depend
on the field, in R[z]. Irreducibility leaves nothing else.

Proof. (<) A polynomial of degree 1 is irreducible, and one of degree 2 without a root in R
is irreducible by Proposition 5.3.1 (b).

(=) Let p be irreducible over R. Then degp > 1, and by Theorem 5.6.6, p, as an element of
Clz], has a root z € C.

Case 1: z € R. Then x — z | p in R[z] (Theorem 5.1.3 (b), over R), so p = (x — z)h with
h € R[z]; since x — z is not constant, h is constant, and degp = 1.

Case 2: z ¢ R. Then z # z (Example (Conjugation and Other Automorphisms)), and z is
also a root (Proposition 5.6.8 (b)). So the two distinct roots give ¢ .= (v — 2)(z — Z) | p in
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C[z] (Theorem 5.4.1). By Theorem 1.2.2 (c),
g=22— (2 +2)z + 22 = 22 — 2(Re2)z + |2,

which has real coefficients. Since R is a subfield of C (Example (Rational and Integer Complex
Numbers)), Proposition 5.2.6 (b) gives ¢ | p in R[z]: p = gh with h € R[z]. Since ¢ is not
constant, h is constant, and degp = 2. Finally p has no real root: a root would make p, of
degree 2, reducible (Proposition 5.3.1 (a)). This proves the corollary.

Theorem 5.6.10. Factorization of Real Polynomials

Let f € R[z| be non-constant, with leading coefficient a. Then f = ap;---py for a list
P1,---,0k (kK > 1) of monic polynomials in R[z], each of the form = — ¢ with ¢ € R or a
quadratic with no real root. If r entries are linear and s are quadratic, then r + 2s = deg f.
The list is unique up to order, in the sense of Theorem 5.3.6 (b).

Proof. By Theorem 5.3.6 (a) over F' = R, f = ap;---pr with monic irreducible p;, and
the list is unique up to order by part (b). By Corollary 5.6.9 each p; has degree 1, so it
is x — ¢ with ¢ € R (monic), or degree 2 with no real root. Degrees add over a product
(Theorem 4.3.2 (b), induction on k), sodeg f =r-1+s-2.

When the linear entries come first in the list, the factorization reads f = a(x —¢1)--- (v —
¢r)q1 - qs, the familiar form. (Reordering a list does not change its product, by repeated use
of commutativity; nothing below needs this.) For 2% + 1, r = 0 and s = 2 (Example (Factoring
a quartic over the reals and over the complex numbers)).

Corollary 5.6.11. Real Polynomials of Odd Degree Have a Real Root

Every f € R[z] of odd degree has a root in R.

Proof. Factor f = apy---pg as in Theorem 5.6.10, with r + 2s = deg f. If » = 0, then
deg f = 2s is even, which an odd number is not (Number Systems: From \(\nN\) to \ (\nR)),
Corollary 3.1.3 (a)). Sor > 1: some p; = z—c with ¢ € R. By (L2) of Section 5.3, x—c divides
p1 - Dk, hence divides f = ap; - - pg (Proposition 5.1.1 (b)), so f(c) = 0 by Theorem 5.1.3

(b).
m

Quick check. A real cubic f has exactly one real root c. What are r, s and mult.(f)?
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Solution. Every linear entry « — ¢ divides f, so ¢ is a real root (Theorem 5.1.3 (b)); hence
each linear entry is © —c¢. Then r+2s = 3 is odd, so 7 > 1 (Number Systems: From \(\nN\)
to \(\nR\), Corollary 3.1.3 (a), as in the proof of Corollary 5.6.11), and (r,s) = (1,1) or
(3,0). Multiplicities add over the list (Proposition 5.4.5): a quadratic entry ¢ has ¢(c) # 0,
so mult.(q) = 0, and mult.(f) = r, which is 1 or 3. Examples: x(2? + 1) and 3.

Warning. Beyond degree 2, “no real root” does not make a real polynomial irreducible. The
polynomial * + 1 has no real root, since ¢* +1 = (c?)2 +1 > 1 for every c € R, yet it is
the product of two real quadratics (Example (Factoring a quartic over the reals and over the
complex numbers)). Corollary 5.6.9 says that every irreducible real polynomial has degree
at most 2; so a real polynomial of degree 4 or more is always reducible, root or no root.

Remark (Looking ahead). Analysis on the Real Line, Chapter 6 proves the intermediate
value theorem for continuous functions on an interval. With it, the odd-degree corollary has
a second proof that uses no complex numbers: a real polynomial of odd degree takes values
of both signs.

Exercises

5.6.6.1 A. Check your understanding

Exercise. Al
These parts are about the proof of Theorem 5.6.3.

(a) Where is the completeness of R used?

(b) Why does Step 3 take “the first quarter in a fixed order” with the same infimum,
rather than “a quarter” with the same infimum?

(c) Run Steps 1-4 for p = 22 + 1: find p, So, m, S1 and Ss.

(d) Give the idea of the proof in two sentences.

Solution.

(a) Directly, twice: in Step 2, for the existence of each infimum m(S), and in Step 5, for
the suprema ¢* and 7* that give the common point. Indirectly, through the real square
roots behind the modulus (Definition 1.2.1, built on Number Systems: From \(\nN\)
to \(\nR\), Proposition 6.1.4), which every inequality of the proof uses.

(b) “A quarter with the same infimum” exists, but there may be several, and naming one at
each of infinitely many stages without a rule is a use of the axiom of choice. “The first
one in a fixed order” is a rule, a function ¢ from squares to squares, so Sets, Relations,
and Cardinality, Theorem 2.3.1 defines the whole sequence (Sj) at once.

(c) Hereag=1,a1 =0,a2 =1,s0 A=1, R =max{1,2} = 2, and 2|p(0)|/|az| = 2; hence
p=2and Sy = S(—2,—2,4). The infimum is m = 0: |p| > 0, and p(—i) = 0 with
—i € Sp. The first quarter of Sy is S(—2, —2, 2), which contains —i (real part 0 € [—2, 0],
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imaginary part —1 € [—2,0]); so its infimum is 0 = m, and S; = S(—2,—-2,2). The
quarters of S; have side 1. The first, S(—2,—2,1), has no point with |p| small: for
z=a+biinit, a,b € [-2,—1], so |p(2)| > [Im(22+1)| = |2ab| > 2 (Lemma 1.3.1), and
its infimum is at least 2 > 0. The second, S(—1,—2,1), contains —i, so its infimum is
0, and S = S(—1,-2,1).

(d) The infimum of |p| over a big square is what we want to attain; halving keeps a quarter
with the same infimum, chosen by a rule. The squares shrink to one point, and the
Lipschitz bound forces the value there to be the infimum.

5.6.6.2 B. Practice

Exercise. B1

Factor % — 22 — 2 into irreducible factors over Q, over R and over C. Then factor z* + 4

over R and over C.

Solution. x* — 2% — 2. Expanding shows 2% — 22 — 2 = (22 — 2)(2? + 1). Over Q: 2% — 2 has
no rational root (Number Systems: From \(\nN\) to \(\nR)\), Theorem 2.6.1) and 2% + 1
has none (c? +1 > 0, Number Systems: From \(\nN\) to \(\nR)\), Proposition 2.3.5 (e)), so
both are irreducible (Proposition 5.3.1 (b)), and the factorization is (22 —2)(22+1). Over R:
22 -2 = (z—/2)(z++v2) (Number Systems: From \(\nN\) to \(\nR\), Proposition 6.1.4),
while 22 + 1 still has no real root: (z —+v/2)(x ++/2)(z2+1). Over C: 22 +1 = (z —i)(z +1),
so (z — V2)(x +V2)(x — i)(x +i).

z* + 4. By the warning of Section 5.3, 2* +4 = (22 + 22 +2)(22 =22+ 2), and > £2c+2 =
(c£1)2 41 > 0 for every c € R; so this is the factorization over R (Corollary 5.6.9). Over
C: —1 =+ are the roots of 2 + 22 + 2 ((—1 +4)2 = —2i, and —2i + 2(—1 +14) + 2 = 0;
then its conjugate, by Proposition 5.6.8 (b)), and 1 + i those of 22 — 2z + 2 likewise. So
i +4=(x+1-d)(x+1+i)(x—1—14)(x—1+1i), each quadratic being the product of its
two distinct linear factors (Theorem 5.4.1, monic and of the same degree).

Exercise. B2

Run the proof of Lemma 5.6.5 for p = 22 — 2 at 29 = 1: find by, ..., b3, k, ¢, {, u, «, B, t and
the new point z, and compare |p(z)| with [p(1)].

Solution. Expansion around 1. Writing x = (z — 1) + 1 and expanding, 2® = (z —1)3 +3(z —
12 +3(x—1)+1,so

3 —-2=-1+3(z—-1)+3z— 12+ (z - 1),

and by the uniqueness in Theorem 5.4.3, (bg, b1,b2,b3) = (—1,3,3,1). So k =1 and ¢ =
b1 /by = —3.

Direction. k =1 is odd and Rec = =3 # 0; ( = 1 gives Re(c() = -3 < 0. Sou = -3, a = 3,
lul? = 9.
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Constants. B = |ba/bo|¢|? + |b3/bo||¢]®> =3 +1 =4, and
3 3 3
t=min{l, =, — b=,
min K 16} 16
New point. z =1+ 3 = 17, and p(19/16) = 6859/4096 — 2 = —1333/4096. So |p(z)| =
1333/4096 < 1 = |p(1)|, well inside the proof’s bound 1 — ta/4 = 55/64.

Exercise. B3

Let f € R[z] have degree 5 and exactly one real root ¢. What can the multiplicity of ¢ be,
and how many quadratic factors without real root does f have? Give an example for each
possibility.

Solution. Factor f = ap;---pr as in Theorem 5.6.10, with 7 linear and s quadratic entries,
r + 2s = 5. Each linear entry = — ¢’ divides f, so ¢ is a real root (Theorem 5.1.3 (b));
hence every linear entry is z — ¢. Multiplicities add over products (Proposition 5.4.5, with
induction on k); mult.(x — ¢) = 1, a quadratic entry ¢ has ¢(c) # 0 and so mult.(¢) = 0,
and the constant a # 0 has multiplicity 0. So mult.(f) = r. Since r + 2s = 5 is odd,
r > 1 (Number Systems: From \(\nN\) to \(\nR\), Corollary 3.1.3 (a), as in the proof of
Corollary 5.6.11), so the possibilities are (r,s) = (1,2), (3,1), (5,0): the multiplicity of c is
1, 3 or 5, with 2, 1 or 0 quadratic factors. Examples with ¢ = 0: z(2? 4 1)2, 23(2? + 1), 2°.
Each has only the real root 0, since t2 + 1 > 0 for every ¢t € R.

5.6.6.3 C. Going deeper

Exercise. Cl: Exit check: the descent and the theorem

(a) Prove Lemma 5.6.5 from Lemma 5.6.4 and Theorem 5.4.3.
(b) Deduce Theorem 5.6.6 from (a) and Theorem 5.6.3.

(c) The field Q(7) of Example (Rational and Integer Complex Numbers) satisfies the field
axioms, and 2 — 2 has no root in it. Say which steps of the whole proof fail when R
is replaced by Q and C by Q(i), and why 22 — 2 shows that some step must fail.

Solution (Hint 1). Expand p around zp and divide by p(zp). Which coefficient after the
constant one decides what happens near zy?

Solution (Hint 2). Let k be the least j > 1 with b; # 0, and fix a real ¢ with 0 < ¢ < 1 before
estimating |p(zo + t¢)].

Solution.

(a) Let n = degp > 1. By Theorem 5.4.3, p = Y7_gbj(x — 20)? with by = p(z0) # 0
and b, # 0; let k be the least j > 1 with b; # 0 (Sets, Relations, and Cardinality,
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Theorem 2.1.3; n is such a j). Let c := by /by, take ¢ with Re(c¢*) < 0 (Lemma 5.6.4),
and put u == (¥, a = —Reu >0 (so 0 < a < |ul), B == Z?:kﬂlbj/boﬂﬂj, and

t = min{1, o/|ul?, a/(4B)}

(the last entry omitted if B = 0). Then p(zq +t¢) = bo(1 +t*u+ E) with |E| < t**+1B,
since bj =0 for 1 < j < k and #/ < ¢**L for j > k. With s :=t* <t < a/|ul?,

1+ sul>=1-2sa+s%lu? <1-sa<(1- sa/2)2,

and 1 — sa/2 > 0 because sa < o?/|ul? < 1 (as a < |u|); two non-negative reals are
ordered as their squares (Number Systems: From \(\nN\) to \(\nR\), Proposition 2.3.5
(g)), so |1+ su| <1—sa/2. Using tB < a/4,

Ip(20 + t¢)| < |bol(1 — t*a/2 + t*T1B) < |bo|(1 — tFa/4) < |bo].

(b) Let p be non-constant. By Theorem 5.6.3, some z* has |p(z*)| < |p(2)| for all z. If
p(z*) # 0, (a) gives z with |p(z)| < |p(z*)|: a contradiction. So p(z*) = 0.

(c) Completeness fails in Q, and with it two kinds of step. The infimum and the supremum.
Step 2 of Theorem 5.6.3 needs the infimum of a set of values, and Step 5 the supremum
of the corners oy; in Q a bounded set need not have either (Number Systems: From
\(\nN\) to \(\nR\), Theorem 2.6.2: the positive rationals ¢ with ¢> < 2 have no
rational supremum). The square roots. The modulus va? + b? need not be rational
(J14i| = v/2), and the square roots of Proposition 1.4.1, used in Case 2 of Lemma 5.6.4,
need real square roots. The polynomial 22 — 2 is non-constant with coefficients in Q(%)
and no root there (the opening of this section), so the theorem is false for Q(i); a proof
that went through unchanged would prove a falsehood, so some step must fail. In fact
the failure for 22 — 2 is exactly a missing square root: its roots in C are 4+/2.

Marking scheme. (10 points)

o 2: re-centers at zg with by = p(zg9) # 0, and takes k to be the first index j > 1 with
b; # 0, with a reason that it exists.

« 1: obtains a direction ¢ with Re(c¢*) < 0 from Lemma 5.6.4.

o 2: proves that the leading term decreases by a definite amount: |1 + su| < 1 — ks or
|1 + su|? < 1 — ks (or the same kind of bound for |1 + su 4 E|? directly), with an
explicit k > 0 (for example kK = «/2, resp. «), for all s in an explicit range such as
0<s<af|u

« 2: bounds the tail by t**1B and fixes t explicitly before the estimate that uses it.

o 2: concludes |p(zo + t¢)| < |p(20)|, and derives the theorem by contradiction with the
minimum.

o 1: (c) names both uses of completeness (the infimum of Step 2, with the supremum of
Step 5; the real square roots behind the modulus and behind the complex square roots
of the direction lemma), and says why 2 — 2 forces a failure.

Fatal errors (0 for the step): choosing t after the inequality that needs it, or letting it depend
on the point being estimated; assuming the minimum exists without citing Theorem 5.6.3;
using polar form or k-th roots of complex numbers, which this chapter does not have (a k-th
root is accepted only with a proof). A proof that obtains the direction by polar form, if the
reader has it from elsewhere, earns the 1 point of the direction step only together with a
proof of the k-th root it uses.
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Exercise. C2: Faded: the real polynomials vanishing at a non-real number

Let o € C with o ¢ R, and let J := {f € R[z] : f(a)) = 0}, evaluating in C. You are given
only: J is an ideal of R[z], and ¢ := 22 —2(Re )z + |a|?> € J. Name the move, then complete
it: show that J = (¢) and that ¢ is irreducible over R.

Solution. The move is least degree, then divide, as in Theorem 5.2.1. Since ¢ # 0 is in
J, the degrees of the non-zero elements of J form a non-empty subset of N; let e € J have
the least degree (Sets, Relations, and Cardinality, Theorem 2.1.3), and let d be its monic
associate, which is in J because J is an ideal. Divide g by d: ¢ = hd + r with degr < degd
(Theorem 5.1.2). Then r = ¢ — hd € J, and a non-zero r would have smaller degree than the
least; sor =0 and d | q.

The degree of d. A non-zero constant does not vanish at «, so degd > 1. If degd = 1, then
d =12 — ¢ with ¢ € R, and d(«) = 0 gives a = ¢ € R, which is excluded. So degd > 2, and
since d | ¢ with degq = 2, degd = 2 (Proposition 5.1.1 (d)). Then ¢ = hd with degh = 0,
and comparing leading coefficients of the monic g and d, h =1: d = q.

J = (q). Multiples of g are in J. For f € J, divide: f = gq+r withdegr < 2;r = f—gq € J,
and a non-zero element of J has degree at least 2; so r =0 and f € (g).

Irreducible. If ¢ = gh with g,h € R[z] non-constant, both have degree 1, and 0 = ¢(a) =
g(a)h(a) (Theorem 4.4.1), so g(a) = 0 or h(a) = 0 (Theorem 2.1.1 (f)): an element of J of
degree 1, which was just excluded. So ¢ is irreducible.

Exercise. C3: Find the error
Here is an argument.
Claim. For every non-constant p € C[z], |p| attains a minimum on C.

Proof. (1) Let m := inf{|p(z)| : z € C}, which exists since the set is non-empty
and bounded below by 0. (2) For each k > 1, pick 2z € C with |p(z)| < m+1/k.
(3) Since |p(zx)] <m+1 < |p(0)|+ 1, Lemma 5.6.1 puts the z; in a bounded set.
(4) So they converge to some z* € C. (5) Then [p(z*)| = lim|p(zx)| = m.

Is the claim true? Does the argument prove it? Name the line that fails and the reason, give
a counterexample to the illegal step, and say how the proof in the text avoids it.

Solution (Hint 1). For each line, ask which result of this volume or of Number Systems: From
N to R justifies it.

Solution (Hint 2). Is every bounded sequence of real numbers convergent?

Solution. The claim is true: it is Theorem 5.6.3. The argument does not prove it.

Line (4) fails. “The zj lie in a bounded set, so they converge” uses a general “fact” that is
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neither proved here nor true: entry (N9) of Logic and Proof, Example (What is not allowed).
Counterexample to the step: z := (—1)* lies in the bounded set {z : |z| < 1} and does not
converge. (What is true, that a bounded sequence has a convergent subsequence, is not
available in this volume; and the subsequence would still have to be chosen by a rule.) There
is no counterexample to the conclusion.

Two further slips. Line (2) picks infinitely many z; with no rule given, which is a use of the
axiom of choice (compare Number Systems: From \(\nN\) to \(\nR\), Example (Picking
Representatives Is a Use of Choice)). Line (5) moves |p| past a limit, which needs continuity;
Lemma 5.6.2 would supply it, but the line cites nothing.

The repair is the bisection of Theorem 5.6.3: it chooses squares by a rule (“the first quarter
with the same infimum?”), finds the common point as a supremum of corners, and replaces
the limit by the Lipschitz estimate of Step 6. No sequence is ever asked to converge.

Marking scheme. (10 points)

e 2: says the claim is true and the argument, as written, does not prove it.

e 3: names line (4) and the reason: “bounded implies convergent” is unproved and false,
(N9).

« 2: a counterexample to the step, such as z, = (—1)*.

o 1: names one further slip: the rule-less choice in line (2), or the unproved continuity
in line (5).

e 2: describes the repair: squares chosen by a rule, the common point from completeness,
the Lipschitz bound in place of a limit.

Fatal errors (0 for the step): a counterexample to the conclusion (there is none); “repairing”
line (4) by citing Bolzano—Weierstrass as if it were proved in this volume.

5.6.6.4 R. Review

Exercise. R1

Let F be a field. Show that there are no non-zero f,g € F[z] with f2 = zg°.

Solution. This uses the degree of a product from Chapter 4 (Theorem 4.3.2 (b)), which
holds over a field since a field has no zero divisors. Suppose f,g # 0 and f? = xg?. Then
deg(f?) = 2deg f, and deg(xg?) = 1+ 2degg. So the natural number 2deg f would equal
2degg + 1: even and odd at once, which Number Systems: From \(\nN\) to \(\nR)\),
Corollary 3.1.3 (a) rules out. Hence no such f, g exist.

Exercise. R2

In Q[x]/(x? — 2), show that every non-zero class [a + bx] (a,b € Q) is a unit, by multiplying
it by [a — bz]. Compute [1 + x|~}

Solution. In Q[ ], (a+bzx)(a—bx) = a® - b%x? = (a® — 2b%) — b?(2% — 2), 50 [a + bx][a — bx] =
[a? — 2b%]. If (a,b) # (0,0), the rational number N := a? — 2b? is non-zero: if b = 0, then
N =a? # 0; if b # 0, then N = 0 would give (a/b)? = 2, against Number Systems: From
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\(\nN\) to \(\nR\), Theorem 2.6.1. So [a + bz] - [N~ (a — bz)] = [1], and [a + bx] is a unit.
Every class is [a + bz] for exactly one pair (Theorem 5.5.2 (b)), and the zero class is the pair
(0,0), so every non-zero class is a unit: Q[z]/(x? — 2) is a field, as Theorem 5.5.3 also says
(22 — 2 is irreducible over Q). For 1+2: N=1-2=—1,s0 [1+z] ' = [-(1—2)] = [z —1].
Check: (1+z)(z—1)=x22—-1=1+ (22 —2).

This is the computation of Example (The Field Generated by the Square Root of Two) in
Chapter 2, “multiply by the conjugate”, with [x] in place of v/2: the class [a + bz] behaves

as a+bv2,and (14++2)7' =2 1.

Exercise. R3

Let m,n € Zsg. Prove that ged(2™ — 1,2 — 1) = 28<d(mn) _ 1 in 7.

Solution. The method is the integer Euclidean step of Number Systems: From N to R, Chap-
ter 3 (Number Systems: From \(\nN\) to \(\nR\), Lemma 3.2.3), used on the exponents
and on the numbers at once. We prove the claim for all m,n > 1 by strong induction on
m + n (Logic and Proof, Theorem 4.2.2).

If m = n, both sides are 2™ — 1: the ged of a positive integer with itself is that integer (it
divides both, and every common divisor is at most it, Number Systems: From \(\nN\) to
\(\nR)\), Definition 3.2.2), and gcd(m, m) = m. If m > n, then

2T 1= 22N — 1) 4 (27 — 1),

and 2" —1 > 0, so Number Systems: From \(\nN\) to \(\nR\), Lemma 3.2.3 gives gcd (2™ —
1,2" — 1) = ged(2™ — 1,2™™ " — 1). Likewise m = 1-n + (m — n) gives ged(m,n) =
ged(n, m—mn). Since n+(m—n) = m < m+n and m—n > 1, the induction hypothesis gives
ged(2™ — 1,2m~ ™ — 1) = 28cd(nm—n) _ | — 9gcd(m.n) _ 1 If m < n, exchange the roles (the
ged is symmetric). For example, ged(2!2 — 1,218 — 1) = ged(4095,262143) = 63 = 26 — 1.

This is the integer twin of Exercise C3 of Section 5.2 (Exercise (C3: The ged of two binomi-
als)), where 2™ — 1 and z™ — 1 play the parts of 2™ — 1 and 2" — 1.

Exercise. R4

Is 2% + z + 1 irreducible over Fy?

Solution. Yes. The tool is a degree count over a finite field: list the possible factorizations
and check each.

The values are 0+0+1 =1atO0and 1+1+1=1at 1, so f := z*+2+1 has no root in Fy, and
hence no factor of degree 1 (Theorem 5.1.3 (c)). A factorization into non-constant factors
would then be f = gh with degg = degh = 2. Over Fy the only non-zero constant is 1, so g
and h are monic. A root of g or h would be a root of f, so both are rootless quadratics, hence
irreducible (Proposition 5.3.1 (b)). The monic quadratics over Fy are 2, 22 + 1 = (x + 1),
2?2+ = x(x + 1) and 22 + = + 1; only the last is rootless. So g = h = 22 + z + 1, and
gh=a%4+223 +322 + 20+ 1 =2+ 22+ 1 # f in Fa[x]. So f is irreducible.
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Look-alikes that fail. “No root, hence irreducible” (Proposition 5.3.1) applies only in degrees
2 and 3; in degree 4 it is the error of Exercise C2 of Section 5.3, and 2% +22+1 = (22 +2+1)?
is a rootless reducible quartic over Fy. The rational root test (Theorem 5.3.7) is about Q,
not 9. Eisenstein’s criterion is not in this volume.
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